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We present Hamiltonian realizations of a large class of (3+1)D models based on special unitary
fusion 2-categories called unitary G-crossed braided fusion categories. This construction comes with
a wealth of examples from the literature of symmetry-enriched topological phases. The correspond-
ing unitary state sum topological quantum fields theories (TQFTs) appear to capture all known
constructions in the literature, including the Crane-Yetter-Walker-Wang and 2-Group gauge theory
models. We also present Hamiltonian realizations of a family of state sum TQFTs recently con-
structed by Kashaev whose relation to existing models was previously unknown. We argue that these
TQFTs are captured as special cases of the Crane-Yetter-Walker-Wang models, in some instances
with a premodular category.

I. INTRODUCTION

Theoretically, a topological phase of matter (TPM)[1]
without any symmetry protection is an equivalence class
of local Hamiltonians [2–5] whose low energy physics is
modeled by a stable1 unitary topological quantum field
theory (TQFT) [6–12]. It is in general difficult to show
that a realistic Hamiltonian represents a TPM. A fruit-
ful approach is to reverse engineer Hamiltonians from
known TQFTs. Famous examples include Kitaev’s toric
code [5, 13] and Levin-Wen models [14, 15] in two spa-
tial dimensions. Physical TQFTs are local, and locality
in TQFTs is usually formulated by the so-called gluing
formulas [16–18]. A more explicit form of locality for
TQFTs is a state sum construction [15]. It is generally
believed that state sum TQFTs are in 1-1 correspon-
dence with fully extended TQFTs and both admit lo-
cal commuting projector Hamiltonian realizations. How-
ever this conjecture has not been rigorously proven in full
generality largely due to an inability to drop restrictive
symmetry assumptions on the input data and higher “j-
symbols”. While it is difficult to algebraically formalize
fully extended TQFT framework without these assump-
tions some progress has been made for the state sum case
in Ref.[19]. An interesting example is Kashaev’s state
sum (3 + 1)-TQFTs [20, 21], whose tensors strongly de-
pend on the linear ordering of the vertices of a 4-simplex.

A basic principle in the study of state sum TQFTs
is that a local (n + 1)-TQFT restricted to a disk is en-
coded by some higher n-category C [16–18]. Furthermore
the partition functions and a local commuting projector
Hamiltonian can be constructed from C as illustrated by
the Turaev-Viro and Levin-Wen models [14, 15] (gen-
eralized Kitaev models [5, 13]) in two spatial dimen-
sions. The physical excitations in this general picture
should be described by a special (n + 1)-category con-

1 Stable can be understood as no spontaneous symmetry breaking.
The technical definition is Z[S3 × S1] = 1 which implies local
operators act trivially within the ground space.

structed by taking a generalized Drinfeld double of the
n-category [22, 23]. The major deficiencies of this gen-
eral approach are the lack of a good algebraic definition
for the appropriate weak n-categories and an absence of
examples, in stark contrast to the well developed theory
of fusion categories relevant to (2 + 1)D [24, 25].

Many concrete constructions in three spatial dimen-
sions have been proposed [20, 21, 26–34], but all seem-
ingly fall short of capturing the full intricacies of (3+1)D
topological order. While a definition of spherical 2-
category was proposed in Ref.[32] it was shown in Ref.[35]
that this was too restrictive to even capture the uni-
tary G-crossed braided fusion categories (UGxBFC). In
(2 + 1)D state sum TQFTs constructed from unitary fu-
sion categories are sufficiently general to achieve all non
chiral topological orders [14, 15]. From the higher cat-
egorical point of view this should be understood as a
2-category with a single object. By analogy, we will refer
to the sufficiently general input to (3 + 1)D state sum
TQFTs as unitary fusion 2-categories, which should cor-
respond to 3-categories with a single object. As a step
towards a fully general unitary fusion 2-category con-
struction, we focus on a case populated by a rich class of
examples based on (2 + 1)D symmetry enriched topolog-
ical (SET) orders. In Ref.[35] a large class of state sum
(3+1)-TQFTs were constructed that (with a small exten-
sion) seem to include almost all known examples of uni-
tary state sum (3 + 1)-TQFTs. In this paper we propose
their Hamiltonian realization, generalizing the construc-
tion of Ref.[36]. A family of models possibly outside this
class of TQFTs are Kashaev’s examples [20]. We estab-
lish a Hamiltonian formulation of these (3 + 1)-TQFTs
for all N and conjecture that Kashaev’s TQFTs are the
same as the Crane-Yetter TQFTs, possibly with premod-
ular categories, in particular sV ec for N = 2.

II. BACKGROUND

In this section we recount the definition of state sum
TQFTs and their associated Hamiltonians and tensor
network ground states before moving on to discuss two
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recently constructed classes of state sums, the UGxBFC
and Kashaev’s ZN models.

We will define topological partition functions Z[X] on
space-time manifolds X of dimension n+ 1, and Hilbert
spaces V [Y ] on spatial n-manifolds Y that are equipped
with triangulations [8]. But triangulation can mean
many different things. For highly non-symmetric state
sum TQFTs, we usually need a simplicial triangulation
of the spatial manifold Y , but only a ∆-complex trian-
gulation of the space-time manifold X.

A manifold M has a simplicial triangulation if M is
homeomorphic to the realization or underlying space |K|
of an abstract simplicial complex K [37] (there are in
fact extra technicalities, see the appendix). A simplicial
complex K is a collection of subsets of a finite set V ,
called the vertices of K, with the property that if a subset
σ of V is in K then all subsets of σ are also in K. The
subset σ is called an i-simplex if σ has (i+ 1) vertices. A
geometric realization |K| of K can be built by associating
each vertex v ∈ V to a basis vector of the Euclidean space
R|V |. An important technical point for our construction
is that we assume V has a linear order. Therefore our
simplicial triangulations always have induced branching
structures by drawing an arrow on each edge from the
lower numbered vertex to the higher one.

A manifold M of dimension m has a ∆-complex trian-
gulation if the manifold M is constructed from a finite
collection of m-simplices, which are glued together along
the (m − 1)-dimensional faces by simplicial maps. In
particular a ∆-complex triangulation of a manifold can
have a single vertex, for example the torus T 2 with two
triangles.

A. State Sum TQFTs

An oriented unitary (n + 1)-TQFT (V,Z) is a sym-
metric monoidal functor from (n+ 1)Cob to V ectC [7, 8].
It assigns a topologically invariant partition function
Z[Xn+1] ∈ C to each oriented closed (n + 1)-manifold
and a finite dimensional Hilbert space V [Y n] to each ori-
ented closed n-manifold. It furthermore assigns a linear
map Z[Xn+1] : V [Y n0 ] → V [Y n1 ] to an oriented (n + 1)-
manifold with boundary ∂Xn+1 = Y 0 t Y1. Unpacking
the compact definition leads to gluing formulas that en-
sure topological invariance amongst other technical ax-
ioms. Additionally for a unitary TQFT orientation re-
versal is mapped to complex conjugation.

The most general possible construction of state-sum
TQFTs is not yet rigorously formalized, due to technical-
ities in proving independence of the choice of branching
structure, we will present an overview here. A state sum
TQFT comes with a finite set of input labels {L(i)}ni=0.
For any triangulation K of an n+ 1-manifold X, we first
choose a linear ordering of the vertices K(0) (in fact a
local ordering or branching structure will suffice). Then
a configuration on the triangulated manifold is specified
by a set of maps s(i) : K(i) → L(i), which color each

i-simplex in K(i) with a label from L(i). Moreover, to
capture the most general solutions we allow each label l
to have an associated “quantum dimension” dl ∈ C×. Fi-
nally in a configuration s each labeled n+1-simplex ∆ is

evaluated to a “j-symbol” T
σ(∆)
s(∆) , where σ(∆) = ± is the

orientation of the n+1-simplex. The partition function
is then

Z[X] =
∑
s

∏
∆n+1

T
σ(∆n+1)
s(∆n+1)

∏
∆n−1

ds(∆n−1)

∏
∆n−3

ds(∆n−3)∏
∆n

ds(∆n)

∏
∆n−2

ds(∆n−2)
· · ·

note our quantum dimensions may be rescaled compared
to the usual definition from a unitary fusion category.

This prescription extends to triangulated manifolds
with boundary ∂X = Y 0 t Y1 [19]

Z[X] =
∑
s

∏
∆n+1

T
σ(∆n+1)
s(∆n+1)

∏
∆n−1

d
c(∆n−1)
s(∆n−1)

∏
∆n−3

d
c(∆n−3)
s(∆n−3)∏

∆n

d
c(∆n)
s(∆n)

∏
∆n−2

d
c(∆n−2)
s(∆n−2)

· · ·

⊗
∆j∈Y1

|s(∆j)〉
⊗

∆i∈Y0

〈s(∆i)|

where c(∆i) = 1
2 if ∆i ∈ ∂X and 1 if it is in the in-

terior. Hilbert spaces V [Y ] are then defined to be the
support subspace of the linear operator Z[Y × I] for a
triangulation of Y × I that matches Y on both bound-
aries. Topological invariance of the state sum is more
precisely an invariance of Z under piecewise linear (PL)
homeomorphisms on the (n+1)-manifold. PL homeomor-
phic manifolds are related by a sequence of local bistellar
flips of the triangulation, drawn from a finite set known
as the Pachner moves [38]. This recasts topological in-
variance of the state sum into a finite set of equations
that the j-symbol must satisfy [19], corresponding to re-
triangulations of the (n + 1)-ball. This guarantees the
partition function is independent of the choice of trian-
gulation, moreover one must show the partition function
is independent of the choice of vertex ordering.

B. Hamiltonians, Tensor Network Ground States
and PEPO Symmetries

State sum TQFTs have a natural interpretation as ten-
sor networks [15, 19, 39]. Copies of a single tensor are
associated to each simplex and contracted according to
how the simplices are glued together. Topological invari-
ance of the discrete partition functions is ensured if and
only if the simplex tensor satisfies tensor equations corre-
sponding to the Pachner moves [38]. There is a standard
(although not widely known) construction to obtain a lo-
cal real-space renormalization group (RSRG) fixed point
commuting projector Hamiltonian that stabilizes the vec-
tor space of a state sum TQFT on a triangulated surface,
generalizing that of Levin & Wen [14]. The Hamiltonian
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is given by

H =
∑
v

11− Z[v′ ∗ cl stv] (1)

All the aforementioned properties of the Hamiltonian fol-
low from the Pachner move invariance of the simplex
tensor [19]. A PEPS [40–43] representation of a ground
state wave function (GSWF) on a triangulated manifold
(Y,K) is given by Z[v0 ∗ K]. Provided Z[{v0, v1} ∗ Y ] > 0
(which implies dimV [Y ] = Z[Y × S1] > 0) the resulting
state is nonzero. This PEPS is a frustration free ground
state as it satisfies Z[v′ ∗ cl stv]Z[v0 ∗ K] = Z[v0 ∗ K] fol-
lowing from the Pachner moves. This PEPS has a PEPO
symmetry which can be “pulled through” the virtual
level [44–47], this is also ensured by the Pachner moves.
The symmetry is indicative of topological order in the
model via a bulk boundary correspondence given by tak-
ing the double of the algebra of tensor network opera-
tors on the boundary to construct the emergent physical
excitations [48–50]. The framework also yields a multi-
scale entanglement renormalization ansatz (MERA) [51]
description of the ground space constructed by taking a
triangulated identity bordism (Y × I,K′) such that the
triangulation at the space manifold (Y, 0) reduces to the
physical lattice K and we pick a minimal triangulation
K′′ of (Y, 1) at the ‘top’ of the MERA corresponding to
the far IR scale. Then upon fixing a vector containing
the fully coarse grained topological information |t〉 the
MERA is given by

Z[K′] |t〉 (2)

For physical lattice models it is important that the
Hamiltonians output by our construction are Hermitian,
this can be ensured by a sufficient condition on the un-
derlying tensor of symmetry under simultaneous com-
plex conjugation and orientation reversal. We note in the
framework of Ref.[19] there is an important technicality
in dealing with weight functions associated to objects on
lower dimensional strata of the triangulation.

C. Review of the UGxBFC TQFT

A new class of (3 + 1)-TQFTs was constructed in
Ref.[35] from unitary G-crossed braided fusion categories
(UGxBFC) C×G [52–55], where G is a finite group. These
can be though of as special unitary fusion 2-categories.
When G is trivial, a UGxBFC C×G reduces to a pre-
modular category and the resulting TQFT is the Crane-
Yetter TQFT [26, 27] whose Hamiltonian realization is
described in Ref.[36]. In general, a UGxBFC has |G|
sectors and the trivial sector is always a premodular cat-
egory.

FIG. 1. Summary of the results in Ref.[19].

1. UGxBFC

A UGxBFC [52–55] can roughly be thought of as a
spherical fusion 1.5-category—it is a spherical fusion cat-
egory with a G-crossed braiding, hence it does not seem
to be a totally general spherical fusion 2-category. That
being said there is no satisfactory agreed upon definition
of a spherical 2-category in the literature. While a defini-
tion was proposed in Ref.[32] it was shown in Ref.[35] that
this was too restrictive to even capture the UGxBFCs.
Moving forward the UGxBFCs constitute a very impor-
tant class of unitary fusion 2-categories as they provide
a huge family of nontrivial examples, which have proved
otherwise hard to come by.

For our purpose, the most convenient way to define a
G-crossed braided fusion category is through a collection
of symbols {N c

ab, F
abc
d , Rabc ,κa, Ug(a, b; c), ηx(g, h)} [55].

This extends the description of a unitary pre-
modular category through a collection of symbols
{N c

ab, F
abc
d , Rabc ,κa} [11].

A UGxBFC is an abstract description of point like de-
fects of a symmetry group G in a gapped phase of matter
in (2 + 1)D. Each defect carries a flux g ∈ G but there
may be multiple topologically distinct defects carrying
the same G-flux, this is described by a G-graded cate-
gory

G =
⊕
g∈G
Cg

where each simple object is contained in some sector
a ∈ Cg. We follow the notation of Ref.[55] and use ag
as shorthand for a ∈ Cg. Defects can be fused by physi-
cally bringing them together, this is described by a set of
multiplicities N c

ab counting the number of ways a and b
can fuse to c. In particular the fusion a× b→ c is admis-
sible iff N c

ab 6= 0. The fusion should respect the grading,
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i.e.

ag × bh =
∑
c∈CG

N c
abc =

∑
c∈Cgh

N c
abcgh.

The C1 sector is closed under fusion and contains the
unique vacuum object that fuses trivially with everything
else, thus forming a fusion subcategory.

The fusion of three defects is not strictly associative,
two different fusion paths with result d are related by an

F -symbol associator (a × b) × c Fabc
d−−−→ a × (b × c) more

precisely

a b c

e

d

α

β

=
∑
fµν

[F abcd ]fµνeαβ

a b c

f

d

µ

ν

(3)

Unitarity of the fusion category requires [(F abcd )−1]eαβfµν =

([F abcd ]fµνeαβ)∗. For this associator to be consistent all paths
between a pair of diagrams must agree, this is guaranteed
by the well known pentagon equation∑
δ

[F fcde ]lδνgβγ [F able ]kλµfαδ =
∑
hσψρ

[F abcg ]hσψfαβ [F ahde ]kλρgσγ [F bcdk ]lµνhψρ

(4)

this is depicted diagrammatically in Fig.2.

FIG. 2. The pentagon equation.

The group G has an action on simple objects denoted
by gah ∈ Cgh where gh = ghg−1. Each simple object ag
has a unique conjugate ā ∈ Cḡ that can fuse together to
give the vacuum, where ḡ = g−1. Flipping the direction
of an edge is equivalent to conjugating the charge label

a
=

ā
. (5)

The element [F aāaa ]11 = κa

da
consists of a quantum dimen-

sion which arises from popping a bubble

da = dā = a (6)

and a Frobenius-Shur (FS) indicator which arises when
a cup and cap are canceled

a ā a

0

0

= κa a . (7)

Note the FS indicator can be fixed to 1 via a gauge trans-
formation unless a = ā in which case κa = ±1.

The total quantum dimension of C is D2 =
∑
a∈C

d2
a and

similarly for each sector Cg, D2
g =

∑
a∈Cg

d2
a. The nonempty

sectors form a subgroup H ≤ G and satisfy Dh = D1 for
h ∈ H. Note all defects in a given sector are related by
fusion with objects in C1.

The physical defects appear at the end of branch cuts
and can be dragged around by adiabatically deforming
the Hamiltonian. This leads to braided worldlines of the
defects attached to worldsheets of the branch cuts. We
follow the convention of Ref.[55] and depict the world-
sheets going into the page. The worldsheet of a defect
worldline acts on other defects which pass behind it. The
G-crossed braiding is defined by several pieces of data,
the R-symbol

cgh

bhag

µ =
∑
ν

[Ragbhcgh
]νµ

cgh

bhag

ν (8)

and the U and η symbols, which arise due to symmetry
actions as a defect is slid over or under a fusion vertex,

xk
k̄b

k̄cgh

bhag

µ

=
∑
ν

[Uk(a, b; c)]νµ xk

k̄cgh

cgh

bhag

ν

(9)

xk

ḡx

h̄ḡxk

cgh

bhag

µ

= ηx(g, h) xk

h̄ḡxk

cgh

bhag

µ

.

(10)

U corresponds to the action of the global symmetry on
topological degrees of freedom, while ηx corresponds to
the 2-cocycle of the projective representation carried by
x.
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For the data F abcd , Rabc , Ug(a, b; c), ηx(g, h) to define a
consistent UGxBFC C×G the symbols must satisfy a num-
ber of conditions. The F -symbols must satisfy the pen-
tagon equation in Fig.2. Equating the two different paths
in Fig.3 yields a constraint corresponding to the action of
(kl)l̄ k̄ being trivial (technically a natural isomorphism)

[κk,l(a, b; c)]
ν
µ =

∑
αβ

[U−1
k (a, b; c)]αµ [U−1

l (k̄a, k̄b; k̄c)]βα

[Ukl(a, b; c)]
ν
β =

ηa(k, l)ηb(k, l)

ηc(k, l)
δνµ. (11)

Associativity of the group action klm yields a further

FIG. 3. Consistency of the global symmetry action and pro-
jective phases.

constraint on κk,l

κl,m(k̄a, k̄b; k̄c)κk,lm(a, b; c) = κk,l(a, b; c)κkl,m(a, b; c).

Consistency of fusion and η leads to the equation

ηḡx(h, k)ηx(gh, k) = ηx(g, h)ηx(gh, k)

by equating the two paths in Fig.4. This ensures the
symmetry fractionalization is not anomalous and can be
realized in a standalone (2 + 1)D system, corresponding
to the vanishing of a H3(G,A) obstruction whereA is the
group of abelian anyons. Similarly consistency of fusion
and U yields the equation∑

α′β′µ′ν′

[Uk(k̄a, k̄b; k̄e)]α
′
α [Uk(k̄e, k̄c; k̄d)]β

′

β [F
k̄ak̄bk̄c
k̄d

]
k̄fµ′ν‘
k̄eα‘β′

[U−1
k (k̄b, k̄c; k̄f)]µµ‘[U

−1
k (k̄a, k̄f ; k̄d)]νν‘ = [F abcd ]fµνeαβ (12)

which corresponds to a symmetry condition on F under
the group action. The Yang-Baxter equation is no longer
a strict equality in a UGxBFC and leads to a consistency
equation between the dragging of a string over or under
a crossing

ηk̄a(k̄h, k)

ηk̄a(k, h)

∑
µ′ν′

[Uk(kb, kh̄a; kc)]µ
′
µ [R

kakb
kc ]ν

′
µ′ [U

−1
k (ka, kb; kc)]νν‘

= [Rabc ]νµ (13)

x

ag bh ck

egh

dghk

α

β

→
x

ag bh ck

dghk

fhk

µ

ν

↓ ↓

egh

x

ag bh ck

dghk

α

β →

x

ag bh ck

fhk

dghk

µ

ν

FIG. 4. Consistency of fusion and η.

xk

ka kb kc

a b c

e

d

α

β

→
xk

ka kb kc

a b c

d

f
µ

ν

↓ ↓

ke

xk

ka kb kc

d

α′

β′ →

xk

ka kb kc

kf

kd

d

µ′

ν′

FIG. 5. Consistency of fusion and U .

which is a symmetry condition on R under the group
action.

Finally there are consistency relations between F and
R (also involving U and η) known as the heptagon equa-
tions, generalizing the well known hexagon equations for
a UBFC, one each for right and left handed braiding (see
Figs.7,8) as follows ∑

λγ

[Race ]λα[F ac
k̄b

d ]mγνeλβ [Rbcm]µγ

=
∑
fσδθψ

[F c
k̄ak̄b
d ]

k̄fδσ
eαβ [Uk(a, b; f)]θδ [R

fc
d ]ψσ [F abcd ]mµνfθψ (14)

∑
λγ

[(Rcae )−1]λα[F a
ḡcb

d ]mγνeλβ [(R
ḡcb
m )−1]µγ

=
∑
fσδψ

[F cabd ]fδσeαβηc(g, h)[(Rcfd )−1]ψσ [F ab
h̄ḡc

d ]gµνfδψ (15)

where the defect sectors are determined by ag, bh, ck.
For a unitary GxBFC it is required that [(Rabc )−1]νµ =

([Rabc ]µν )∗. Note the trivial sector C1 of a UGxBFC is
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bh h̄agxk

kag
kbh xk

bh h̄agxk

kag
kbh xk

FIG. 6. Yang-Baxter relation in a UGxBFC.

FIG. 7. The right handed heptagon equation of a UGxBFC.

itself a UBFC as the heptagon equations reduce to the
hexagon equations in that case.

The consistency equations for a UGxBFC guarantee it
is not anomalous and can be realized in a stand-alone
(2 + 1)D system. Not all group actions on UBFCs can
be extended to a UGxBFC as some are anomalous. The
anomalies lie in H4(G,U(1)), which is related to weak-
ening the pentagon equation Fig.2, and H3(G,A) which
is related to weakening the fractonalization constraint
Fig.4.

2. Example: Z3 Tambara-Yamagami Category

A simple example of a UGxBFC known as the Z3

Tambara-Yamagami category can be constructed from

a Z(1)
3 anyon theory {0, 1, 2} with a Z2 symmetry that

permutes 1 and 2. This theory is also known as SU(3)1

which has conformal charge c = 2 and a Z2 particle-hole
symmetry. Physically, this theory describes the topolog-
ical order of a sector of the ν = 1

3 Laughlin FQH state.

The UGxBFC consists of two sectors C×Z2
= C0 ⊕ C1.

The Z(1)
3 UBFC constitutes the C0 sector and is defined

by the fusion rules N c
ab = δa+b=c mod 3, trivial F symbols

and braiding Raba+b = e2πiab/3. The nontrivial sector con-
tains only a single defect C1 = {σ}. The fusion rules are

FIG. 8. The left handed heptagon equation of a UGxBFC.

thus

σ × a = a× σ = σ

σ × σ =
∑
a∈C0

a.

The anyons in C0 each have quantum dimension 1, hence
dσ =

√
3. The nontrivial F symbols are then given by

[F aσbσ ]σσ = [Fσaσb ]σσ = χ(a, b)

[Fσσσσ ]ba =
κσ√

3
χ(a, b)

∗

where χ(a, b) = e2πiab/3 is a symmetric bi-character. The
G-crossed braidings involving σ are determined by

Rσaσ = U1(σ, σ, a)(−1)ae−πia
2/3, Raσσ = (−1)ae−πia

2/3

Rσσa = γ(−1)aeπia
2/3, γ2 =

κσ√
3

∑
a∈C0

(−1)ae−πia
2/3

where U1(σ, σ, a) = ±1 and κσ = ±1 are choices which
yield slightly different UGxBFC extensions of C0, note η
is trivial in all cases.

3. State Sum from UGxBFC

The data of a UGxBFC C×G can be used as input to
generate a family of (3 + 1)D state sum TQFTs [35]
generalizing the Crane-Yetter-Walker-Wang model. The
label set is as follows L(1) = G, L(2) = C×G , L(3) =

Hom(C×G ⊗C×G , C×G ⊗C×G), where we are abusing notation

by using C×G to denote the set of equivalence classes of
simple objects. That is each edge is labeled by a group
element g, each triangle is labeled by a defect a and each
tetrahedron is labeled by a triple (a, µ, ν) of a defect
and two degeneracy labels. The only configurations that
have nonzero contributions to the state sum must satisfy
the following constraints between the labels on the dif-
ferent strata: the defect on a simplex 012 must satisfy
a012 ∈ C(dg)012

where (dg)012 = ḡ02g01g12 and the defect
labels on the faces and body of a tetrahedra 0123 are sub-
ject to the constraints Na0123

a1̂
ḡ23a3̂

6= 0 6= Na0123
a2̂a0̂

(then µ, ν

correspond to degeneracy labels of these fusion spaces).
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The 15j-symbols are given by evaluating diagrams in
the UGxBFC shown in Fig.9. The choice of diagram is
determined by the configuration s and the vertex order-
ing on a pentachoron. We use the compressed notation
F abcd;ef = [F abcd ]fe , explicit evaluation of the diagrams in

Fig.(9) yields

T+
s(01234) =

∑
a,b

dbF
024,234,3̄4·2̄3012
b;0234,a η−1

012(3̄4, 2̄3)

R
2̄4012,234
a (F 024,2̄4012,234

b;a,0124 )−1F 014,124,234
b;0124,1234

(F 014,134,3̄4123
b;1234,0134 )−1F 034,3̄4013,3̄4123

b;0134,3̄40123

U3̄4(023, 2̄3012; 0123)U−1
3̄4

(013, 123; 0123)

(F 034,3̄4023,3̄4·2̄3012

b;3̄40123,0234
)−1

T−s(01234) =
∑
a,b

db(F
024,234,3̄4·2̄3012
b;a,0234 )−1η012(3̄4, 2̄3)

(R
2̄4012,234
a )−1F 024,2̄4012,234

b;0124,a (F 014,124,234
b;1234,0124 )−1

F 014,134,3̄4123
b;0134,1234 (F 034,3̄4013,3̄4123

b;3̄40123,0134
)−1

U−1
3̄4

(023, 2̄3012; 0123)U3̄4(013, 123; 0123)

F 034,3̄4023,3̄4·2̄3012

b;0234,3̄40123

where each label ∆i is to be read as s(∆i), we have omit-
ted the explicit writing of s for brevity.

FIG. 9. Diagrams in the UGxBFC that define the 15j-
symbols T+

s(01234) (left), and T−s(01234) (right) [35]. It is in-

tended that ∆i should be read as s(∆i).

These 15j-symbols, together with the quantum dimen-

sions, define the state sum partition function

Z[X] =
∑
s

∏
∆4

T
σ(∆4)
s(∆4)

∏
∆2

ds(∆2)

∏
∆0

D2/|G|∏
∆3

ds(∆3)

∏
∆1

D2

where D is the total quantum dimension. It was shown in
Ref.[35] that the partition function is a topological invari-
ant, i.e. does not depend on the choice of vertex ordering
or triangulation. The latter condition is guaranteed by
the equalities Z[J ] = Z[∆5\J ] for all 4-subcomplexes
J ⊆ ∆5.

This state sum captures many known constructions as
special cases:

• For G = {1} the trivial group the UGxBFC C×G =
C1 is a regular UBFC and the 15j-symbols match
the construction of Crane and Yetter [26, 27], hence
Z[X] = CYC1(X) the Crane-Yetter partition func-
tion for C1. This implies our lattice models include
the Walker-Wang models [36].

• Another special case constructed from a categorical
group (or crossed module) yields Yetter’s homotopy
2-type invariant [30]. Note this inclusion implies
that our lattice models capture those of Ref.[56].
Categorical groups are in 1-1 correspondence with
crossed modules, we follow Ref.[35] and use the lat-
ter to build a UGxBFC. A crossed module is speci-
fied by the data (G,H, ρ, a) for G,H finite groups,
ρ : H → G a group morphism and a : G×H → H
a group action of G on H subject to the conditions
ρ(ag(h)) = gρ(h) and aρ(h′)(h) = h′h. A UGxBFC
C(G,H, ρ, a) =

⊕
g∈G
Cg is constructed from the data

as follows: the simple elements are h ∈ H, the
grading is given by h ∈ Cρh, fusion is given by
multiplication in H, the G-action is given by a,
the braiding and F symbols are trivial. The 15j-
symbols are simply delta conditions on the con-
figuration being admissible (i.e. face and tetrahe-
dra constraints satisfied) and the partition func-
tion satisfies Z[X] = Y(X) for the Yetter invari-
ant [30] constructed from the categorical group cor-
responding to (G,H, ρ, a). In the special case that
H = {1} is trivial, ρ & a are also trivial, then
the triangle constraints become the flatness con-
dition dg = 0 and the partition function recov-
ers the untwisted Dijkgraaf-Witten theory for G,
Z[X] = DWG(X) [13].

• The case where the only nontrivial sector is C1, a
UBFC, the triangle constraints imply the flatness
condition dg = 0. If in addition the group action
is trivial the group and anyon degrees of freedom
decouple and the partition function factors into a
product of CY and untwisted DW theory, Z[X] =
DWG(X)CYC1(X).
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For the trivially graded case it is possible to intro-
duce additional cocycle data to produce variants of the
UGxBFC:

• Since the state sum only involves flat G-connections
the 4 group variables gi,i+1 fully specify the G
configuration on a pentachoron. One may mod-
ify the 15j-symbol by multiplication with a 5-
cocycle phase factor [ω] ∈ H4(G,U(1)) to produce

T̂±s(∆4) = T±s(∆4)ω
±1(g01, g12, g23, g34) which will

give rise to a topologically invariant state sum. If
in addition the group action is trivial the resulting
partition function is given by a product of CY and
twisted DW theories Z[X] = DWω

G(X)CYC1(X).

• In the case that C1 = H an abelian group, with
trivial F and R symbols, and a group action
a : G × H → H the tetrahedra constraint reads
(dah)0123 = ag23

(h1̂) + h3̂ − h0̂ − h2̂ = 0. One
may introduce a twisted 3-cocycle [β] ∈ H3

a(G,H)
modifying the flatness condition to (dah)0123 =
β(g01, g12, g23). The 15j-symbols are then delta
conditions on the flatness of a 2-group connection
defined by the data G = (G,H, a, β), following
Ref.[34]. Furthermore one may introduce a multi-
plicative cocycle [ω] ∈ H4(BG, U(1)) to produce a

new 15j-symbol T̂±s(∆4) = T±s(∆4)ω
±1(s(∆4) ). The

partition function then recovers the twisted 2-group
gauge theory Z[X] = 2-DWω

G(X).

No rigorous connection has been established be-
tween the aforementioned H3 & H4 cocycles and the
H3(G,A) & H4(G,U(1)) anomaly classes of an SET. In
these cases the SET theory C1 and group action can-
not be extended to a UGxBFC. However we conjecture
it will remain possible to construct an extension of the
UGxBFC with a single sector whose 15j-symbol has an
intrinsic H3 & H4 anomaly. We defer the details of this
to future work [57]. Note the possibility of adding an ar-
bitrary H3 & H4 as discussed above suggest the intrinsic
anomalies should be thought of as torsors. Furthermore
we speculate that it should be possible to construct a
unitary fusion 2-category generalizing the UGxBFC that
describes extension of an anomalous SET to nontrivial
defect sectors, and this construction may yield a state
sum with 15j-symbols gneralizing those of the UGxBFC.

It is not yet known how strong the UGxBFC state sum
invariant is. Considering the special cases it contains it is
clearly sensitive to homotopy 2-type and also the second
StiefelWhitney class (as the anyons can be fermionic).
It is unclear if the theory is able to detect any smooth
structure, while it is known from general considerations
that it cannot be sensitive to all smooth structure [58].

D. Review of Kashaev’s TQFT

Kashaev’s family of state sum TQFTs [20, 21] are in-
dexed by a natural number N ∈ N, they are specified by

a tensor

Q = N−
1
2

∑
k,l,m∈ZN

ωkm |k〉 〈k +m| ⊗ |l〉 〈l +m| ⊗ |m〉

(16)

where ω ∈ U(1) is a primitive Nth root of unity. A tensor

FIG. 10. Kashaev’s Q tensor (left) and its conjugate (right).

Q (Q†) is assigned to each 4-simplex in the triangulation
where the orientation induced by the branching structure
matches (is opposite to) the ambient orientation of the
triangulated manifold. An N level qudit is associated
to each 3-simplex facet of the 4-simplex tensor, they are
written in the order given by taking the dual of the vertex
order inherited from the branching structure. The full
partition function on a triangulated 4-manifold (X,K) is
given by the evaluation of the tensor network times the
normalization factors N

3
2χ(X) and N−|K0|, where χ is the

Euler characteristic and K0 is the number of vertices in
the triangulation (with those on a boundary counted as
half).

Kashaev has shown in Ref.[20] that the Q tensors sat-
isfy the Pachner move invariance conditions, together
with the Hermitian property of the tensors (i.e. par-
ity reversal induces complex conjugation) this implies
the construction outlined in Ref.[19] gives rise to a local
commuting projector Hamiltonian. The dimension of the
(unfrustrated) zero energy eigenspace of the Hamiltonian
on a spatial manifold Y is given by Z[Y × S1]. In partic-
ular the Hamiltonian is frustration free iff Z[Y × S1] is
nonzero. Partition functions have been calculated for a
number of manifolds by Kashaev [20] and for S1×T 3 by
the authors. These results are summarized in Table.I and
show that the TQFT is stable (i.e. the Hamiltonian does
not exhibit spontaneous symmetry breaking). The final

X χ(X) σ(X) ZN [X]
S4 2 0 1

S2 × S2 4 1 3+(−1)N

2

CP 2 3 1 1√
N

N∑
k=1

ωk2

S3 × S1 0 0 1

S2 × S1 × S1 0 0 3+(−1)N

2

S1 × S1 × S1 × S1 0 0 ( 3+(−1)N

2
)3

TABLE I. Partition functions of Kashaev’s TQFT
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element of the table (highlighted in red) is the result of a
new calculation and yields the ground state degeneracy
on the 3 torus for all N . Furthermore we have

∣∣Z[CP 2]
∣∣2 = 1 + (−1)

N
2

1 + (−1)N

2
.

Hence the data computed for the Kashaev theory is
consistent with a modular CYWW model (an invertible
TQFT) for N odd, and a premodular CYWW with trans-
parent subcategory: Z2 with trivial braiding (topological
order equivalent to toric code) for N = 0 mod 4, and
sV ec for N = 2 mod 4 (as Z[CP 2] = 0 the partition
function can be seen to depend on spin structure in this
case).

We conjecture that the general construction of
Kashaev [21] is dual to the Crane-Yetter TQFT, in a sim-
ilar fashion to the duality between Kuperberg’s (2 + 1)-
manifold invariants [59] and the Turaev-Viro TQFT [15].

III. LATTICE MODEL FOR KASHAEV’S TQFT

In this section we apply the framework developed in
Ref.[19] to produce a translation invariant local commut-
ing projector Hamiltonian for the theory on a particular
3-dimensional lattice.

A. The Hamiltonian

With the Q tensor from Eq.(16) one can explicitly
construct a local commuting projector Hamiltonian of
the form in Eq.(1) on any 3-manifold equipped with a
triangulation and branching structure (Y,K) by follow-
ing the recipe outlined in Ref.[19]. For concreteness we
work with the body centered cubic (BCC) triangulation
of T 3 or R3 which is dual to a tessellation by regular 4-
permutohedrons (also known as truncated octahedrons).
The branching structure is given for R3 by the rule that
all edges not orthogonal to the ẑ axis are oriented along
the +ẑ direction, while those in an xy-plane point along
the +x̂ or +ŷ direction (note these edges are always par-
allel to one of these axes). This also induces a branching
structure on the triangulation of T 3. Note this branch-
ing structure preserves the full translational symmetry
along each of the spatial axes in addition to a transla-
tion symmetry generated by ( 1

2 ,
1
2 ,

1
2 ). Working on the

permutohedron cellulation dual to the triangulation the
model is defined on a Hilbert space consisting of a qudit
degree of freedom for each vertex H =

⊗
v∈C CNv . The

Hamiltonian is a sum of identical terms each acting on
24 qudits in the boundary of a different permutohedron.
To explicitly evaluate the Hamiltonian produced by the
recipe of Ref.[19] we specify a numbering of the vertices
on the boundary of a permutohedron depicted in Fig.12.
The Hamiltonian is given by

FIG. 11. Triangulation and branching structure within a unit
cell.

FIG. 12. Ordering of the vertices (red) and dual vertices (un-
derlined blue) on the boundary of a permutahedron flattened
onto the plane.

〈j| 11−hv |i〉 =
ωiZ ·jX−iX ·jZ

N12

δi8−i9+i22+i23
δi10+i11+i14+i15

δi16+i17−i20+i21δi0−i1+i2+i3+i4−i5
δ−j0+j1+j6+j7δj2+j3+j12−j13

δj4+j5+j18+j19
δj9−j10+j15+j16+j21−j22

δi1−i2+i6−i11+i13−i14−j1−j2+j11+j14

δi3+i4+i12+i17−i19−i20+j3+j4−j17+j20

δi6+i7−i9+i10+j6+j7−j8+j9−j10+j11

δ−i12+i13+i15+i16+j12−j13+j14+j15+j16+j17

δ−i18+i19+i21+i22+j18+j19−j20+j21−j22−j23
(17)

where the in and jn labels are are in the either the X
or Z basis as shown in Table.II and by i in the X basis

we mean |̂i〉 := N−
1
2

N−1∑
k=0

ω−i·k |k〉. Also the notation iZ

indicates the subset of i labels in the Z basis and similarly
for j and X.

A matrix element of the Hamiltonian for fixed i and
j as above gives rise to a tensor network multiplied by
some nonzero weight. The tensor network is composed
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n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
in X Z Z X Z Z X Z X Z X X Z X X X Z
jn Z X X Z X X Z X Z X Z Z X Z Z Z X

17 18 19 20 21 22 23
X Z Z Z X X Z
Z X X X Z Z X

TABLE II. Basis choices for i, j.

of delta tensors and X matrices and computes a delta
condition on the flatness of the configuration shown in
Fig. 13. Evaluating the delta flatness condition yields

FIG. 13. Configuration induced by fixing the input/output of
a Hamiltonian term.

the Hamiltonian term in Eq.(17).

B. Degeneracy, Statistics and the Ground State
Wave Function

Thus far there is little known about the relation of
the Kashaev TQFTs to other more established families
of models. We conjecture that the Kashaev TQFTs and
their Hamiltonian realizations are equivalent to Crane-
Yetter-Walker-Wang (CYWW) models for ZN with a
particular choice of braiding. In the case N is odd it
is a nondegenerate braiding on ZN hence the CYWW
model is an invertible TQFT and its partition functions
depend only on Euler characteristic and signature. In the
case of N even the relevant braiding on ZN is degenerate
and hence the CYWW model is premodular.

The partition functions calculated for Kashaev’s
TQFT support our conjecture as they are consistent with
an invertible modular CYWW model for N odd and con-
sistent with a premodular CYWW in the even case, the
simplest example being Z2 which we expect to be the
CYWW model based on sV ec. More generally we con-

jecture the even case is equivalent to a CYWW model
based on a premodular category with transparent sub-
category: Z2 (with trivial braiding) for N = 0 mod 4,
and sV ec for N = 2 mod 4.

The partition function Z[S1 × Y ] equals the dimension
of the ground space V [Y ] (note in this case normaliza-
tion by Euler characteristic and signature are irrelevant
as both are 0). The values of Z[S1 × S3] in the table
indicate that Kashaev’s TQFT is stable i.e. does not
spontaneously break any symmetry.

In accordance with our conjecture we expect the topo-
logical excitations of the Kashaev model to match those
of CYWW. In particular for N odd there are no decon-
fined particle like excitations in the bulk while there may
be interesting loop like excitations. For N even there is a
species of point like fermionic excitations in the bulk as
well as loop like excitations. Explicitly comparing the 3
loop braiding statistics of the loop excitations in Kashaev
and CYWW is an interesting problem which we leave for
future work.

There is a PEPS representation of a ground state wave
function for all Kashaev TQFTs which is obtained by
following the procedure of Ref.[19]. Due to the Pach-
ner move symmetry of the tensors used to construct this
PEPS it will have a closed surface PEPO topological
symmetry on the virtual level [19, 44–47]. It should be
possible to construct the excitations from this PEPO by
following a higher dimensional generalization of the pro-
cedure laid out in Ref.[48] for (2 + 1)D. Note the proce-
dure of Ref.[19] also yields a MERA representation of the
ground state wave functions.

C. Example: Z2 Case

The explicit tensor for the N = 2 Kashaev TQFT is
given by

Q =
1√
2

∑
k,l,m∈Z2

(−1)km |k〉 〈k +m| ⊗ |l〉 〈l +m| ⊗ |m〉

(18)

We conjecture this N = 2 Kashaev model is described

FIG. 14. Kashaev’s Q tensor for N = 2.

by the CYWW model for the premodular category sV ec
consisting of a vacuum and fermion particle. Hence we
expect the partition functions to depend on the possible
spin structures of a manifold. This is supported by the
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observations that Z[CP2] = 0 which corresponds to CP2

not admitting a spin structure, and we proceed to show
Z[T 4] = 8 corresponding to 8 spin structures on the space
manifold T 3.

Lemma 1. For the commuting, projector, real-space
blocking RG fixed point Hamiltonian term hv we have
dimV [T 3] = Z[T 4] = Tr[πZ[v′ ∗ stv] ] = Tr[π(11− hv)]
for the permutation π given below.

Proof. We consider the translation invariant BCC tri-
angulation of T 3 (or R3) dual to a tiling by regular 4-
permutohedrons. For concreteness we fix the branching
structure to be that of Fig.11 and the ordering of tetrahe-
dra in stv to be that of Fig.12. However note any branch-
ing structure that is consistent with periodic boundary
conditions may be used, and the ordering is totally ar-
bitrary. Considering the Hamiltonian term of Eq.17 we
have 11−hv = Z[v′ ∗ stv] and note this is a tensor network
on the triangulation of a 4d hypercube. Conceptually it
is clear that taking closed boundary conditions yields the
partition function of the 4d torus. The gluing map that
corresponds to closing the boundary conditions is speci-
fied by the permutation

π: 0 → 13 → 20 → 9 → 0
1 → 18 → 17 → 10 → 1
2 → 19 → 8 → 15 → 2
3 → 6 → 23 → 16 → 3
4 → 7 → 14 → 21 → 4
5 → 12 → 11 → 22 → 5

(19)

abusing notation slightly we also use π to denote the
linear operator

∑
{in} |{iπ(n)}〉 〈{in}|. Then we have

Z[T 4] = Tr[πZ[v′ ∗ stv] ] = Tr[π(11− hv)].

We furthermore conjecture that a similar relation holds
in all dimensions, following from the basic facts that
the regular (n + 1)-permutohedron tiles n dimensional
euclidean space (or the n dimensional torus) and that
the join of its dual triangulation of the n-sphere with a
line (including its two endpoints) is a triangulation of
the (n + 1) hypercube. By taking appropriate periodic
boundary conditions, specified by a generalization of the
permutation π we find a similar relation as in (3 + 1)D.

Proposition 1. For Kashaev’s model at N = 2 [20]
dimV [T 3] = Z[T 4] = 8

Proof. We make use of Lemma 1 and calculate
Tr[πZ[v′ ∗ stv] ] = Z[T 4] using the tetrahedron labeling
in Fig.12 and the branching structure in Fig.15. The
quantity we want to compute is a sum over tensor net-
works on the 4-permutohedron graph

Tr[πZ[v′ ∗ stv] ] =
∑
{in}
〈{in}|Z[v′ ∗ stv] |{iπ(n)}〉 . (20)

Each tensor has 5 indices, 2 exterior indices correspond-
ing to in, iπ(n) and 3 internal indices of the tensor network

FIG. 15. The branching structure used to calculate Z[T 4].

on the permutohedron. With the branching structure we
have chosen the fixed exterior labels correspond to the 0
and 4 indices of each individual tensor, fixing these labels
we find the following 3 index tensor

=
(−1)ij√

2
(21)

which consists of a delta tensor along with X matri-
ces and a sign that is determined by the fixed external
indices. From this equation it follows that the tensor
network on the 4-permutohedron graph specifies a map
σ : Z24

2 → Z36
2 from the fixed external indices to a Z2

configuration on the edges of the permutohedron, corre-
sponding to the exponent of the X matrix on each edge.
Contracting the tensor network yields a nonzero result
only for those connections which are flat, i.e. the sum
around each plaquette is 0. To describe this precisely
we denote the map from a Z2 edge configuration to the
induced flux through each plaquette by f then we have

〈{in}|Z[v′ ∗ stv] |{iπ(n)}〉 =
(−1)i·π(i)

212
δ(σ ◦ f(i) = 0)

(22)

where i ·π(i) =
∑
n in · iπ(n) and the normalization factor

comes from a product of 1√
2

for each of the 24 tensors

(See Eq.21), a factor 1
2 from the normalization N−|K0|,

and a factor 2 from the contraction of delta tensors and
X matrices on the permutohedron graph. We proceed to
show that all flat configurations contribute with a +1 sign
and hence the problem is to count the number of them.
First we use the relation

∑
k δi,j,kδk,l,m = δi,j,l,m to re-

move 12 edges of the permutohedron tensor network by
contracting them, precisely those on which an X never
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FIG. 16. Configuration induced by the map σ. Value n−m
to be read as in−im.

occurs, see Fig.16. Hence we can consider reduced Z2

maps σ : Z24
2 → Z24

2 and f : Z24
2 → Z13

2 by noting there
are 24 edges and 14 faces (one of which is redundant as
its value equals the sum of all other faces). Since we are
considering flat configurations on a cellulation of S2 there
is only a single homology class and furthermore an injec-
tive map d : Z11

2 → Z24
2 from Z2 values on the 12 vertices

(with one vertex value fixed) to a Z2 configuration on
edges such that im d = ker f . A full list of generators for
ker σ ◦ f is

i gi· = 1
0 7,18
1 0,23
2 5,8
3 12,19
4 6,13
5 1,14
6 15,22
7 9,16
8 4,17
9 3,20
10 2,11
11 0,7,12,3,10,15
12 1,6,19,4,9,22
13 2,13,18,5,16,21
14 8,17,20,11,14,23

(23)

one can verify that these are independent. Generators
11-14 correspond to the generators of ker σ, while 0-10
lie in (kerσ)⊥ and their image under σ generates ker f .
Hence 215 flat configurations contribute to the sum, and
furthermore we have

∑
n g

i
n · gjπ(n) =

∑
n g

j
n · giπ(n). Any

flat configuration x ∈ kerσ◦f is of the form x =
∑
i xig

i

and the corresponding phase factor is 1 as x · π(x) = 0
hence all such configurations contribute with a positive
sign.

D. Back to the general case

Our analysis of Z[T 4] for N = 2 largely carries over to
the case of general N , the main modifications required
involve keeping track of orientations and complex conju-
gations. The calculation proceeds as above up to Eq.(21)
at which point we find

=
ω±ij√
N

(24)

where ± depends on the orientation of the simplex to
which the tensor is associated. This leads to new maps σ :
Z24
N → Z24

N and f : Z24
N → Z13

N which can be understood
in terms of flat ZN connections on a cellulation of S2, see
Fig.16. In place of Eq.(22) we have

〈{in}|Z[v′ ∗ stv] |{iπ(n)}〉 =
ωi·π(i)

N12
δ(σ ◦ f(i) = 0) (25)

where the dot product has been altered as follows i·π(i) =∑
n(−1)nin · iπ(n) and the normalization arises in the

same way as above (with N in place of 2). Again we have
a boundary map d : Z11

N → Z24
N that satisfies im d = ker f

and the generators of σ ◦ f are the same as those given
in Eq.(23), however now each has order N . Now N15

flat configurations contribute to the sum, the new com-
plication being that they make take on different phase
values. We still have the identities gi · π(gi) = 0 and

gi · π(gj) = gj · π(gi) however they no longer guarantee
the phase factors are trivial for N > 2. An arbitrary
element x ∈ kerσ ◦ f is of the form x =

∑
i

xig
i and we

have

x · π(x) =
∑
i<j

2xixjg
i · π(gj)

= 2(x0(x8 − x5) + (x1 − x9)(x4 − x7) + (x2 − x10)(x6 − x3)).

Hence the overall summation becomes

Z[T 4] =

 ∑
i,j∈ZN

ω2ij

N

3

(26)

=

(∑
i∈ZN

δ(2i = 0 mod N)

)3

(27)

which takes the value 1 for N odd and 8 for N even.

IV. LATTICE MODEL FOR UGxBFC TQFT

In this section we introduce tensor network and graph-
ical calculus constructions of a class of commuting pro-
jector Hamiltonians for topological models based on the
UGxBFC state sum TQFT.
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Before discussing constructions of a Hamiltonian let us
describe the Hilbert space on a general triangulation or
equivalently the Poincaré dual simple polyhedra. Given
a UGxBFC C×G and L the label set L(1) = G, L(2) =

C×G , L(3) = C×G . Suppose Y is an oriented spatial 3-
manifold with a vertex ordered ∆-complex triangulation
K. ΓK denotes the dual simple polyhedron. We take
a resolution of each 4-valent vertex in ΓK into a pair of
trivalent vertices where the edges dual to the faces 0̂, 2̂
and 1̂, 3̂ meet, denote the resulting polyhedron as Γ′K .
Let V,E, F denote the sets of vertices, edges, and faces
of Γ′K respectively. A configuration on Γ′K is a labeling
of each edge by a defect label a ∈ C×G , each face by a
group element g ∈ G, and each vertex by a basis element
in ⊕(a,b,c)∈(C×G )3CN

c
ab . Hence the total local Hilbert space

is

H(Y,K) =
⊗
E

C[C×G ]
⊗
V

(
⊕

(a,b,c)

∈(C×G )3

CN
c
ab)
⊗
F

C[G]. (28)

A. Tensor Network Approach

The recipe outlined in Ref.[19] constructs a local com-
muting projector Hamiltonian for the UGxBFC state
sum on any triangulation from a set of 15j-symbols.
The 15j-symbols for the UGxBFC T±s(∆4) are shown in

Fig.(9) they take as input a configuration s = (g, a) :
(K(1),K(2) ∪K(3))→ (G, C×G) of group elements ge ∈ G
on edges, and defects a∆, a∆3

∈ C×G on triangles and
tetrahedra of a 4-simplex ∆4 and return a value in C.
T±s(∆4) only take nonzero values on admissible configura-

tions, those satisfying the triangle constraints a∆ ∈ Cdg∆
,

where dg012 = ḡ02g01g12, and the tetrahedra constraints
Na0123

a1̂
ḡ23a3̂

6= 0 6= Na0123
a2̂a0̂

.

The Hamiltonian term at vertex v is given by

hv = 11− (D2)−|(stv)1|

|G|
∑
γ,α

∏
∆2∈J

dα(∆2)∏
∆3∈J

dα(∆3)
Bγ,αv (29)

where J = int(v′ ∗ stv) can be thought of as a small piece
of spacetime, with v′ an auxiliary copy of vertex v at the
next time step. The elements γ ∈ G, α : J (2)∪J (3) → C×G
label the timelike edge, triangles and tetrahedra in J .

The individual summands are given by

Bγ,αv =
∑
S,S′

∏
∆i∈lkv
i>0

δS(∆i),S′(∆i)

∏
∆2∈stv

√
da(∆2)da′(∆2)∏

∆3∈stv

√
da(∆3)da′(∆3)

∏
∆4∈J

T
σ(∆4)
s(∆4)

⊗
e,∆,∆3∈stv

|g′e, a′∆, a′∆3
〉 〈ge, a∆, a∆3

| (30)

where S = (g, a), S′ = (g′, a′) denote configurations on
the triangulated spatial slices cl(stv), v

′ ∗ lkv and s de-
notes the full spacetime configuration {S, S′, (γ, α)} on
cl(J). Note the variables in lkv are fixed control qudits
for the operator Bγ,αv , while the variables in stv fluctuate.

The Hamiltonian built in this way contains only vertex
terms. These terms also enforce the flatness (admissibil-
ity) triangle and tetrahedra constraints on basis states
with nonzero ground space overlap. Contrast this with
the more conventional way of writing fixed point Hamil-
tonians as a sum of separate vertex fluctuation and pla-
quette flatness terms.

On the BCC triangulation with the branching struc-
ture chosen in Fig.11 the Hamiltonian is a translationally
invariant sum with a single type of term. Note the case
described explicitly above was assuming no multiplicity
in the fusion of C×G , to include possible multiplicities one
simply includes the corresponding fusion multiplicity la-
bels together with the defect label on each tetrahedron.

B. Graphical Calculus Approach

Another approach to constructing the Hamiltonian
closer to that of Ref.[36] is to use the graphical calcu-
lus of the UGxBFC to define the local terms. First we
consider two different cellulations of the 3-torus T 3: the
cellulation used in Ref.[36], and the simple polyhderon of
the permutohedron cellulation dual to the BCC triangu-
lation in Fig.11. Both celluations have the full transla-
tional symmetry which keep the Hamiltonians relatively
simple. We then explain the general construction on a
simple polyhedra.

1. The Hamiltonian on the 3-Torus: resolved cubic lattice

We first focus on the simple case where G is abelian
and all group elements and defects are self inverse, this
removes the need to keep track of edge orientations. Note
it is simple to generalize to the non self inverse case by
keeping track of edge orientations, however extending to
nonabelian G requires nontrivial work as the cellulation
is not a simple polyhedra.

The cellulation Γ is given by the following resolution
of the cubic lattice into trivalent vertices.

→

Group degrees of freedom live on the plaquettes of the
cubic lattice, and defect degrees of freedom live on the
edges of the resolved lattice. Hence the Hilbert space is
given in Eq.(28).
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The Hamiltonian is given by

HΓ = −
∑
v∈V

Av −
∑
e∈E

Ae −
∑
f∈F

∑
g∈G,
a∈Cg

da
D2

Bg,af

−
∑
c∈C

∑
g∈G

Bgc (31)

where V,E, F,C are the vertices, edges, faces and 3-cells
of Γ. The Av term enforces the constraint that each
triple of defects a, b, c meeting at a vertex is an admissible
fusion N c

ab 6= 0.

c

ba

Ae enforces the constraint that each defect lies in the
sector given by the boundary of the group configuration
on the adjacent faces i.e. ae ∈ C(∂g)e .

g

h

k

l

aghkl

Bgc fluctuates the group configuration adjacent to c in the
conventional way hfg, for f ∈ ∂c.

h
k

l

→
hg

kg

lg

The Bg,af term fluctuates the group and defect configu-
ration adjacent to f by fusing a loop of defect a in to the
defects on ∂f and simultaneously multiplying hfg. This
term is reminiscent of the plaquette term in the Walker-
Wang model and matches it exactly in the case G = {1}.

We proceed to calculate the effect of the Bg,af term
using the diagrammatic calculus of the UGxBFC, we use
the compressed notation F abcd;ef = [F abcd ]fe . First the edges
crossing f are moved aside

hf

a

a′
p p′

q

q′k

kb

kb′kcc

lc′

rl

r′
uu′

d
d′

v

v′ w

w′

hf

a

a′
p p′

q

q′k

b

b′c
c′

lc′

rl

r′
uu′

d
d′

v

v′ w

w′

unlike the Walker-Wang model this invokes a factor of

Uk(b, c; b′) on top of the braiding symbols Rq
′kb
q R

lc′r
c .

Now acting with Bg,af introduces a loop of defect a on
plaquette f , which we proceed to fuse in to ∂f

sg

hfg

a

a′
p p′

q

q′k

b

b′c
c′

glc′

r′
uu′

d
d′

v

v′ w

w′

sg

hfg

a′′

a′
p p′

q

q′k

b

b′c
c′

glc′

r′
uu′

d
d′

v

v′ w

w′

hfg

sg

a′′

a′
p′′ p′

q′′

q′k

b′′

b′c′′
c′

glc′

r′′gl

r′
uu′

d
d′

v

v′ w

w′

this induces a factor F a
′′sp

a′;ap′′F
p′′sq
p′;pq′′F

q′′sb
q′;qb′′F

b′′sc
b′;bc′′F

c′′sr
c′;cr′′ .
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The next step induces a factor ηc′(l, g)

hfg

sg

a′′

a′
p′′ p′

q′′

q′k

b′′

b′c′′
c′

glc′

r′′gl

r′
uu′

d
d′

v

v′ w

w′

.

Then five more F -moves leads to

hfg

aa′′ a′′

a′
p′′ p′

q′′

q′k

b′′

b′c′′
c′

glc′

r′′gl

r′
u′′u′

d′′
d′

v′′

v′ w′′
w′

along with a factor F r
′′su

r′;ru′′F
u′′sd
u′;ud′′F

d′′sv
d′;dv′′F

v′′sw
v′;vw′′F

w′′sa
w′;wa′′ .

Finally restoring the lattice to its original position

a′
p′

q′k

kb′c′′
r′

u′

d′

v′

w′

hfg

a′′ p′′
q′′

kb′′

kc′′

glc′

r′′gl

u′′

d′′

v′′

w′′

induces a factor U−1
k (b′′, c′′; b′)Rq

′kb′′

q′′ R
glc′r′′
c′′ note r′′ ∈

Cgl. Hence the full plaquette term is

Bg,af = Uk(b, c; b′)U−1
k (b′′, c′′; b′)ηc′(l, g)

Rq
′kb
q R

lc′r
c Rq

′kb′′

q′′ R
glc′r′′
c′′

F a
′′sp

a′;ap′′F
p′′sq
p′;pq′′F

q′′sb
q′;qb′′F

b′′sc
b′;bc′′F

c′′sr
c′;cr′′

F r
′′su

r′;ru′′F
u′′sd
u′;ud′′F

d′′sv
d′;dv′′F

v′′sw
v′;vw′′F

w′′sa
w′;wa′′

which differs noticeably from WW in the appearance of
the factors Uk(b, c; b′)U−1

k (b′′, c′′; b′)ηc′(l, g).

2. The Hamiltonian on Simple Polyhedra

We now turn to the general case of an arbitrary finite
G and a UGxBFC C×G , this requires a cellulation ΓK dual

to a triangulation K with branching structure and keep-
ing track of edge orientations. Γ′K is then the cellulation
where each 4-valent vertex v has been resolved into a pair
of trivalent vertices v+, v−, as in Eq.(28). The orienta-
tions of dual edges in ΓK are specified as follows: for
vertices dual to positively oriented tetrahedra, the dual
0̂, 2̂ edges point out and 1̂, 3̂ point in, and vice versa for
vertices dual to negatively oriented tetrahedra. The ex-
tra edges introduced in Γ′K point from the 0̂, 2̂ vertex to

the 1̂, 3̂ vertex in a resolved vertex dual to a positively
oriented tetrahedra, and vice versa for negative.

The Hamiltonian is similar to that in Eq.(31)

HΓ = −
∑
v∈V

(Av+ +Av−)−
∑
e∈E

Ae

−
∑
f∈F

∑
g∈G,
a∈Cg

da
D2

Bg,af −
∑
c∈C

∑
g∈G

Bgc (32)

where V,E, F,C are the vertices, edges, faces, and 3-cells
of ΓK .

Writing 0123 for the tetrahedron dual to v then Av+

term enforces the admissibility of the fusion Na0123
a2̂a0̂

,

while the Av− term enforces a twisted fusion constraint
Na0123

a1̂
ḡ23a3̂

0

1

2

3

∼

a1̂

a0̂

ḡ23a3̂

a2̂

a0123 .

Ae enforces the constraint that each defect lies in the
sector specified by the difference of the adjacent group
variables, for e dual to 012 a012 ∈ Cĝ02g01g12

.

g

hk
ak̂gh

∼

g

hk

ak̄gh .

Bgc fluctuates the group configuration on faces f ∈ ∂c. To
be more specific we work on the dual triangulation, then
each group variable on an edge e− pointing towards vc,
the vertex dual to c, transforms as he− ḡ, while a group
varable on an edge e+ leaving vc transforms as ghe+

h

k
l →

gh

kḡ
lḡ .

Additionally the defects on the five edges associated to
the dual of a tetrahedra having vc as its highest ordered



16

vertex are acted upon by h as follows

h

k l
→

hḡ

kḡ lḡ
∼ ∼

a1̂

a0̂

ḡ23a3̂

a2̂

a0123 →

ga1̂

ga0̂

gḡ23a3̂

ga2̂

ga0123

.

The plaquette term Bg,af multiplies the group variable on
face f resulting in hf ḡ and fuses a loop of defect a ∈ Cg,
oriented along the boundary of f , into the defects on
edges e ∈ ∂f .

The ground space of the Hamiltonian is supported
on a subspace of states satisfying the vertex and edge
constrains spanned by consistent diagrams from the
UGxBFC. Naively these states and the Hamiltonian seem
to depend on the choice of projection to the 2D plane of
the picture, up to a local unitary gauge equivalence due
to U and η.

3. The Hamiltonian on the 3-Torus: BCC lattice

For an important special case of the Hamiltonian on
simple polyhedra we pick ΓK to be the regular cellula-
tion of T 3 by permutohedrons which is dual to the BCC
triangulation K. We use the branching structure on K
obtained form Fig.11 via translations. The Hamiltonian
is given in Eq.(32). We proceed to calculate the effect of
fusing the defect loop a onto the lattice explicitly for the
top face of a permutohedron

the other terms are calculated similarly. First the 4-
valent vertices are resolved using the choice of branching

structure and the edges crossing f are moved aside

u
u′ a kp

kp′

kb

a′kb

b′
q

q′
c

lc′

rlr′

d

d′

hf

u
u′ a

p
p′

b

ā′k

b′
q

q′c̄′
c

lc̄′

rlr′

d

d′

hf

this introduces a factor U−1
k−1(b̄, p; p′)Rpā

′
a R

lc̄′r
c . The pla-

quette term Bg,sf introduces a loop of defect sg onto the
face f , this is then fused into the lattice

u
u′ a

p
p′

b

ā′k

b′
q

q′c̄′
c

glc̄′

rlr′

d

d′
sg

hf ḡ

u
u′ a′′a a

p
p′

b

ā′k

b′
q

q′c̄′
c

glc̄′

rlr′

d

d′
sg

hf ḡ

u
u′ a′′a p′′

p′
b′′

ā′k

b′
q′′

q′c̄′
c′′

glc̄′

rlr′

d

d′
sg

hf ḡ

r′′gl
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resulting in a factor F ā
′′sp

a′;āp′′F
p̄′′sb
p̄′;p̄q′′F

b̄′′sq
b′;b̄q′′

F q̄
′′sc

q̄′;q̄c′′F
c̄′′sr
c′;c̄r′′ .

Next we slide the c′ line under a vertex

u
u′ a′′a p′′

p′
b′′

ā′k

b′
q′′

q′c̄′
c′′

glc̄′

rlr′

d

d′
sg

hf ḡ

r′′gl

yielding a factor ηglc̄′(g, l). Making three additional F -

moves F r̄
′′sd

r̄′;r̄d′′F
d̄′′su
d′;d̄u′′F

ū′′sa
ū′;ūa′′ leads to

u′′
u′ a′′a′′ a p′′

p′
b′′

ā′k

b′
q′′

q′c̄′
c′′

glc̄′

r′′glr′

d′′

d′
sg

hf ḡ .

Restoring the lattice to the initial position

u′′
u′ a′′

kp′′
kp′

b′′

kb′′

a′k

b′
q′′

q′
c′′

glc′

r′′glr′

d′′

d′

hf ḡ

yields U−1
k−1(b̄′′, p′′; p′)Rp

′′ā′

a′′ R
glc̄′r′′
c′′ . Hence the full action

of the plaquette term is

Bh,af = U−1
k−1(b̄, p; p′)U−1

k−1(b̄′′, p′′; p′)ηglc̄′(g, l)

Rpā
′

a R
lc̄′r
c Rp

′′ā′

a′′ R
glc̄′r′′
c′′

F ā
′′sp

a′;āp′′F
p̄′′sb
p̄′;p̄q′′F

b̄′′sq
b′;b̄q′′

F q̄
′′sc

q̄′;q̄c′′F
c̄′′sr
c′;c̄r′′F

r̄′′sd
r̄′;r̄d′′F

d̄′′su
d′;d̄u′′F

ū′′sa
ū′;ūa′′ .

C. Degeneracy, Statistics, and the Ground State
Wave Function

The GSWF of the Hamiltonian in Eq.(29) admits
a simple PEPS and MERA following the approach of
Ref.[19]. For a triangulated space manifold (Y,K) the
tensor network is given by

Z[K ∗ v0] (33)

where v0 is an auxiliary vertex below the other vertices
in the ordering. To normalize this state properly we use
the convention that any weight associated to a simplex at

the boundary w(∆i) is included in the state after taking

a square root
√
w(∆i). This ensures that upon gluing

along such a boundary the full weight is recovered. In
particular

〈Z[K ∗ v′0] |Z[K ∗ v0]〉 = Z[{v′0, v0} ∗ Y ] (34)

assuming the TQFT is unitary (Hermitian). Note in our
models these weights are always positive real numbers
and the positive square root is chosen, if these weights are
negative (or complex) such a convention is not straight-
forward (for example this occurs in Ref.[60]). Similarly
for the MERA consider a triangulated identity bordism
on some space manifold (Y × I,K′) such that the tri-
angulation at the space manifold (Y, 0) reduces to the
physical lattice K and we pick a minimal triangulation
K′′ of (Y, 1) at the ‘top’ of the MERA corresponding to
the ultra IR scale. Then upon fixing a vector containing
the fully coarse grained topological information |t〉 the
MERA is given by

Z[K′] |t〉 (35)

The PEPS built this way has a virtual PEPO symmetry,
to extract the physical superselection sectors correspond-
ing to point and loop like excitations we expect a gener-
alization of Ocneanu’s tube algebra can be constructed
directly in the tensor network as has been achieved in
(2 + 1)D [48].

There is an alternate approach to a tensor network
description of the GSWF working directly with the di-
agrammatic representation of the anyons. For CYWW
this yields roughly a 2.5D tensor network representation
that is presented with a particular choice of projection
down to a plane but transforms trivially under changing
this choice [61]. This approach encounters complications
for the UGxBFC model due to the nontrivial action of
anyon wordlines upon configurations behind them [55].
Hence it appears this approach may only produce a gswf
that transforms with a local unitary upon changing the
plane of projection. Note a similar complication may oc-
cur for a figure 8 worldine in CYWW, however this can
be corrected with a careful labeling of the writhe of each
anyon worldline.

In Section II we discussed how special cases of the
UGxBFC recover an uncoupled DW and CY theory, for
trivial grading and group action, or a 2-group gauge the-
ory, for a categorical group input. We also pointed out
that one can add H3 and H4 cocycles to the data of the
ungraded case to realize a general 2-group gauge theory
with cohomology twist. This suggests an interpretation
of the model (at least in the ungraded case) as a theory
of anyons coupled to a 2-group gauge theory.

V. DISCUSSION

In this section we aim to place the new models into
the broader context of previously constructed state sum
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State Sum Hamiltonian Input data
ST

Dimension
D

Sensitivity Physical excitations

Trivial/Invertible theory Trivial paramagnet - all D

Classical local
invariants: Euler

characteristic,
signature, . . .

Local excitations, no
nontrivial

superselection
sectors

GHZ TQFT (Includes
all 2D TQFTs based on
Frobenius Algebras [62])

Symmetry breaking n ∈ N all D π0
Domain wall
excitations

n-group
Dijkgraaf-Witten gauge
theory [13, 34] or Yetter

homotopy n-type [30]
(Includes

Birmingham-Rakowski
model [63] and

Mackaay’s group
examples [31])

Higher group lattice
gauge theory

(includes twisted
quantum double

models [5, 64, 65],
generalized toric

codes, 2-group gauge
theory [56] and
Yoshida’s higher

symmetry
models [66])

n-group G &
D-cocycle α ∈
HD(BG, U(1))

all D≥n
n-homotopy type (or
n-Postnikov system)

Gauge charges,
fluxes etc..

Turaev-Viro [15]
(dropping semisimplicity

assumption gives
Kuperberg &

Barrett-Westbury
invariants [59, 67, 68].)

Levin-Wen
string-net model [14]

UFC C [25] (2 + 1) D PL homeomorphism Z(C) anyon theory

Crane-Yetter [26, 27]
(captures unitary

Broda, Petit,
Barenz-Barett

dichromatic state
sums [69–72] via

chainmail
construction [73])

Walker-Wang
model [36]

UBFC C [25] (3 + 1) D π1, w2

Bosons and fermions
and loop excitations

(only for
nonmodular C)

Crane-Frenkel [29] &
Carter-Kauffman-

Saito [28]
?

Hopf category
and cocycle

(3 + 1) D homotopy ? ?

Kashaev TQFT [20, 21] Kashaev model Zn (3 + 1) D π1, w2

Fermions (bosons)
and loop excitations
for N = 2 (0) mod 4
(trivial for N odd)

UGxBFC [35] (includes
Mackaay’s spherical

2-category models [32])

UGxBFC
Hamiltonian

UGxBFC
C [52–55]

(3 + 1) D
w2, homotopy 3-type

?
Bosons, fermions

and loop excitations

Conjectural n-category
TQFT (semi simplicity

condition corresponds to
having a single object)

(n− 1)-membrane
net Hamiltonian

Unitary
n-category C

all
D= (n+1)

PL homeomorphism
(except for D= 4)

higher categorical
center Z(C)

TQFTs [20, 21, 26–34]. In doing so we sketch the gen-
eral framework for state sum TQFTs and explain how
the UGxBFC model fits into this. We also describe the
relation of the UGxBFC model to other classes of (3+1)D
state sums and their boundary physics.

It is conventional wisdom that an n-category de-
scribes a local or fully extended TQFT restricted to the
disc [16, 18, 74]. This correspondence is materialized by
the general prescription to construct an (n + 1)D state
sum model from an n-category [19]. The recipe dic-

tates that the i-simplices of a triangulation are labeled
by i-morphisms of the n-category along with an (n-1)-
associator for each (n+1)-simplex, a tensor satisfying the
Pachner move equations. To make contact with familiar
examples, first in (1 + 1)D, one can view the morphisms
of a linear category with a single object as an associative
algebra. Decorating the edges of a triangulated surface
with these morphisms and assigning the structure coef-
ficients to each triangle recovers the familiar Frobenius
algebra TQFTs [62]. For (2 + 1)D consider a 2-category
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FIG. 17. Conjectured relations of unitary (3 + 1)D state sums (twist refers to the addition of various cocycle data).

with a single object, the 1-morphisms and 2-morphisms
can be identified with the objects and morphisms of a
fusion category respectively. Using these to label the
edges and faces of a triangulated 3-manifold and assign-
ing F-symbol associators to each tetrahedron recovers the
Turaev-Viro TQFTs (Levin Wen string nets) [14, 15].
In (3 + 1)D consider a 3-category with a single object
and single 1-morphism, the 2- and 3- morphisms can be
identified with the objects and morphisms of a braided
fusion category. Using these to label the faces and
tetrahedra of a triangulated 4-manifold and assigning a
15j-symbol to each 4-simplex recovers the Crane-Yetter
TQFTs (Walker-Wang models) [26, 27, 36].

These examples display the general pattern that
adding structure to an n-category is often equivalent to
shifting all the morphisms up a level while introducing
a single object. From this point of view it is natural
that to resolve the UV anomaly that prevents a (2 + 1)D
(commuting projector Hamiltonian) lattice realization of
a chiral anyon theory one should consider the boundary of
a (3 + 1)D theory. This is precisely what the WW model
achieves. It also suggests that to realize the most general
(3 + 1)D topological orders (with excitations described
by a unitary braided fusion 2-category) with commuting
projector Hamiltonians on the lattice one must similarly
consider boundary theories of (4 + 1)D state sums.

From the examples above the UGxBFC models appear
to be the natural generalization of TV to (3+1)D as they
correspond to a 3-category with a single object (which
can be thought of as a (2 + 1)D topological phase) the 1-
morphisms are identified with group elements (invertible
gapped boundaries of the (2 + 1)D phase), 2-morphisms
between the 1-morphisms g1 and g2 correspond to de-
fects in the sector Cg−1

1 g2
and 3-morphisms are the reg-

ular morphisms in the UGxBFC. Following the recipe,
edges are labeled by group elements, triangles by defects
and tetrahedra by UGxBFC morphisms while 4-simplices

come with a 15j-symbol.

Notice in all the examples thus far we have considered
only n-categories with a single object, loosening this re-
quirement seems to correspond to dropping the assump-
tion of semi simplicity (or possibly simplicity of the unit
object) [59, 75]. We conjecture all non chiral topological
phases of finite spin models can be realized by a state
sum construction from an n-category with a single ob-
ject. One way to extend the UGxBFC model might be to
include multiple objects in the 4-category, this naturally
corresponds to considering boundaries between different
topological phases rather than the same phase (this cor-
responds to a tricategory of bimodules which is a Gray
category [76]).

Throughout the paper we have considered anomaly
free SETs described by a UGxBFC (the state sums for
these are rigorously constructed in Ref.[35]), such SETs
can be realized purely in (2+1)D systems with ultra-local
symmetry actions. From the perspective of using (3+1)D
models to realize anomalous boundary phases it is nat-
ural to consider extensions of the model to UGxBFCs
with non vanishing H3 and H4 anomalies. In the case
of a trivial grading (all nontrivial defect sectors empty)
the labeling of the triangulation defines a flat 2-group
connection. Using the language of Ref.[34] the 2 group
specified by Π1 = G, Π2 = A (the Abelian anyons) with
a group action ρ inherited form the UGxBFC and triv-
ial 3-cocycle. It is possible to augment this construc-
tion by adding in a 3-cocycle β ∈ H3

ρ(G,A), which alters
the flatness condition to that of a different 2-group G.
Furthermore one may add in a 4-cocycle H4(BG, U(1)).
Hence these trivially graded models can be understood
as a theory of bosons or fermions coupled to a 2-group
gauge field. This generalizes the picture of CYWW mod-
els as a theory of bosons or fermions coupled to a discrete
group gauge field. We leave the details of this to future
work [57].
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From this perspective the ungraded UGxBFC models
have a deequivariantized or ungauged counterpart given
by a 2-group G-SET with ultra-local symmetry action,
the boundaries of these models can support all anoma-
lous (2 + 1)D SET phases as the bulk serves to resolve
the chiral, H3 and H4 anomalies [77]. Upon gauging or
equivariantizing the G symmetry of these SET models
one recovers the ungraded UGxBFC model. These pos-
sible additions suggest the intrinsic H3 and H4 classes
of an anomalous UGxBFC should be treated as a torsor,
as they can be shifted by an arbitrary choice in the un-
graded case, although it is unclear how this carries over
to the general graded case.

Thus far we have explained how the 2-group and
CYWW models are captured as subcases of the UGxBFC
construction, furthermore we believe the Kashaev TQFT
is equivalent to a subset of the CYWW model and hence
is also captured. We have outlined what is conjectured
to be the most general construction of a (3 + 1)D state
sum in terms of a 3-category. We made the case that re-
stricting to models that have a single object is expected
to capture all topological orders with a commuting pro-
jector Hamiltonian that admit a TQFT description (this
excludes phenomena such as the Haah Code [78, 79]).
The UGxBFC model captures a very general case of the
single object 3-category state sum construction, and most
importantly the construction comes with a wealth of ex-
amples originating from SET phases in (2 + 1)D [52–
55, 80–84].

To assess whether the UGxBFC model truly goes be-
yond the preexisting constructions one would ideally con-
struct the irreducible excitations and compare their full
set of physically accessible topological invariants. In gen-
eral the construction of the excitations should correspond
to taking the Drinfeld double or 2-categorical center of
the input treated as a unitary fusion 2-category [22, 23],
this itself is not well understood. The resulting invariants
are also not concretely understood but should at least
include the 3-loop braiding statistics [85–87]. In princi-
ple these invariants should uniquely specify the unitary
braided fusion 2-category describing the physical excita-
tions, however it has not even been rigorously shown that
the commonly used S and T matrices are in 1-1 corre-
spondence with UBFCs in the (2 + 1)D setting.

We may resort to comparing the boundary physics of
the proposed UGxBFC models to previous constructions,

but as we have seen the relevant boundaries can be un-
derstood as coming from a CYWW model coupled to a
2-group gauge field.

Another avenue is to focus on the closed manifold par-
tition functions of the theory. This approach, for exam-
ple, allows one to differentiate the Turaev-Viro models
from Dijkgraaf-Witten in (2 + 1)D as the former is sensi-
tive to PL homeomorphism, while the latter depends only
on homotopy. However in (3 + 1)D the situation is com-
plicated by the fact that it is fundamentally impossible
for a unitary TQFT to detect all inequivalent smooth
structures on homotopic or s-cobordant manifolds [58]
(this is a consequence of the existence of 3D boundary
diffeomorphisms that do not extend into the 4D bulk).
Here we should note that the equality (equivalence) of all
partition functions is not known to be a sufficient condi-
tion for two theories to be equivalent. That being said
it has been suggested that the UGxBFC state sum de-
pends on the homotopy 3-type of a manifold [35], it can
also be seen to depend on some Stiefel-Whitney classes
of a manifold as it includes the CYWW model which
can involve fermions that are sensitive to a choice of spin
structure. These dependencies are consistent with the in-
terpretation of the UGxBFC model as bosons or fermions
coupled to a higher group gauge theory. It is currently
unclear if the UGxBFC models with nontrivial grading
give rise to more general invariants.

Finally let us clarify that for the UGxBFC models
with non empty defect sectors, the TQFT constructed
from the 15j-symbol does not depend on extra structure
or decoration of the cobordism category (beyond possi-
bly an orientation). That is to say the theory is not an
SET involving physical defects of some global symmetry.
However it may be possible that the boundary theory
can be thought of as an SET with a certain configuration
of defects specified as a boundary condition.
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[72] M. Bärenz and J. Barrett, arXiv preprint

arXiv:1601.03580 (2016).
[73] J. Roberts, Topology 34, 771 (1995).
[74] J. Lurie et al., Current developments in mathematics

2008, 129 (2009).
[75] L. Chang, M. Cheng, S. X. Cui, Y. Hu, W. Jin, R. Movas-

sagh, P. Naaijkens, Z. Wang, and A. Young, Journal of
Physics A: Mathematical and Theoretical 48, 12FT01
(2015).

[76] N. Carqueville, C. Meusburger, and G. Schaumann,
arXiv preprint arXiv:1603.01171 (2016).

[77] R. Thorngren and C. von Keyserlingk, arXiv preprint
arXiv:1511.02929 (2015).



22

[78] J. Haah, Physical Review A 83, 042330 (2011).
[79] B. Yoshida, Physical Review B 88, 125122 (2013).
[80] L.-Y. Hung and X.-G. Wen, Physical Review B 87,

165107 (2013).
[81] A. Mesaros and Y. Ran, Physical Review B 87, 155115

(2013).
[82] J. C. Teo, T. L. Hughes, and E. Fradkin, Annals of

Physics 360, 349 (2015).
[83] H. Bombin, Physical review letters 105, 030403 (2010).
[84] N. Tarantino, N. Lindner, and L. Fidkowski, arXiv

preprint arXiv:1506.06754 (2015).
[85] S. Jiang, A. Mesaros, and Y. Ran, Physical Review X 4,

031048 (2014).
[86] C. Wang and M. Levin, Physical review letters 113,

080403 (2014).
[87] C. Wang and M. Levin, Physical Review B 91, 165119

(2015).

Appendix A: Elementary combinatoric topology [37]

• An n-simplex ∆n = [v0 . . . vn] is the convex hull of
a set of (n+1) points v0, . . . , vn ∈ Rm≥n such that
the vectors v1−v0, . . . , vn−v0 are linearly indepen-
dent. The orientation of a simplex can be defined as
σ(∆n) := sgn(det(v1−v0, . . . , vn−v0)) and satisfies
σ([v0 . . . vn]) = sgn(π)σ([vπ(0) . . . vπ(n)]) for a per-
mutation π. We focus on the combinatorial aspects
of simplices, notice the convex hull of any subset of
vertices [vi0 . . . vij ], for 0 ≤ j ≤ n, is a j-subsimplex

of ∆n. Hence ∆n contains
(
n+1
j+1

)
j-subsimplices.

• A simplicial complex K is a union of simplices
loosely defined as a subset of the power set of
(N+1) points P{v0, . . . , vN} such that ∆ ∈ K =⇒
P (∆) ⊆ K. We exclusively deal with homogeneous
simplicial complexes of some dimension D, which
can be thought of as a union of D-simplices, in
which all K-simplices, for dimK <D, appear as a
subsimplex of a D-simplex. The usual definition of
simplical complex requires the intersection of any
pair of simplices ∆p ∩∆q to be a subsimplex of ∆p

and ∆q. We also use a weaker notion referred to as
a ∆-complex in which the intersection of a pair of
simplices may consist of multiple subsimplices.

• The underlying space of a simplicial complex K
is given by the union of all its simplices (treated as
a topological space) denoted by |K|.

• The k-skeleton of a simplicial complex K, denoted
Kk is the union of j-subsimplices ∆j ∈ K with
j ≤ k.

• We often assume the vertices of a simplicial com-
plex have been ordered, this induces an orientation
on the edges of the 1-skeleton from lesser to greater
adjacent vertex. This orientation is a branching
structure since the edges on the boundary of a
triangle never form a similarly oriented cycle. In

fact our arguments only require a branching struc-
ture which is a local condition slightly weaker than
a global ordering, although we will sometimes as-
sume a global ordering for convenience.

• The boundary of a D-simplicial complex K is
a (D − 1)-simplicial complex ∂K consisting of all
∆D−1 ∈ K that are the subsimplex of a single D-
simplex within K. Note ∂ ◦ ∂ = 0.

• The closure of a collection of simplices J ⊆ K is
given by clJ the minimal subcomplex of K contain-
ing J .

• The interior of a subcomplex J ⊆ K is given by
int J := clJ \J .

• The star of a subcomplex J ⊆ K is given by stJ the
union of simplices in K which have a subsimplex
contained in J .

• The link of a subcomplex J ⊆ K is given by lkJ :=
clstJ \stclJ

• The join of two simplices ∆n = [v0 . . . vn],∆m =
[vn+1, . . . vn+m+1] is the simplex ∆n ∗ ∆m =
[v0 . . . vn+m+1] ' ∆n+m+1. The join of two simpli-
cial complexes K,J is given by K∗J the union of all
∆i∗∆j , ∀∆i ∈ K, ∀∆j ∈ J (note this includes joins
with the empty simplex ∅∗∆j = ∆j). Note the join
is associative and commutative (possibly up to ori-
entation reversal). There is a simple relation for
any simplex ∆i ∈ K given by st∆i

= ∆i ∗ lk∆i
.

• The cone of a simplicial complex K is its join with
a point v given by v ∗K.

• The suspension of a simplicial complex K is its
join with two points v, v′ given by {v, v′} ∗K.

• A bistellar flip (Pachner move) on any k-simplex
∆k ∈ K is constructed from an auxiliary (n-k)-
simplex ∆n−k /∈ K by taking (K\st∆k

)∪lk∆k
(∂∆k∗

∆n−k) with the identification lk∆k
' ∂∆k ∗∂∆n−k.

• The Poincaré dual of an n-dimensional simplicial
complex is an n-dimensional simple polytope with
an (n-k)-cell for each k-simplex of the simplicial
complex. To construct this dual one can start by
associating a vertex vi to each simplex ∆i

n ∈ K
then iteratively adding a j-cell σj for j = 1, . . . , n
for each (n-j)-simplex ∆n−j ∈ K. For ∆i

n−j ∈ K
we add a j-cell σij with kl (j-l) faces, where kl is the
number of (n-j+l)-simplices that intersect ∆(n− j)
in K. Each (j-l) face of σij is glued to the (j-l)-cell
that is dual to the corresponding (n-j+l)-simplex
intersecting ∆n−j .

• A piecewise linear (PL) manifold is a topological
space equipped with an atlas of coordinate charts
such that the transition functions between charts
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FIG. 18. Red indicates the closure (left), star (middle) and link (right) of a vertex and an edge.

∗ = , ∗ = , { , } ∗ =

FIG. 19. The join of two edges (left), cone of an edge (middle) and suspension of an edge (right).

are piecewise linear. Similarly a smooth mani-
fold is a topological space with an atlas of co-
ordinate charts such that the transition functions
are smooth. (Top, PL, Smooth) is the category
of (topological, PL, smooth) manifolds and (con-
tinuous, PL continuous, differentiable) maps be-
tween them, a (homeomorphism, PL homeomor-
phism, diffeomorphism) between spaces defines an
equivalence. Not all topological manifolds admit
a PL structure, an example of minimal dimension-
ality being Freedman’s E8 4-manifold, and those
which do may admit infinitely many inequivalent
PL structures, lowest dimensional examples are ex-
otic R4’s due to Freedman, Donaldson and Taubes.
Note the existence of exotic 4-spheres is unknown
and would provide a counter example to the 4D
smooth Poincaré conjecture. Similarly not all PL
manifolds admit a smoothing, examples of minimal
dimension 8 were discovered by Ells, Kuiper and
Tamura, and those which do may admit multiple in-
equivalent smooth structures, minimal dimensional
examples given by Milnor’s exotic 7-spheres. In
general we have Smooth⊆PL⊆Top, while for D≤ 6
Smooth'PL, for D= 7 the inclusion Smooth⊆PL is
surjective but not injective and for D≥ 8 the inclu-

sion is neither injective nor surjective. For D≤ 3
PL'Top while for D≥ 4 the inclusion is neither
injective nor surjective.

• A triangulation of a topological manifold X is a
simplicial complex K together with a homeomor-
phism φ : |K| → X.

• A PL triangulation of a topological manifold X
is a simplicial complex K together with a homeo-
morphism φ : |K| → X, satisfying the extra con-
straint that the link of any vertex lkv, v ∈ K is
homeomorphic to a PL (n-1)-sphere (not merely
a homotopy sphere). For D≤ 4 all triangulations
are PL, while for D≥5 one can construct a non PL
triangulation by taking two (or more) suspensions
of a triangulated Poincaré sphere. According to
the discussion above all smooth manifolds admit
unique PL triangulations, while topological mani-
folds admit unique PL triangulations for D≤ 3 and
may admit anywhere from 0 up to an infinite fam-
ily of inequivalent PL triangulations for D≥ 4. For
D≥ 5 it was shown by Manolescu that there are
manifolds that do not admit PL triangulations but
do admit the weaker notion of triangulation.
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FIG. 20. The bistellar (Pachner) moves in 3D.
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