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The effect of spin to the linear response of the system is studied in this paper, with the use of
time-dependent Hartree-Fock(TDHF) method and random phase approximation(RPA), for both
fermi sea, and bosons under the effect of Rashba coupling. Also, as for the calculation of the static
structure function, we use both collective-mode approximation and numerical calculation, and
then make a comparison, mainly for the 1-dimensional Rashba bosons. The derivation of TDHF
equations is shown in chapter 1, following the steps of Kerman least action principle[1]. And similar
steps are follow for the derivation of spin-orbit coupling in fermi sea, as long as the central potential
in Rashba bosons. We can see the spin part of fermi sea does not play an important role, even
with a spin-dependent interaction. However, as the spin-part is a function of momentum in Rashba
bosons, it plays an important role even with a spin-independent interaction. It turns out that the
spin splitting of the Rashba bosons makes the Jastrow-Feenberg theory not work any more, as can

be see in our comparison of collective-mode methods and numerical result.
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Chapter 1

Introduction

Pairing and correlation phenomena in many-particle systems has been studied in condensed matter
physics for many years, however, it remains a main research area in nowadays study, especially
when topological materials and high-temperature superconductors become frontier studies. The
famous pairing phenomenon in condensed matter physics is the electron-electron pairing in su-
perconductivity, which is well-known as “copper pair”. It is the basic requirement of the BCS
theory, which is introduced by J.Bardeen, L.Cooper and J.R.Schrieffer in 1957[2]. The BCS theory
is very successful in explaining superconductivity in very low temperature, however, it remains
a big challenge for its application to high-temperature condition. Therefore, researchers are now
looking for a new way to reformulate BCS theory, or new pairing or even higher order correlation
phenomena in high temperature superconductivity. A similar challenge is met in recently found
graphene “magic angle” by Y.Cao et al.[3]. Therefore, pairing and correlation phenomena will still

be a frontier topic in the future.

The widely used pairing phenomenon in condensed matter physics is the electron-hole pair, more
generally, the particle-hole pair. It describes the correlation of an excited particle with its original
location in the ground state, and is successfully used in solid-state physics. While in solid state
we study the pairing of electron with its hole, which is a fermi system, recent development in cold
atoms sucessfully simulate lattices with laser beams and Rydberg atoms, and can lead to study of

both fermi and bose systems with certain lattice forms.

In this paper, effects of two-body interactions for both fermi sea and 1D Rashba bosons are studied.
We focused on the particle-hole interactions which come from the particle-hole pair, and consider if
the spin dependency plays an important role. In chapter 2, we derived the response function of fermi
sea with central interaction, using time-dependent Hartree-Fock(TDHF) method and random phase

approximation(RPA). This is a general formula of RPA with central potential that the Bogoliubov
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formula of the static structure function, also known as static form factor, comes out naturally
by making collective-mode approximation of the response function. And then, in chapter 3, we
study the effect of spin-orbit interaction in fermi sea, where we can see the original formula of
response function for central interaction doesn’t not work properly. And certainly we will not get
the Bogoliubov formula when deriving our static form factor. A combined interaction, including
central part and spin-orbit part is studied after that. Chapter 4 is our main work during the
exchange program, which is the study of 1D Rashba bosons with central interaction. A similar
derivation is used to derive the RPA form response function. The analytical expression of our static
form factor can be derived analytically, though, it’s too complicated for us to use. Therefore, we
used a numerical method, by writing an rtsafe program to find all the poles of the response function,
then calculated the static form factor by theorem of residue. The collective-mode approximation

method is also used to calculate the static form factor. And finally we compared the two results.



Chapter 2

Derivation of Linear Response for

Central Potential in Fermi Sea

In this chapter, I'm going to derive the time-dependent Hartree-Fock(TDHF) equation, starting
from a fully filled Fermi sea [®9) = []; <, aIL |0), using the principle of least action. Then the
expression of response function can be shown based on the TDHF equation and random phase
approximation. Time-dependent Hartree-Fock(TDHF) theory is firstly used by Ferrell, Ra to
calculate nuclear collective oscillations[4]. It can also be used to calculate molecular properties[5].
This chapter is to make a review of the derivation TDHF equations. Useful steps will be given in
our derivation.There can be many different ways to derive the response function, and this is the

way our group is using.

2.1 Derivation of TDHF Equations

The time-dependent form of the normal state

o) = [] af l0) (2.1)

h<kp
can be written as
(1)) = e exp | Y " epn(t)alan | [®o) /Norm (2.2)
ph
Now consider a general Hamiltonian
H=T+V —-Hy+d0H (2.3)
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where Hj is the ground state Hamiltonian, 7" is the kinetic energy, V is the interaction part and

O0H is the perturbation. Generally speaking, the time-dependent Schrodinger equation
0
i |9(1)) = H|®(1)) (2.4)

is not satisfied for the time-dependent normal state. What we can do is to introduce a general

Lagrangian
grang 9
L = (®(t)] <zhat — H> |D(t)) (2.5)

and a general action
S = / Ldt (2.6)

then use the principle of least action to let the variation of action
65 =0 (2.7)

This is the Kerman-Koonin principle[1]. We will see that by the two equations of variational
principle,
(;ii —0, (sii ~0 (2.8)
P
the TDHF equations can be derived. To achieve this, we need to calculate all the terms in our
general Lagrangian. Here we need approximation to 1st order in 0 H, 2nd order in Hy =T + V,

and 1st order in our density operator p(r), where

p(r) =Y dn(r)dp(r)alas (2.9)
af

2.1.1 Normalization of the state

First we need to consider the normalization (®(¢)|®(¢)). The exponential term part of time depen-
dency gives us infinite order of cphag,ah. In our calculation, we just need lst-order approximation
of our state, which will give us 2nd-order of mean value. So

(@0 € Pk Xpn b |

= (Bo|@o) + Y _ (Dol afay [ Do) €y + o+ Y epncyn (ol af,apalan o)
s o (2.10)

=1+ Z ‘Cph’2
ph

The second term and the third term in the intermediate step vanish because we assumed p > kr.
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2.1.2 Time-derivative term

Recall that .
—iEot/h c apa
St ala 1 1/2 0 '
(o 2= wnnr g2 conapan |dyg)

<()|—1h I‘P()>=—Eo+<‘1>o()|—@ﬁ 2 |o(2))

= — E() — ZFL (I)() Z cpha ap, ’(I)O > §Zh <(I)0(t)‘ Z(c’phazah + c';;ha;gap) |(I)()(t)>
ph

=—Ep— 571 (@o(t)] Z(ephapah — énpajap) |Po(t))
ph

=—FEy— = Z [<‘I>0] c;,h,az,ap/(cpha;)ah - c;hazap) + (cpha;f,ah - c;hazap)cp/h/a;ah/ | Do)

pp’hh/
=—FEy+ QhZ[Cphcph - cphcph]
ph
(2.12)
2.1.3 Perturbation term
The perturbation operator can be written as
0H = (a|6H |B) alag (2.13)
of
So
(D) SH (1)) = ) [(%Ic nahapalag | @o) + (®o| alascpnatan |Bo)] (o] 5H |B)
ot (2.14)
=D lepn (Pl 6H |h) + cpn (h| 6H |p)]
ph

Here the perturbation is assumed to contain only non-diagonal terms.
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2.1.4 Density

From the eq.(2.9) of density operator, we can calculate the time-denpendent form of density

p(r,t) = ()| p(r) [2(1)) = D (@0l (14D eppalap)abas(l+ D cpnahan) o) ¢35

af ph ph

)+ Z% r)¢s(r) (Do| (chafapatas + cpnalagalan) | @o)

(2.15)
)+ Z Con®p(T ) + cpndh (r)dp(r)]
=p(r) + 5p(r7 t)
The second term,
op(r,t) = (ol p[00) + (02| p[Po) (2.16)

is called transition density. We need to use this term to derive the response function. Here

169) = cpnajan [Po) (2.17)

2.1.5 Non-perturbative Hamiltonian H; — H,

The mean value of the non-perturbative Hamiltonian is

(Do e C;Zhalap (H1 Ho)ez cpnaban D)

(2.18)
(Do 62 cphahapez cpnaban | D)
Now take a look at the 1st-order terms,
S con (@] (Hy — Ho) ‘a;ahq>o> —cc= (2.19)

ph

This is actually the Brillouin condition. We can then calculate the 2nd-order terms. Here we don’t

need the denominator because the numerator is 2nd-order.

1

<(p0’ 5 Z C;p/hhlc;;/h/a‘}rlapa}rl,ap/ (Hl — HO) |q)()>
. ol
+ <(I)0| Z C;;hCL;rLCLp(Hl - Ho) Z cp/h/a;f),ah/ ‘(1)0> (220)
ph p'h

+§ <¢0| H1 Z p’hh'c /h/ahapa};,ap ’(p()>
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We can then calculate term by term. Notice that all the Hg term will vanish. Then we can take

a look the third term, which is the Hermitian conjugate of the first term so they will have similar

results.

(ol (Hy — Ho)ajanal,an @) = >~ (al (T = Ho) |8) (®o| af,agalana,an |@o)

af pp'hh’
T Z > (aB|V |y8) (o] ala agava ahaT,ah/ )
aﬁ'y5pp’hh’
1
) Z (@B V |p'p),, (®ol aLaLahahf |Po)
af
1
=5 > (W|[Vinp),
pp’hh/

For the second term, following similar calculations

(Dol afap(H: — Ho)alan [20) = 3 (e — en)oppr S + (ol | V |,
pp’hh/

2.1.6 Lagrangian and Euler equation

Now we can write down the expression of our general Hamiltonian,

Z {concyn (W' |V ]pp> + oG (PP |V |hh'>

pp’hh’
+2¢pnCym [(ep — €n)Opp Onny + <ph’\ 14 ‘hp'>]}
S lepnéon — e
ph
+_[epn (0l 6H |h) + cpp (B 6H |p)]
ph

From eq.(2.8) we can get the Euler equations

Z{ (PP |V |hh") &y + [(ep — €) Sy OB + (ph! |V |hp") Jeyi} + (p| 6H |h) = ihiyy,
lh/

Z{(hh" V|pp') ey + [(ep — n)OpprOhh' + (ph!| V |hp') Jeip} + (b 6H |p) = —ihésy,

p/h/

Here we can use the supermatrix notation to define

A= (App’hh’) = [(Ep — Eh)5pp’5hh’ + <ph/‘ Vv ‘hp/>a]
B = (Bpp’hh’) = <ppl‘ V ‘hhl>a

¢ = (cpn)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
(2.28)
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The Euler equations can then be written in supermatrix form

A B c 0H d c
GO0 e

Let ¢ = ze™ ™! 4+ y*e! we get

(o ) () (o) =) »

This supermatrix eqution is our TDHF equation.

2.2 Random Phase Approximation

We can now derive the response function using random phase approximation. In this approxima-
tion, we assume an infinite system limit, and ¢, ¢}, are approximated to free spectrum. Also, we
omit exchange interaction so the antisymmetric terms (ph’| V' |hp’), and (pp’| V' |hh'), will reduce

to (ph'|V |hp') and (pp’|V |hh'). We can then calculate these two terms in plane-wave basis.

1 —ip-r1—ih’-r1+ih-ro+ip’-r
IV ) = iy [[amdraV (e~ et
1 . . / /
_ o0 d3T1d3T2V(|I'1 _ r2|)6—2(P+h)'(r1—T2)+Z(—P—h +h+p’)ra
1 )
= O+ = hp) [ Eria (e —ra)e s (231
1 ~

=d(p+h' —h-p)LV(p—h|)
= SV (@)¥a-q)

Here we let p—h =q, p’ — h’ = . Follow similar calculations we can also get

1 -
{pp'|V |hh') = ~V(@da+d) (2.32)
(p| 6H |h) = 6H (q) (2.33)
So we will have
~ 1
Azpn = (ep — &n)ph + Zp/h/V(Q)N(Sp’,h’Jrqu’h’ (2.34)
= (ep — en)zpn + V(9)Z(q) (2.35)
1 - -
Byph = Z Nv(qysp’,h’fqyp’h’ = V(Q):‘/(Q) (2'36)

plh/
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Here we let
. 1
T(q) = N ;xh’—kq,h’ (2.37)

. 1
i(9) = ; Yn'—q (2.38)
Notice that since x,p, and y,y depend only on the magnitue p’ and b/, we can expect that

D Twiqn =Y Twoqn (2.39)
h! h

Z Yn'—q0 = Z Yh'+q, 0/ (2.40)
h' b/

because for a certain h’ + q we can always find the inverse direction of h’ to get —h’ — q, which
has the same amplitude. So the total sum will be the same. Now the supermatrix equation can be

written as

(ep — en — w)apn + V(@) [E(q) + §(q)] + 6H(q) = 0 (2.41)
(ep — en + W)y + V(@)[E(a) + §(q)] + 0H (q) = 0 (2.42)
And these two equation can be reformualted to
- 1 1 ~ . .
I(q) = — [N ; P—— [V(q) [z + 9]+ 5H} (2.43)
y(q) = — [;f zh: %_;ﬁw [V(Q) [z + 7] + 6[5!} (2.44)
Now we can get
0p(a) = 2(q) +9(a) = — é(();()l;?q o) 0H (q) (2.45)
So the response function is (0.)
__ xles |
X 1-V(g)xo(q,w) (2.46)
Here B . . -
XO__NZ<5p—eh—w+€p—5h+w> (247)



Chapter 3

Spin-Orbit Coupling in Fermi Sea

In this chapter, we will follow similar steps from Chapter 1 to derive the response function fo
spin-orbit coupling in fermi sea. The difference here is the interaction includes not only spatial
part, but also spin part and orbital part. Therefore, we should consider the spin dependency in our
state. Here we will consider only the orbital part first in our interaction, then take into account

the spin part to see if it generates any differences.

3.1 Derivation of Response Function

Now we can consider a spin-orbit coupling in the form
V=Vr)L-S=V(r)rxp-S (3.1)

Since the spins are randomly distrubuted and we don’t know the exact spin direction of a certain
particle, we can treat the spin operator as the mean value of all matrix elements in the total spin

operator. Let’s define it as s, it should remain the same in our two-body interaction that

S = Z <O'p0'p/ S |O’h0'h/> = Z <O'p0h/| S ’O’h(fp/> (3.2)

a'pop/ahah/ Upap/crhoh/

and will not affect the form of our response function. So now we can consider only the orbital part
V(r)r x p. The only thing changed in our TDHF equations is the interaction part. Now we can
calculated them in plane-wave basis. Notice that for a two-body interaction, our interaction form
should be written as

V =V (Jr; — rao|)ri2 X p12 (3.3)

10
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Here rio =11 — 19, p12 = %(pl — p2). Following similar calculations in plane-wave basis, we will
get

<Ph" 1% ‘hp/> = (p+h'—h-— p/)qu/(q) x (h —p) (3.4)

1
—
2N
We can further simplify it by VqV(q) = V'(q)q that

( ~ .
(! |V [hp') = 5 z0(a = a)V'(g)q x (h— 1) (3.5)
Similarly we can get .
i ~
(o' |V 1) = 5=6(a + a)V'(9)d x (b — b)) (3.6)
Now the TDHF equations will become
OV
(ep—sh—w)x‘ph+if [(6(p+h —h—p)gx (h—h")zy
2N Oq o
+5(p+p —h—h")gx (h—h)yy] +5H(q) =0 57
—i OV '
(5p —Eh T+ W)yph + Ji [(5(1) + p/ —h - h/)(j X (h - h/)xp/h’
2N Oq o
+8(p +h —h—p')g x (h—h)ypw] +0H(q) =0
Follow similar analysis we have
D Wy g == Wawigw
" " (3.8)
Z Wyp—gp = — Z h'ypr g g
% %
Now we define four terms
- 1
i(q) = N Z Th!+q,n’
- 1 " (3.9)
z'(q) = N@ x zh;h/xhurq,h’
. 1
9(e) = zh: Yn'tg,h
(3.10)

- 1.
y'(q) = ke Zh/yh'+q,h'
h/
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Then we will have four equations

) =~ 5 = |5 5 (@ X B0+ 3(0) — ()~ (@) + 0 ()
h P _
— oy Y |5 R X B0 + 50 + 0 - (@) + )
not o o (3.11)
'(q) = —%é X2 o ?h _— ;%‘;( x h(Z(q) + 5(q)) — (@'(a) — ¥/(0))) + 6H (q)
h P _
Y (q) = —%Q X o= ?h oy _;g‘;( h(#(q) + §(q)) + (+'(¢) — ¥'(q))) + 6 H (g)
h P _
Finally we will get our transition density d5(q) = Z(q) + 7(q) as
— LV v(h,w ] v(h,w) | — v(h,w ] v(h,w
o | () (o) - (o) (Fomm)]
Ve gk (5) (Saxmone) = e (5" (Suh)) (S x muthna <)
(3.12)
Here we defined
1 1
u(h’w)zspfehfw_{—spfethw (3.13)
1 1
U(h’w)zsp—eh—w_sp—eh—l—w (3.14)
And .
X0 = =7 D ulh,w) (3.15)

h
Therefore, our response function for the spin-orbit coupling, including the spin part, defined as

x(q,w), will be

- [(Seto) (Saxnut)) - (Sutw) (Saxbesut)

h h

1+ 77 (%) < (g% h-s)o(h w)>2 — (%jf @u(h,w)) @(q x h.s)2u(h,w)>
(3.16)

Now we can take a look at the sums Y hu(h,w) and > hv(h,w). The denominators are in the

form
2 2

I 12
—ep+w=—1I(h 2 _h+w=—(?+2h-q) =+ 1
ep—ceptw 2m[( +q) |tw 2m(q +2h-q)+w (3.17)

It is azimuthally symmetric around the direction of g. So the sums > hu(h,w) and ) hv(h,w) will

point to the direction of q. This will make life easier because all the terms containing » © qxhu(h,w)
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and > q x hv(h,w) will vanish. Now our response function will reduce to

x(g,w) = — X0 - X (3.18)
- o () (Sutnw)) (Saxnespune ) X
And here
x? = P (3.19)
X6 =" ulh,w) (3.20)
h
=@ xns)?u(h,w) (3.21)

An evaluation of X?) is done in Appendix A.

3.2 Collective Mode Approximation

Now we need to calculate the collective mode approximation for spin-orbit coupling. Following
similar steps as the case of central potential, we assumed the collective mode of free-particle

response function, what is known as Lindhard function, has the form

1 a(q)
.22
q2+2q-h:|:w_>b(q):|:w (3.22)

It also makes the denominator of our Lindhard function independent from the ) . Then we will
h
have

1 a(q) a(q) B V a(q) a(q)
vl =52 (0 25 * w0 ) = 2w | (g S gy ) 99

It’s easy to determine a(q) and b(g) from the f-sum rules that a(q) = 1, b(q) = ¢*/Sf(q), where

S¢(q) is the static form factor.
1 1 g2
Sp(9) = [ Sla,w)dw = > (08 Inol*6(wno — w)dw (3.24)

For the case ¢ > 2ky, all holes can be excited to particles, so Sf(q) = 1. For the case ¢ < 2ky,

Vv 2m kg \ /k?—z2 27 kf—q k?—(z—i—q)Z
S =2——— / d / dz/ d —/ d / dz/ d
@) 2m)3N \ Jo i —q2  Jo ) ¢ —q/2 0 PP
3

3 q
= " (k2qg-— L
4k3 < 7 12>

(3.25)
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And actually S¢(q) = 27r 2V 7 [ d®h. Notice here that we use the formula of fermi energy E; =

%(3#2]\7 /V)?/3 which gives us V/N = 372/ k:3. Also a prefactor 2 is because of the degeneracy of

fermions. So following the expression of our calculated response function
~ 2 u(hsw)
A% R
L= 1Nz (7) <Zh: U(h,w)> (%)(q x h- s)Qu(h,w))

(3.26)

we get

4
XCOH((], w) _ b(‘]) b(q)er (327)

1—S5¢(q) (8V) <b(q)1fw . b(f})ler)Q (2m) 3N J&h(axh-s)?

Now we need to evaluate (q x h-s)? term. Using the formula

(a-o)(b-o)=a-b(c-0)—ioc-(axb)=a-b—ioc-(axb) (3.28)

Herea:b:qxh,S:%a. So we have

1 1
(qxh-S)2=Z(qxh)?I:Zh%m?e.I (3.29)

Now we can consider the sum of all spin distribution, which includes 4 conditions [11), [{4), |T1),

and [[1). Therefore the sum equals to 4, and we have

(@xh-s)?=h%sin?6 (3.30)
For g > 2k the integral will become
2V 37712 i 2
I(q) = 2PN d’hh*sin” 6 = ﬁl()kf d0089(1 —cos?h) = fk‘f (3.31)

For g < 2ky, it will be a little bit messy to evaluate I(q), I just leave it here and finish it later.

Our response function can now be written as

X“U(q,w) = S¢(q)

’ (3.32)
_ 257 ()b(q) (b (q) — w?)
NN
(1) —w2) = Sr(@)1(a) (55) P(@)
For g > 2ky,
XCO”((], (/J) — 2[)((])(()2((] — w2) (3‘33)
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We will get two equations by finding the divergent condition

b*(q) — w® = £—=-——b(q) (3.34)

V2ks [0V
_ 4 N S/ 3.35
w1 NG q q ( )
2k %
Wy = q4 _ Q <av> q2 (3.36)
5 q
V2kp [0V
Wa = — 4 _ - 2 - _w 3.37
3 \ q NG 7 q 2 ( )
2k %
or— |ty Y (VY o (3.38)
\ 5 q
Then we can write our response function as
2b(q)(b%(q) — w?
Xcoll( (Q)( (q) ) (339)

aw) = (w—wi)(w — w2)(w + wa)(w + w1)

Then the imaginary part is

2(q) — w2
Ty = - ifffé’i v(Lan)(w )+ oy 0@ —w1) —0(w —wy) (3.40)

So the structure function is

S(q) = —i/lmxw”(q,w) =

2b(q)(cb(q)) n 2b(q)(cb(q))
(w1 — wg)(wl + (,UQ)le (w1 — (A.)Q)((A)l + (,L)Q)ng

42ky oV 42ky ov
_ V10 9q i V10 9q
2% 9y V22 (o7 2% 9V V2k% ([ a7 3.41
2¢>ZLG0 % \/q4+ 7 (%‘q/) ¢ 2¢? 7L x \/q4 - (%Z) @ (341)
1 1
- V2 i V2
2kf 8‘7 . Zkf 6‘7
2\/1+\/3q2(3q) 2\ \/3q2<3q)
Here ¢ = %% Following similar steps, we can find the general form of the imaginary part of

our response function is

cott _  25(@)b(a) (b (q) — w?)

(w1 — wa)(w + wr)(w + w2) 6w —w1) = d(w — wa)] (3.42)

Im y
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While following equation

where ¢(q) = \/S(a)I(q) Gy we get

And the general form of structure function is

2¢°c(q)b(q) ( L 1 > 7 < 1

w1 — w2) (w1 + we) ;1 072 2

w1

_71 coll _
S(q) = 71_/Imx dw—( 5

All we need to do is to evalua b(q) and c(q). We have already known that for ¢ < 2ky,

_ 3 2 C]3
Sila) = 4k3 (qu 12)

So we have

3
O P . i
S 2
1@ 3 (k- 4)
To evaluate ¢(q), we need to evaluate I(q) for ¢ < 2ky.
2V
I(q) = -5~ | d’hh’sin*0
@) = oy sin
oV 2m kg \ /kfc—z2 2m ky—q \ /k?—(z+q)2
= / qu/ dz/ dpp3—/ d¢/ dz/ dpp®
(2m)3N \ Jo —q2  Jo 0 —q/2 0
3 /kf 2 232 /kf 2 2\2
= — dz(ks —2%)° — dz(k7 — 27)
8]‘:? ( —q/2 d q/2 d
_ 3 L T S I
8k (kf+ > 3T Mgk
15 s ka2 1, 1. 1
g0 TR Ty TR T gk T gk gt

1

w2

)

(3.43)

3.44
3.45
3.46

~~ ~~ —~
~— ~— ~— —

3.47

—

3.48)

(3.49)

(3.50)

(3.51)
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Therefore, our structure function for ¢ < 2ky is

S(q) = v

16k?q2 4 32 kﬁq _qu +19k§ Y (aV)
9(k2_q ) 4v2k% 720 960 dq

q2

e, s (heqr - MT L MR ) (o0
g(szﬁ >2 4v2k3 720 960 dq
f 12

We should notice here that the second term will not exist if its denominator is not real.

(3.52)

3.3 Derivation Including a Central Potential

In general, our interaction should contain a central interaction term, thus the general form of our

interaction is

Vint = Ve(r12) + Vis(riz)Li- S (3.53)
For such a central interaction we have already calculated that
d(q—d')~
(ph!| Vi(r1a) |hp) = (qu)Vc(Q) (3.54)
_l’_
N

(pp'| Ve(riz) |hh') = Mﬁ(q) (3.55)

The TDHF equations can now be written as

( —E&Ep — W I‘ph + = Z ! / (Z aggs . (h h/) ‘7c> Tp' b

lh/

i OVig .
+5(q+q) (2 6;5 (h h/) +V) yp/h/

+6H(q) =0 (3.56)

—i Vs -
(ep —€h+w)yph+NZ[ q+ Q)<QZ 8;3 x (h— h/) Vc>$p’h’

lh/

Vs .
+6(q—dq') (; 325 x (h—h') + V) Yp' i

+6H(q) =0 (3.57)
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Using the same method, we will get 4 equations

30) =~ S (;’f’g;& h+ %) (@) +3(0) - 5752 @ (@)~ 7 (@) + 5110
h p
(3.58)
9) = Yo — (ﬂyq bt fa) (@) +7(0) + 5 752 @ (@)~ 7 (@) + 5110
(3.59)
Plo) =~ 3 (;’a;;“ <h v;) (#(0) +700) ~ 575 @0) ~ @) + 010
(3.60)
4 — 1 gxh ¢ 6‘N/LS ~ - ~ ~ 1 QVLS ~t -/ -
(@) =—% G —entw (2 9 h+Vc> (#(a) +9(a) + 575,~(#(0) = 57(a)) + 0H(q)
(3.61)
As we have proved previously n
q X B
> et 0 (3.62)

h

We can exclude all 1st-order term of q x h, and get two equations

#a)+ 9(a) = —— ( SR )m@(q)w(q))wﬁ(qn

N —~ \&p —Eh — W Ep—Eptw

J% Z (sp - 51h - glh ¥ w) ;8‘8/25 (#'(q) = z}’(q))] (3.63)
P N %Z ( e glh T w) ;6‘3/25 (@ x h)*(Z(q) + ?J(Q))] (3.64)
h p

Combine these two equations we get

~ 2
[1 + Vexo — ﬁ <8ggs> > u(h,w) > (@ xh)? )] (#(q) + 5(9)) = x06H(q) ~ (3.65)
h

Therefore the general response function is, including the spin part

x(gw) = —— e (3.66)
L Voo = ol (%55°) " Sulh,w) S(@ x byu(hw)
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This expression is exactly the same as our expectation. Following the same procedure, the expres-

sion of collective-mode response function is

2¢*(b*(q) — w?) (3.67)

coll )
( (02(q) — w?)2 + 2¢2Vo(q) (0%(q) — w?) — c2(q)b?(q)

X“(qw) =

here b(q), c(q) are the same as our previous derivation. To get all divergent conditions, we need to

solve the equation
(t*(q) — w*)? +2¢°Ve(q) (°(q) — ®) — A(@)b*(q) = 0 (3.68)

This can be written as

b(q) - + ¢*Vilg) = £1/ 0 V2(q) + 2(0)¥2(q) (3.69)

And we will get 4 solutions

wy = \/bQ(Q) +¢*Velq) + \/q4‘73(Q) + c2(q)b?(q) (3.70)
= \/bZ( )+ Vela) — @ T2(0) + (@)D (@) (3.71)
\/b2 IAAC \/q4V2 + 2(g)b2(g) = —wo (3.72)
= () + B0+ T2 + E ) = o (373)

The collective-mode response function can now be written as

coll B 2q2(b2(Q) — WZ)
X Gw) = oS o) (@ F w1 ) (w T ) (3.74)
The imaginary part is
Tm (g, w) = 7 2¢°(1*(q) — &) [5(w — w1) — 6(w — w)] (3.75)

(wl — wg)(w + wl)(w + WQ)

Integrating over frequency over positve region, we get the structure function

S Y B ¢*(*(q) —w?) 2¢°(b*(q) — w3)
Sla) =7 /I X w) = (W1 — w2) (201) (@1 +wa) (w1 — wa)(2w2) (w1 + wa)
¢ (V0 + 0 V20) + ) (3.76)

_ <1 N 1)
2/q1V2 + 2(q)b2(q) wroee
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Since the time is limited, we don’t have time to check the correctness of this result. This will be-
come our future work. On the other hand, we can see that even there are spin-dependency in our
interaction and the Hartree-Fock state, our final result seems to be spin-independent. This result
comes from the fact that the kinetic energy part and the spin part of our state are not correlated,
and can be calculated separately. The effect of the sum of all the elements in the spin matrix turns
out to be a constant factor, which doesn’t play an important role. Our future work will focus on
more complicated interaction in nuclear system, which would contain several terms with different

dependencies. We will see if the spin dependency is important.

In Appendix B we attached an alternative, and more complete derivation of linear response func-
tion based on TDHF method, by showing all elements of the spin matrix & = o1+ 02, and consider

the spin-dependency of the density matrix.



Chapter 4

Central Potentail in One-dimensional
Rashba Bosons

This chapter is the main work I have done during the Marshall program. A brife derivation of
linear response theory using time-dependent Hartree-Fock(TDHF) method for 1D Rashba effect
is introduced in this chapter. Instead of using the normal state, I calculated the ground states of
1D Rashba effect for one particle, and let our Hartree-Fock ground state as 2IN particles in the
Rashba ground states. Also, the collective-mode method and the numerical method are both used

to calculate the static form factor.

4.1 Ground States of 1D Rashba Effect

The Hamiltonian of 1D Rashba Effect, for single particle, is

52

Hy = 5—; + aoyps + Qo (4.1)

where « is the strength of Rashba coupling, and €2 is the magnitude of the external constant field.
We can see the spin operators oy and o, in our Hamiltonian, however, this Rashba effect is not
a true spin effect. Instead, it is a pseudospin effect in cold atoms and the true dependence is in
momentum. This dependence gives us an interesting case which has combined spin-momentum
(or spin-orbit) states. The derivation for these states with a spin or orbital dependent interaction
would be complicated. In this paper, we will study an interaction which depends only on coordi-

nates space, to see if there are interesting results.

21
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FIGURE 4.1: Qualitative plot of dispersion relations

From the Hamiltonian above, we can get 2 dispersion relations as FIG.4.1.

2
E*(ps) = 5= + /@ + % (42)

FIG.4.1 is just a qualitative plot of the dispersion relations. The actually shape of the dispersion
relations, especially the lower curve, depends on the values of o and €2. Here we will do a general
derivation, and then talked about different conditions. The corresponding eigenstates for these two

dispersion relations are

+\ _ £\ _ £\ _ \%Leipﬂ Q+ /2 +a?p2
[4%) = |pe: 650 = Ip2) [5) = _ (4.3)
\/2(92 + a?p2 + Q\/Q? + a?p2) LQPg
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where L is the length of the system, which is to normalize the plane wave. An alternative form

can be written as

1 _ipyx -
) B - VL° 1Pz
W) = |pe ) = Ip = H
O et =l \/2(92 +a2p? + Q2 + a2p?) <Q + 2+ 04219%) o

L eipat Q4 /02 + a2p?
%) = a2 = o) |65 = /L ( | pm) ws)
V2002 +a2p2 + Q02 + a%p2) iapq

The density of states p = % should be a constant for homogeneous systems. In our case we
equally distributed 2N particles to 2 ground states, which is certainly a homogeneous system. For
convenience, we may set p = 1, and all the derivations below are based on this.

From the dispersion relations above, we know the ground states should be in the lower one. To
find the ground states we can minimize £~ (py).

E- 2
dE~(pz) _px e _ (4.6)

dpy mo Q2+ a?p? B

We can get the ground state momenta

ié\/m2a4 —-02, o' >0
h==+g= (4.7)
0, at <0?

This is a general expression for the ground state momenta, even for the simple condition where
a =0 or Q = 0. For simplicity we treat A = 1 and m = 1. The product of these ground states are
used as our Hartree-Fock state, to derive the TDHF equations and reformulate the linear response
theory for a central potential, which will be shown in the next section. Now we should consider 3

simple cases.

e When both parameters are zeros, it reduced to the free particle expression and it is the sim-

plest case which has been studied for a long time.

e For the condition where a = 0 but Q # 0, it is just a vertical splitting of free-particle
dispersion relation into 2 curves, which are shifts of the original curves by +€2. We can easily
prove that the spin parts of the upper curve and the lower curve are always orthogonal, no
matter what the value of p, is. In this case all particles, as being bosons, will degenerate
to the ground state, g = 0 of the lower curve. And the transition from the lower curve to
the upper curve without spin flip is not allowed. Consider that the central potential contains
no spin-flip part, which will result in transitions only within the lower curve. This has no

difference with the free particle condition.
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e The third condition is a # 0 but 2 = 0. This is a horizontal splitting of the free particle
curve, which results in two ground state momenta +¢g = ma. The corresponding states of

these two curves are

¢ [ aps
e, p,) = ?758;;; (iapx> (4.8)
: " (i,
|95 &) = N (ap;) (4.9)

If we just consider the spin parts and calculate the inner product, we get

iap),

<osz —iapr) /x = ianxp’x — ianmp;, =0 (4.10)
apl,

This is valid for any values of p, and p,. Therefore, the spin parts are orthogonal and the

transition from one curve to the other is not permitted without spin flip. This is also the

same as the free particle condition.

From the considerations above, it’s not necessary to consider the case if « = 0 or 2 = 0, and all

the derivations below are based on the difficult case when o and ) are not zeros.

4.2 Reformulate Linear Response Theory

In this section, we reformulate linear response theory by time-dependent Hartree-Fock method. As
we get the ground state of the Rashba bosons, we can now define our Hartree-Fock ground state

as

Wo) = [T ()" [0) (4.11)

h==+g

Here we have a restriction N, = N_;, = N. It is the case when two ground states are equally
occupied. Notice here that the Hartree-Fock state is the tensor product of all 2N ground states,
and we have assumed that we can always generalize creation and annihilation operators which

satisfy
ale 10) = |p, &) (4.12)
T _
[apﬁpa ap/%] = Opy 5£p£p/ (4.13)

This assumption should be correct because our Schrodinger equation is linear. These operators
satisfy the commutation relation because our system is bosonic system. We should keep in mind

about this since now, because our previous derivation of TDHF equations are from a Fermi sea,
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which contains creation and annihilation operators satisfying the anti-commutation relation. Fol-
lowing the above expression of our Hartree-Fock ground state, which is a stationary state, we can

generalize the form of time-dependent state, similar to what we did in the Fermi sea derivation, as
W) = e Elexp| 3 e (t)ajggpahg; W) /Norm (4.14)
phfp

Our total Hamiltonian is now
H=Hy+V (4.15)

where the second quantization form of our interaction is

1
V=3 > <a,3£a§5]V|’y(5£7§5>a3;£&a266a5§6a7§7 (4.16)
afvyo
Eabpéyés

Again we generalize a Lagrangian which is

0
L=H—-FEy—-V —i— 4.17
0 ? ot ( )
where Ey = F, is the ground state energy.
Now we can reformulate the TDHF equation following exactly the same way. However, there are
some changes. The kinetic energy term for Fermi sea should change to Hg, which can be called

“modified kinetic energy”, because we have &+ splitting. And we should calculated as

(W(t)] (Ho — Eo) [¥(¢))

= D7 {akl (Ho— Eo)|B8s) (Yol (1+ 3¢5 —af _ape,Jal ase,
aBlalp phép

T
(1+ Z Cp’h’fpfﬁ;}ap’ip/ah'ﬁm) |Wo)
P,

=(E*(p) = B~ (0))(1 + lepnl*)

(4.18)

Also, for the interaction part, we should rewrite to

1 -
(Ph & | V |5 &) = (0| V |} (&utilir &) = 50V (@000 — ) (&néirl€ &) (4:19)
(& |V 6 60) = (o' |V W) (&6 [6560) = 50V (@500 + ) (G 60) (4:20)

Here we used again that p = h+¢q, p’ = I/ + ¢. We should now compare the sum of these two

expression. Since we have two “hole” states, for i’ there are only two conditions A’ = +h. We can
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get the two expressions
/ — /— I - / — —
D (PH&E |V I'E ) = 55Vie D) ola—d)(&l&) (Gl
p/:h/_,’_q/ p/:h/+ql
W' =+h W=+h
&= =6
1 - _ _ _
= oV @ &l6) D (6 lenea) + (Calénig)]  (421)
e=¢+
1 - _ _
Z <pp/£pgp’ V ‘hhlg}:£};> = ﬁV(Q) Z 5(‘] + q,) <§p‘£h > <£p’ gh/>
p/:h/+ql p/:h/+q/
W =+h W =+h
Er=E5 &=y
1 - _ _ _
= onV@(&1&) X [(Gals) +(Enal)]  (422)
g=¢+
It’s easy to verify that
<§i:|£h+¢I> - <€—h—fI‘£:h> 4.23)
<§:h‘§*h+Q> = <§hw‘fi:> (4.24)
Also remember that we have |h| = |g|. Therefore
> PG| VMG ) = Y (orGsy |V Inn'gg,)
p/:h/+ql pl:hl+q/
h'==xh h':ii
=6 &= (4.25)
1 - _ -
=5V (@ &l6) > (&ile)
h!==g
g=¢*
The form of density is very similar to the normal state density
p(t) = (E(@D)| p|¥(t) =
D_(alp1B) (ol (1+ e o g, )aleatses (L D e, ahve, Owe) 1%0) (496
ap phép P&y

— Tr(p) + dp(t)

The change of density dp(t) is

00() = D (chye e (&) (1l 10) + one, (& |6} (ol 611)) (4.27)
Phép
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Then we should consider the perturbation d H(r), which is quite similar to the dp(t)

<h£;:| 5H(7“) |p£p> <p5p| 5H |h§h > = |5H |h <fp|fh >

(4.28)
:Wm q) (&16,) = 0h(a,€&) = Sh(a) (&]6,)

As we assume a real perturbation. Now if we use the harmonic expression c(t) = zwe™™? 4 ye™?,

the TDHF equations will become

1
(Ei(P) —E7(h) —w)z Lpheye; + <Ep}§h> Z <§i7' ép/> (xp’h’gp/gf;, + yp’h’Epfﬁ,})

e
+ 5ﬁ(q ) =0 (4.29)
1
(Ei(p) —E"(h) + W)?/phg I + o IN <€p}£h > Z <€f:’ €P'> (xp’h’ép/g, + yp’h’ép/g,)
s
+0h(q,&) =0 (4.30)

Notice here that we have 4 equations, 2 for & = & and E(p) = E*(p), 2 for & = ¢, and
E(p) = E~(p). We can define

1
Ha.80) = 53 D (Ewl&) Tymwe e, (4.31)
13 hﬁi
1
?](Qafq) = N Z <§}:/ 5p’>yp/h/5p/5;/ (4.32)
e
Then the two equations can be rewritten to
S 8 5
((qu 2N Z Ei < hl}? p(h) —w [ <§p‘§h > z Q7§q) + y(‘]a&q)) + 5h<q7fq)} (4-33)
£= £i
_ 1 S 8 z
7(a,%) = =55 Zh: Ei(p)<_hE}_p(>h) o |V(0) (&l (3(a.&0) + (0. &)) + 0h(a. &) (4:34)
g=¢*
We will get
30r0) + (000) = T =800 (4:35)
0
Here
’——1Z|<£|£>l2( _ + | ) (4.36)
XOT TN 2 S I\ EEp) B (h) —w | BE(p) — B (h) +w '
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is the non-interacting response function. An alternative form is to change > ,, to N Zh,:ig, since

there is N-degeneracy for each ground state. And we can write x{, as

1 1
,Z 3146 1) ’2( <>E<h>w+Ei<p>E<h>+w> (4.37)

This form is useful in numerical calculation, which will be done later. Our response function is

/

X0

T (4.38)

x(q,w) =

This expression is quite similar, but not exactly the same as our original response function for
normal state. The difference comes from the non-orthogonal spin part, even though the total

eigenvectors are orthogonal.

4.3 Collective Approximation
The “collective approximation” is implicit to the Jastrow-Feenberg or fixed node approximation.
Being aware of where the approximation comes from, it is easy to relax if appropriate.

Now we should consider the collective mode approximation. The dynamic form factor for non-

interacting 1D Rashba system should have the form

1
Sr(q,w) = IN Z Ipnglzé(w — wee,) (4.39)
h
=€+
Here
pag, = (& |€n+a) (4.40)
We, = Whtqénig ~ Wher (4.41)

Integrate over frequency we get the static form factor

Sp(q):/o deF q, Z |,0q§q = Z Z ‘Shlgh—&-q gh-&-q’gh 21 Z 1 442

ggi h g=¢* h

Notice here that we have 2N particles equally distributed in the 2 ground states, so the sum
>, = 2N. It is not surprising to get the static form facor as 1, since we are studying a bosonic

system. Using the f-sum rules, it’s easy to get the collective form of non-interacting response
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function as

con _ 1 1 2wr(g) (4.43)

wr(q) —w  wp(q) +w (wr(g))? — w?

here wr(q) = ¢%/2m is the energy of a free particle. We see that this collective form is the same

as the one of the normal Bose system. The collective form of interacting response function is now

coll gy - XMaw) 2wp(q) 3 2wr(q)
) = T e (qw) ~ =R 1 2V (gor() @ o) —wig) Y
Here
S (q) = ek (a) + 2V (@or(e) = 1 2y + L DL (1.45)

which is just the Bogoliubov energy.

We should choose a complex frequency by changing w — w — i, we will get the imaginary part of

the response function for the limit n — 0 that

Im{xc"”(q,w)} = —W%é(w — wco”(q)) (4.46)

Then the static form factor of the interacting system is

2

coll __l > wImd vl (g )\ = wF(Q) _ q
SN q) = W/O dw1 {x (¢, )} (g) R (4.47)

Going beyond the collective approximation we recall that the system exact free response function

has the form A

2wo;
xXo(q,w) = ) _pi (4.48)
; “(wHIn)? — w3,
with
4
> pi=1
i=1

The RPA response function is then the a superposition of three or four discrete modes, which can

be found by solving the equation

1 —=V(g)xo(q,w;) =0 (4.49)
This equation is in principle solvable analytically, however, the expressions for the solutions are
too complicated to be used. It is much simpler to solve the equation numerically by a Newton

procedure.
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For the purpose of solving the local parquet equations, we can take a look at our response function,

its expression can be written in a series form

x(aw) = xo(q,w) + xo(¢,w)V(q)x0(g, w)
+x0(¢, @)V (@) x0(¢, w)V (@) x0(q, w) + - ..
= xo(g,w) + xo0(g, W)W (g, w)xo(q,w) (4.50)
where -
W(q,w) = Vig) (4.51)

1—V(g)xo(q,w)

The localization procedure of the parquet-diagram summation defines now an energy independent
induced interaction wy(g) which can be written as wr(q) = W(q,w(q)), where w(q) is an average

frequency determined such that

Slg) = —Im/ [xo(q,w) + xo(q, w)W (g, w)x0(q,w)]

-~ / X0 (4 @) + Xo(a @)W (¢, 5(0))x0 (¢, )] (452)

This can now be evaluated in different ways:

e In the collective approximation the first term is 1, and the second term is

D [ %a.0) = W (@) wr (o) (45
Hence,
wi(g,w) = W(g,@) = —wr(g)(5°"(q) - 1) (4.54)
We can also calculate @w(q) but we do not need to for the time being.

e Avoiding the collective approximation, we get instead

® dw 2piDi
Im 2 ,Ww) = E . 4.55
/0 ™ XO(q w) Iy wo; + woj ( )

)

and, hence,

wi(qw)=W(q,w) = ———F5—— (4.56)

which needs to be examined if it is good or not.
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4.4 Find Poles of the Response Function

In this section we are trying to find poles of the response function, which is to solve

1—V(g)xo=0 (4.57)

numerically, as we have argue that the analytical solutions of this formula are too complicated to
use. Now we should transform this expression into polynomial form. We now put the expression

to of x(, to the equation, and get

4
~ 2w
n n

Here p, = %| pn|? is the probability of transition from ground state to n state. For convenience, we

type out the full expressions of all w,s and p,s, as we set m =1,

_(g+9)? 2 2 2 9 2 2.2
R | SN R A v (4.59
2 2
oy — (g+2q) +\/Qg+a2(g+q)2_%+\/m (4.60)
(g — q)? g’
wy = —\/92+a2(g—q)2f?+\/m (4.61)
Y 2

[0?g(g + @) + (2 + V2 + a2(g + ) (2 + VO + a2¢?))?
8(a2(g +q)? + 02 + /02 + a2(g + ¢)?) (a2g? + 02 + QD2 + a2g?)
_ lag(2+ /92 + a2(g + ¢)?) + alg + ) (Q+ VO + a?g?))? (4.64)
P 802 g+ 02 + 2+ 0B T a2(g 1 ) (02?2 + 0/ 1 alg?) '
py— (009 = @) +(Q+ VO + a¥(g — )2+ VR + a’g)]" (4.65)

8(a2(g — q)2 + 22+ Q/Q2 + a%(g — ¢)?)(a2g? + Q2 + Q/Q2 + a2¢?)
e+ VT =g — ala— 9@+ VI F )P w66,

8(a%(q — 9)* + Q2 + Q02 + a2(q — g)?)(a%g? + O + QY Q? + a?g?)

p1 = (4.63)

Now we can write a simple rtsafe algorithm to find all the poles of the response function, and then
calculate the static form factor using theorem of residue. FIG.4.2 shows the static form factor
calculated by collective-mode approximation and numerical methods. The one calculated by the
collective-mode approximation is just the Bogoliubov formula, which is the “Bogoliubov” curve
in the figure. We can see a sharp valley in the numerical result, which is when ¢ = 2 % g, where
zero-energy transition,from ground state —g to ground state g happens. Also, we can see that these
two curves don’t agree. As we believe that the numerical result is more accurate, the Bogoliubov
formula does not work in our case. As we can see in the non-interacting response function, the

probability of transition is the inner product of the spin parts, which means the spin-dependency
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Static Structure Function of 1D Rashba Bose System
12 T T T T

T
numerical
Bogoliubov

0.8 - -

0.4 |- -

FIGURE 4.2: Qualitative plot of dispersion relations

plays an important role, even we are not considering a spin-dependent interaction. This unusual
phenomenon happens only in systems of this kind, where the spin part of the eigenstate is a
function of momentum, which means the kinetic energy part and the spin part of the eigenstate
are correlated. It would be an interesting study if we consider an spin-dependent interaction. This

will be done in the future.



Appendix A

A trial to work out the full expression

of spin-orbit response function

The other way to calculate the static structure function S(q) is to figure out the last term of
the denominator (2, and then calculate numerically. Here we can prove that it is impossible to
evaluate the analytical expression of S(q) because the analytical expression of our response function
is too complicated. The spin part is not outside the integral, so we can use a trick to calculate the

orbital part by choosing q in z-direction. Then we can use the formula

(@ x h-s)> = h?sin6 (A1)

which has been proved previously. And we can turn the X§2) into integral form as

@2 1 R 9 B / d3h
= — xh-s)v(h,w)=v | —=—n(h)(1 —n(h+
=y X = [ G0 nth+ )
(A.2)
h?sin? 6 B h?sin? 6
%[q2 +2qz] —w %[q2 +2qz] + w

For this integral we always have a restriction that |h+q| > 1, as we chose all momenta measured in
units of kr, and all energies in units of the Fermi energy for simplicity. Now consider the simplest
case that ¢ > 2 so the restriction is always satisfied. We can rewrite our integral into cylindrical

coordinates form.

3 1 V1—22 27 p2 p2
S [ dp | d - A3
4 |4 Z/O p/o ¢p[q2+2qz—w g%+ 2qz +w (A-3)

33
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We can then just look closer to the first term in the integral, since the two terms are quite similar.

The integral of the first term is

1 V1=22 3
h:/cg/ PP A —
0 0 @ +2qz —w

1.1 =
:/dzg (1-2%)? (A.4)
1 + 29z —w
_ 1 & sm(l—22% + 2%)
1 P2z w
Use the integrals
ax? ac’log(bx +c¢)  az(bx — 2c)
dr = A.
/b:l:+c * b3 T o (A-5)
azxt Alog(br +c) Sz A2? ca® ot
dp = (S80TTO €% T @, T A6
/bx+c$ a( b TERETS 362+4b> (4.6)

The integral of the first term then become

1 2+2—w 1 2+2—w) | 2
L = 4—q7r <log (qq) — ——(q* —w)?log <q2q +2(* —w)

> —2¢—w/) 2¢° > —2¢—w/) ¢
1 P +20—w P -w?P P-w
+74(q2—w)410g 5 ( 3)
164 ¢ —2q—w 4q 3q (A7)
AT
1 1 1 P?+2q—w (¢ —w)(17¢* + w)?
_ 1 I (2wt —(® — o)) 1
MK el T ALl R P v 12°
_ 1 L —w)? g (L 20w\ | (@ - w)(17¢ +w)’
g 4q2 1 & ¢?—2¢—w 12¢3
Similarly, the integral of the second term is
1 @ +2q+w 1 ¢ +2q+w 2
Iy=—7m|log| 5——F%— | 5 +w)log | 57— +w
2 4q7f( g<q2_2q+w> o 5(4° +w)? g<q2_2q+w qq )
Voo (CH20+w (q +w P Hw
— 1
+16 1(0 +w) og( @ —2q+w 3q
1 1 1 ¢ +2¢+w (% + w)( 17q w)?
_ 4 1— = (2 2, L 9 1
4qﬂ[< 2q2(q ) +16q4(q ) ) Og( 2q+w>
1 1 2 ¢ +2q+w (¢® +w) 17q - w)
_ 1— — 2 2 1
4q7r[< e +w)> Og<q2—2q+w
So we have
3
W = (L - I (A.9)

47
This expression works only for the condition ¢ > 2ky. For the condtion ¢ < 2ky, we need to
consider the integral region. The integral region for h should be inside a spher centered at the

origin with radius 1, and outside the sphere centered at —q on z-axis with radius 1. The integration
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region is shown in FIG.(A.1). The integral of the first term can now be written as

| |P

I

I

I

z

o
_q I

I

I

I

-q/2

FI1GURE A.1: The grey shaded area depicts the integration region.

1 1—22 2r p3 cos? qbs% + p3 sin? gi)s%x — 2,03 sin ¢ cos ¢5R15Ry
Iy = / dz / dp / de S 5
0 0 q* +2qz —w

0 1—(z+¢q)? 2 p3cos? qﬁs%%y + p3sin? (bs%{w — 2p3sin ¢ cos OSRzSRy
R A 2
0 0 q“ + 29z —w

dz

/1 Ir(1—222+ z4)d /0 371 —2(z+¢)* + (2 + q)*)
pr— Z J—
g q? + 29z —w g G +2qz —w

The denominator of the second term can be rewritten as
C+20z—w=22+¢q) - ¢ —w

Redefining z + ¢ — z, the integral is

11 2 4 1 2 4
sm(l —22* + 2 95m(l —22°+ 2

Igz/ 2 ( )dz—/ 2 ( )dz
_e ¢?+2qz—w ¢ 2qz—q*—w

2

:17T|:<1— (@ —w)? (q2_“I4>1og<“_q2—2q> g tw

4q 2¢? 16¢* w 7
. ) \ \
_1(2w—3q2)_ (q2_(.U)5(1‘I’%)+(q2_w)2(1—%)_(q2_w)(1+%)+1_%6
4 8¢° 82 62 y
(q2+oj)2 (q2 ‘I‘CU)4 w_qz 5 ) 1
(1= ) 5 1
< 202 16 ) B\ o )il T

2 3 32 2 72 2 154
L tw?® 3@ W) T W) q}

16¢2 32 48 64

(A.10)

(A.11)

(A.12)
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Similarly,
1 1
L= /1 57r(21 — 222 + Z4)dz B /q sm(l— 2222 + Z4)dz
-4 q + 29z +w a 29z —q¢*+w
_iﬂ 1_(q2+w)2+(q2+w)4 o w+q*+2q _q—q2—w
 dg 2q? 1644 & w q
2 3 4
Lo 32— (@ +wP+3) (@+wPd-%) @+o)0+F) 1-% (a13)
4 8q3 8q? 6q 4
(@® ~w)? | (¢ —w)! wt+g\ 5, 1
(1= 1 22 _
< 22 T 16t ) B\ Tw )il v
L@ w3 —w)? | (e —w)e® | 154
1642 32 48 64
And we have, for ¢ < 2ky,
2 3
W = 13— 1) (A.14)

As we can see, even we just consider the expression of X§2), it is a very complicated form. Therefore

the full expression of x should definitely be a complicated formula, which means we have no way
to evaluate the analytical expression. Hence a numerical method should be used in the future, as

we don’t have enough time to finish this step during the exchange program.



Appendix B

An Alternative Derivation of Linear

Response for Spin-Orbit Coupling

There is a huge mistake(or maybe we can call it huge approximation) in my previous derivations
that I ignored the spin dependency of our density fluctuation dp. We can recall the formula of
dp(r,t) as

0p(rit) = Y [pne e, (hénl p(r) [PEp) + congye (6ol p(r) [1ER)] (B.1)
phépén

And T just assumed that cype,¢, does not depend on the alignment of ¢, which is not correct.
It was not what I supposed to do but I just didn’t look at it carefully. Also, the formula of the
perturbation should be

SH(r,t) = Y [chne,e, (hénl SH (1) [p&) + conee,, (0&p| SH(r) [BER)]
ph&pén

= Y [Chne,e, 070 §pn) + Coneye, OB (0, Ep6n)]
phfpfh

(B.2)
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Usually we assume 5?1((], &pEn) to be real. We should again here take a look at the mean value of V/

1
WOV =5 >, (aBaslV 1o&Es)
aByd
§aépéyEs
1
* T 2\( T T
(Wol (1 Z hﬁpfhahéhapﬁp 5( Z Cphfp£hah§hap§p) )(aafa aﬁgﬁ%&sav&w)
phé&p&n ph&pén
f 1 f 2
(1 + Z PN EEp aplgp/ @'y, + 5( Z Cplhlgp’gh'ap/gp’ ah/ﬁh/) ) NJO)
PHE PHE €
- Z (<ph/€p§h/ 4 ‘hplﬁhfp/>a c;hﬁpﬁhcp'h/gp’fh'
pp'hh/
€pEy Entp

1 / * *
+ B} <pp Epéyr >a Cphépen Cp €€y

1
+§ <hh/fhfh’

V \pp’ﬁp@uf >a Cphép&n Cp €&y )
(B.3)

Using RPA we neglect the exchange interaction, then by variational method we can get the inter-

action part of the TDHF equations

e = X (e

1% ‘h,p/é'hfp/> Cp/hlﬁplﬁh <pp fpfp > p'hE ’Eh’) (B4)

P

oV X

<8c> = > (<hp'§h§p’ ) Cne, e, + (MR Engnr V‘pp/fpfp’>cp’h’fp’5h’) (B.5)
p’h/éplfh/

¢ has the form
C(t) — xe—iwt + y*eiwt (B.G)

We can write the above 2 formulas as

> (g

p’h’gp/ghl

> (g

p/hlﬁplfh/

V[ nyr) 2y e, + (PP €y Yuwese,)  (BT)

) yp’h’fplfh/) (B.8)

14 |pplfp§p’> Tp'h'e, & + <hp/£h€p’
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For spin-orbit coupling, we have V' = Vi g(r)ria X p12 - 12 with o132 = o1 + o9Then we can write

the two equations as

> (| Vis(ririe x piz [hp') - (G| 012 €06 Tve, e,
p’hlfplfh/

+ (pp'| Vis(r)r1z x pz [hR') - (€& 1En&nr) Yprhre ,5h,)

Z <<hh | Vis(r)riz x piz |pp') - (€| 012 |&plp ) Tpme €
p’hlﬁp/fh/

+ <hp" Vis(r)riz X p12 }ph'> : <§hfp’

|&p€n) yp’h’fp/fh/)

We have evaluated that

i OVig .

(pl [ Vis(r)enz x pra [hp) = 55275774 x (b~ W)d(q — q)
OVis .

(pp'| Vis(r)riz x p12 |hh') = 2}\, aLS x (h—h')d(q+q)

Also

/ _ /
Y W gne, o =— Y W Thign e, 6
h' h'

Therefore we can write our TDHF equations as, forcing p’ = h’ + q

i Vg .
(&p = €n = W)Tpngye + 53 B4 > [q x (h =) (& a1z |Enéy) Tpme 6,
h’gp/ﬁh/

+q X (h + h/) : <£p€p' >yp/h'£p/§h/i| + 671’((17 gpé-h) = 0

i Vs .
(ep — €n + W)Ypheye, — IN 9 Z [q X (h+ 1) (néw| 012 |EEp) Tprire e,
W& En

+ax (B = 1) (€& | 012 |680) Uy, | + 0, 80) = 0

Now we have to show all the matrix elements of o12 in the basis of |11), [T]), [{1), {4).

2 i—ij #—ij 0
i+ig 0 0 &—ij
i+ig 0 0  i-ig

0 &+ig &4y —22

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)
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We should write down all the TDHF equations for all elements of the spin matrix. For §, =1, =1

i OVis X . S S
(&p —en —wlapnt + 5 dq Do ax (h—h')- zzynr + (& + )2y + (& — i9)zpmr)

h/

+a x (h+h') - 22y + (& = 19)ypwry + (& +i9)ypwir)] + +6h(g, 1) =0
(B.17)

i OVis X . S o
(Ep —Ep + (/J)yphTT — WTQ Z [q X (h + h/) . (2Zl'p'h/TT + ($ — 1y)93p’h’N + (Jf + ly)xp/h’l,T)
h/

+a x (h—h') - 22y + (& +19)ypwry + (& = )ypmwir)] + +6h(g, 1) =0
(B.18)

For &, =1, &, =/

i Vs . . N A
(= en =@l ¥ 55 5y > lax (b =) (=28aypyy + (@ +i9)yw + (& = i9)zymr)
h/

+6 x (h+b') - (=22ypnyy + (& = 10)ypwry + (& +19)ypwir)] + +6h(1L) =0
(B.19)

i 0Vig X . R R
(Ep — E&h + W)yph¢¢ — ﬁ aq Z [q X (h + h’) . (—2Z$p/h/\u + (.’IJ — ly)xp’h”N, + (.’E + ly)xp/hll/T)
h/

+a x (h—h') - (=22ypwyy + (@ +19)ypwry + (& — 19)yprr)] + +0h(q, 1) =0
(B.20)

We can combine these 4 equations into 2 as

1 i Vg .
Tphtt + Tphll = — N aq 4% D (h=h)- > (o |&) mpme e,

Ep —Ep — W
p h h' fplfh/

+Z (h+1) > (&

) Yprie, sy |+ 0R(a, 1) + Sh(q. ) (B.21)

5 /5h/
1 —i aVLS N
Yphtt T Yphlt =~ O\ W g 1% Y (h+1W) > (Gulo|gy) Ty e, €
p

Y EEps

o |&n) Yphe e + 6h(g, 1) + 6h(q, 1) (B.22)

+> (h—h')- > (g
"

f /{h/

Here o is the single-particle spin matrix which has the form

o= ( ° "’“"_Aly> (B.23)
T +1y —Z
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And we can see

D (nl o 16) Tpneye, = Zxpnit + (& +19)@phyy + (& = i0)apnir — Z2pn), (B.24)
Epén
Z (&pl o |En) Yphe e, = ZYpntt + (2 — 19)Yphr) + (T 4 10)Yphit — ZYphyl (B.25)
Epén

Here we hope to evaluate the expressions of 3, (3 ¢ ¢, (€nl 0 &) Tphe,e, + 3¢ ¢, (€pl O [§R) Ypne,e)

and 32, @ X h(Xo, ¢, (€nl 0 [&p) Tpngoe, — e e, (€pl O [€R) Ypne,e,) in terms of D7, (zpntr + Tpnyy +
Y44+, so that we can get the linear response expression of the sum of diagonal elements. Looking

back to the 4 equations of {p =1, &, =1 and §, =/, &, =|, we can combine them by substraction as

Tphtt — Tphl = %_Elh_w {; ;Vaggsf “lax (h =) (@pntt + zpny)

6 % (B4 B) it + Yprs)] + 0h(a, 1) = Oh(a, 1) | (B.26)
Yphtt = Yphl = 6p—51h~|—w {%: _ﬁl 0‘87;52 @ x (h+ ) (zpnr + pnyy)

6 % (B = B) (it + Yprs)] + 0h(a, 1) = 0h(a, 1) | (B.27)

If we are careful enough, we can see that

Tpntt — Tpn, = O (€nl O 6p) - Eapheye, (B.28)
Epén

Yphtt — Yphit = > (&l 0 16n) - 2phe,e, (B.29)
§p§h

gp&h

= (&lo ) - 20h(q, winsh) (B-30)
fpéh



Contents

42

Now we can take a look at the non-diagonal term §, =1,§, =] and §, =|,{, =T, which give 4

equations

i OVis, . .. ..
Tpht) = = > 2N dq (& — i) - [ax (h—h) @y +zpnyy)

Ep —Ep — W

+a x (b + W) (Yt + ypwyy)] + 6h(q, N)}

1 i aVLS ~ N N
T T e —w D3N gg @+id)- [@x (h—h)(@pme +apw)

+a x (b + W)Yyt + ypwyy)] + 6h(a, H)}

~ [N N /
e et w Z aN 8g &) [ax (kD) (e + o)
+q x (h—h") (Ypnrr + Ypwyy)] + 5ﬁ(q,N)}

1 —i 8‘7[,5 o R ,
e = et w Z aN 8g &) [ax (kD) (e +apiy)

+q x (h—h") (Ypnrr + Ypwyy)] + 5ﬁ(q,¢T)}

(B.31)

(B.32)

(B.33)

(B.34)

Now we can play around these 4 equations to get the other two components in & and ¢ directions

of Zﬁpih (Enl o |&p) Tphe,e, and nggh (&pl o |€R) Yphe,e,- In T direction

1 Z 1 8VL5 o
Tpit F Ephit = 751) —E&h W { Y N 0q T [q x (b= W) (@ + zpnyy)
+a x (h+ W) (ypnrr + ypny)] + 0h(q, 1)) + dh(g, H)}
1 —i 8VL5 s ,
- - J— . h h I Ih
Yot it =~ {Eh/: N o o lax (b W)@y + ap)

+a x (h— W) (ypnrr + ypny)] + 0h(q, 1)) + dh(g, H)}

In Zz direction

. . i 10Vis . ..
T e —w {; N aq U [a x (b= W)@yt + zpm)
+a x (h+ W) (ypnrr + ypwyy)] + 6h(q, 1)) — 5h(q, H)}
, , i 10Vis . .. ,
e et w {; N og Ul (kW) (e + o)

+a x (h = W) (ypnrr + ypwyy)] — 6h(g, 1) + 5ﬁ(q,¢T)}

(B.35)

(B.36)

(B.37)

(B.38)
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Base on all these 3 components, we can conclude that

1
¥ 2 (&l o 16) 2on,e, + (€l o [6n) Uphey )

hipéh
1 ) Vs 1
N Z <5P —en—w gp—ent w) (@b dg N D _(@prott + Twy) + Yorwst + Yprns))
h/
1 OV 1 X
N Z ( —€&p—Ww * Ep — Ep + w> 1 g N Z a x W(zpnr + Tywy — Yot = Ypwll)
h W
1 (En| @ !£p> Elol) \
N Sh(q,
N 2; ( L) )
(B.39)
We have proven that
1
S e = -

- Ep—Eptw

So the first term on the right hand side of eq.(B.39) vanishes. Here we can get another equation

~ Z €h|0"€p> Lph&ptn — <§p’a‘§h>yph5p£h)
hﬁpfh
1 1 1 f?‘(tg; 1

= — — Xh2 I I I I/
N2 <6p_€h_w+€p_€h+w>(q ) 9¢ N (!Ephm”phuﬂwphm+yphu)

1 1 1
N Ep—ER—W Ep—Eptw

) Vs 1 N
(@xh)-i=5 =% Z QX W (zynwr + 2y = Yowrr = Yyl

Ep—ERL—W Ep—€Eptw
hﬁpgh p p

(B.41)
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Base on the same reason, we can say that the second term and the third term on the RHS of

eq.(B.41) vanish. Now we can combine eq.(B.21) and eq.(B.22) to get

% zh:(xphTT + Tphly + Yphtt + Yphil) = *% zh: <€p — Elh i Elh — w)
(4> h) 'iaavgszif Y (&la &) zpwee, + (&l o [€h) vonee,)
WEy €
+J§Zh:<5p—;h—w+sp—€1h+w> (B.42)
iaggs ¥ ;m x W) (6] o |6) mawee, — (&l [6) vwge)

1 1 1 7 7
-3 (8 N >(5h(q,TT)+6h(q,¢¢))

p—Eh—WwW Ep—eptw
We can again argue that the first term vanishes. Substitute eq.(B.41) to this equation we get

1

1 1 1
v Z(a:pm + Tphil + Ypitt + Ypril) = + (N Z ( + >>

- - Ep—Ep—W €& —€Eptw

~ 2
l 1 1 . 9 Vs
(i ) o) () o

1

N D (@t + Tywgy + Yot + Y sy)
h/
1

L ( 1,1 )<6B<q,r¢>+5ﬁ<q,u>>
h

Ep—Ep—W Ep—Eptw

Define
1 1 1
=—— B.44
X0 Nzh:<sp—5h—w+6p—sh—l—w> ( )
1 1 1
r_ = q x h)? B.45
Xo Nzh:<5p—ah—w+€p—5h+w>(q ) ( )

We can get the linear response equation

3 (#(a.6) +3(0.6) = X0 3" 6h(g.€) (B.46)
Tl 1- (8?};3) X0Xh =TT

This is the linear response equation for the sum of all diagonal terms. Fortunately it’s just the same
as what I have derived previously(there was a sign problem in the denominator of the response

function, after correcting that it is the same as this one). To achieve this, we need to take a closer
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look at eq.(B.39), excluding the vanishing term

1
N > (nl o 16) Tphe,e, + (&l T €8) Uphey 1)
hé&pén

1 S 1 1 OWVis 1 .
N <5p —Ep—Ww * Ep —En+ w) ! dqg N Z a x W (zypy + Tpny — Yphrt — Yphyl)
h "

Ly (Lol lok)
h&pén

Ep—Ep— W Ep—Eptw

) st .6

(B.47)

If we use vector analysis, the left hand side should be in the same direction as the right hand
side, which means the first term of the RHS should be in the direction of o. This is an important
argument to extract the non-diagonal sum. Now we can combine eq.(B.21) and eq.(B.22) again to

get an equation, excluding the vanishing terms, as

1.
yaxh > (@pntt + Tphyy = Yphtt — Yphiy) =

Jb;EE ! + ! )(dxh)

p—EhL—W Ep—EptWw (B.43)
Vs 1 .
5 N (@xh)- (& |5) wpwee, + () o [6h) vpmee,)
h’fplfh/
Let a = q x h, and we know that
(a-o)(a-o)=a’+iaxa-o=a’ (B.49)
Therefore
a(a-o) = a’c + (perpendicular to o) (B.50)

As we have discussed that the LHS of eq.(B.48) is in the direction of o, it’s better to believe that

the perpendicular part will at least cancel out after the sum, so that we can rewrite

(@xh)((gxh)-o)=(qxh)’c (B.51)
And eq.(B.48) is
1.
yaxh D (@phtt + Tphiy — Ypntt — Yphit) =
h
1 1 1
_ A h 2
Nzh:<ep—sh—w+sp—sh+w)(qx ) (B.52)
Vs 1

g NWZ£ (&nl o |&) zpweye, + (&l o [6h) vwmee,)
p/ h/
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Put this back to eq.(B.47), we get

1
N Y ((Enl o 1&) Tpre,e + (&l o 1€0) Upne, )
hé&p&n

~ 2
A% 1
=Xo0 <8flls> Xf)ﬁ Z (<§;L‘ (o} ‘§ZI?> Tphrele) + <f;)‘ o }£;L> yp,h'%éa) (B53)

WEg,

+ X0 0h(q, §p&n)

And we can see the linear response equation of another channel is

X0 =
§ O (Tphe, e, T+ Yphtpen) = N2 odh(q,§) (B.54)
h 1- (—355) X0X0

Here we eventually need a scalar form since our response function is a scalar. For the non-diagonal

terms we have only o, components, which turns out to be

g (Zpht) + Yphit + Tphit + Yphty) = ~X0 5 [07(q, 1) + 0h(g, I1)] (B.55)
BVLS /
h 1- ( 9 > X0X0

It’s a surprise that if we sum over both diagonal and non-diagonal terms, we will get

X0 7
> (Tpheyen + Upheren) = —— > 6h(q,€) (B.56)
henss 1- ( aff) X0Xp &

And it is exactly the same as our previous derivation.
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