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Abstract

We prove that causal maximizers in C%! spacetimes are either timelike or null. This
question was posed in [17] since bubbling regions in C%® spacetimes (a < 1) can produce
causal maximizers that contain a segment which is timelike and a segment which is null,
cf. [3]. While C%! spacetimes do not produce bubbling regions, the causal character of
maximizers for spacetimes with regularity at least C%! but less than C™! was unknown
until now. As an application we show that timelike geodesically complete spacetimes are
C%L.inextendible.

1 Introduction

Recently, there has been an interest in low regularity aspects of general relativity motivated
in part by the strong cosmic censorship conjecture. Roughly, the conjecture states that the
maximal globally hyperbolic development of generic initial data for the Einstein equations is
inextendible as a suitably regular Lorentzian manifold. Formulating a precise statement of the
strong cosmic censorship conjecture is itself a challenge because one needs to make precise the
phrases ‘generic initial data’ and ‘suitably regular Lorentzian manifold’. Understanding the
latter is where general relativity in low regularity and in particular (in-)extendibility results
become significant.

Christodoulou [1] established a CYinextendibility result for spacetimes satisfying the
Finstein-scalar field equations within the class of spherically symmetric spacetimes. Like-
wise, the authors in [7] demonstrated the C°-inextendibility of open FLRW spacetimes which
are not Milne-like also within the class of spherically symmetric spacetimes. Moreover, they
demonstrate, to the contrary, that Milne-like spacetimes are always C?-extendible (but might
be C2%-inextendible). Dafermos [, 5] demonstrated the C%-extendibility of the maximal glob-
ally hyperbolic development of solutions to the spherically symmetric Einstein-Maxwell-scalar
field system arising from small perturbations of Reissner-Nordstrém initial data. In fact, more
recently, Dafermos and Luk [6] have given a proof, without symmetry assumptions, of the
C° stability of the Kerr-Cauchy horizon. This gives firm evidence that the strong cosmic
censorship censorship is false in the C° setting. The current suggestion for the statement of
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the strong cosmic censorship conjecture is to require inextendibility as a Lorentzian manifold
with a continuous metric and Christoffel symbols locally in L? [2, 6].

Still, there are some interesting new results establishing the C°-inextendibility of space-
times without any symmetry assumptions of the extension. The first such example was given
by Sbierski [158] with his proof of the C%inextendibility of the Schwarzschild spacetime. Fur-
ther advancements have been made in this direction [8], and our second application adds to
the list of these inextendibility results.

A systematic study of general relativity in low regularity began with the influential paper
[3] where the authors studied causal theory in spacetimes where the regularity of the metric
was less than C?. Since then further advancements have established that most of classical
causal theory remains valid for C1! spacetimes [11, 12, 16] and even the singularity theorems
hold in this regularity class [13, 14, 9]. Therefore spacetimes with ! metrics can be seen
as the threshold to where classical causality theory applies.

Once the regularity drops below C'%!, causality theory departs significantly from classical
theory. Example 1.11 in [3] shows that the push-up Lemma (i.e. I1T(J1(Q)) = I1T(Q)) does
not necessarily hold in C%¢ spacetimes, a € (0,1). This led the authors to define the so-called
bubbling regions for these spacetimes. From Example 1.11 it is readily seen that any causal
curve from the origin to a point p in the bubbling region must begin null on some interval.
Thus any causal curve which maximizes the Lorentzian length between the origin and p is
null on an interval, hence not timelike. However, since these points have positive Lorentzian
distance, it must be timelike on a set of non-zero measure, so it cannot be null. This deviates
drastically from classical (at least C''') theory where maximizers must be geodesics and hence
either timelike or null.

On the other hand [3, Corollary 1.17] shows that C%! spacetimes (i.e. spacetimes with a
Lipschitz continuous metric) do not admit bubbling regions. This leaves open the question of
whether maximizers in C%! spacetimes must be either timelike or null. In fact this question
was posed in [17]. In this paper we prove the following theorem which answers the question
affirmatively.

Theorem 1.1. Let (M, g) be a Lipschitz spacetime. If p,q € M with ¢ € J*(p), then any
maximizing causal curve from p to q is either timelike or null.

As an application we show

Theorem 1.2. Let (M, g) be a smooth timelike geodesically complete spacetime. Then (M, g)
is CO1-inextendible.

This provides a partial answer to a question raised in [18] which asks whether timelike
geodesically complete spacetimes are C%-inextendible. Together with the corresponding re-
sult from [8], which states that smooth timelike geodesically complete globally hyperbolic
spacetimes are C%-inextendible, this shows that if (Mext, gext) is a CP extension of a timelike
geodesically complete spacetime (M, g), then (M, g) is not globally hyperbolic and gext, is not
Lipschitz.

We also note that this establishes that strongly causal Lipschitz spacetimes are examples
of regular Lorentzian length spaces as introduced in [10].
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2 Proofs of Theorems 1.1 and 1.2

Our definitions for a C*® spacetime and future causal curves v: I — M follow that of [3].
In particular we use Lipschitz causal curves which implies that the derivative 4 of 7 exists
almost everywhere and + is locally in L*°. We say a Lipschitz curve is future causal if ¥
is future causal almost everywhere. A future causal curve is timelike if 4 is timelike almost
everywhere and it is null if 4 is null almost everywhere. The Lorentzian length of a future
causal curve y: I — M is the integral L(y) = [; /—g(%,%) and 7 is said to be mazimizing or
a maximizer if L(7y) > L()) for any future causal curve A whose endpoints agree with those
of ~.

Proof of Theorem 1.1. Suppose v: I — M is a maximizing future directed causal curve from
p to ¢ which is not null. We will prove that ~ is timelike. Seeking a contradiction, suppose the
set Ny :={s € I : 4(s) exists and isnull} C T has positive measure. Below we will construct
another causal curve from p to g which is longer than -, and hence contradicting the fact that
7 is a maximizer.

To do this, we first want to localize the situation. By compactness we may cover I by
finitely many open intervals I, (half open intervals on the endpoints of I) such that each ~|z,
is contained in a relatively compact chart domain (Uy, ¢y) on which g(9§*, 9§") < ¢ < 0. We
are now going to show that for at least one of these I, we have 0 < pu(Ny,) < p(I) where p
is the usual Lebesgue measure on R. That is we will show there is a k such that |7, is causal
but neither timelike nor null. Assume for the moment that u(Ny;) = 0 for some j. Then,
since the intersection of the neighbouring intervals I;_; and I with I; must be non-empty
and open, either one of those has the desired property or u(Nr,_,) = u(Ny,_,) = 0. The
existence of a suitable I} now follows by induction and noting that u(Nj) # 0. If instead
w(N1,) = p(1;), one proceeds the same way, using u(Ny) # p(I) in the end.

This shows that we may assume w.l.o.g. that y(I) is contained in such a chart domain
(U, ). By reparametrizing v we may further assume that 4(0) exists and is timelike. Using
a linear change of coordinates corresponding to a Gram-Schmidt orthogonalization process of
{0, ..., 07 _1}|,(0) and a translation we get new coordinates 1 on U for which agf x 0f (and
hence g(agf, 88/’) <c<0)onU,~%0)=0and g¥(0) = n where 7 is the Minkowski metric.

To sum up, we need only consider the case M = R", v: [a,0] = U C R", v(0) =0, ~ is
differentiable at 0 and 4(0) is timelike, p(Njq)) > 0 (if instead u(Njgp) > 0 one just needs
to reverse the time orientation), ¢(0) =7 and dy (uniformly) timelike on U.

We first look at v1 := 7]jq0]- As in [3, Lem. 1.15], given a Lipschitz function f: [a,0] —
[0, 00), we define a new Lipschitz curve I'1: [a,0] = R™ by I'{(s) := ' (s) +€f(s)T* where T*
is defined via gy = T*9, (i.e. T® =1 and T# = 0 for p1 # 0). Then the proof of [3, Lem. 1.15]
shows that for a Lipschitz metric one can find a specific f € C%!([a,0]) such that I'; C U,
I'1(a) = y(a), I'1(0) = (¢£(0),0,...,0) and

gr, (I—‘lvf‘l) < gy (717;71) - (2.1)

N | ™

a.e. on [a,0] for all € less than some ey. This gives the following estimate for the lengths of
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v and I'y:
0 . . . . . .
L)) = / v —gr, (F1T) = / V—ar, (PP + / o (LT (22)
a N[a,[)] [a70]\N[a,0]
(Nia0)) / PR
> e + —gr, (I'1,T'1) (2.3)
V2 [a,0\N(q,0; '
#(Nia0))
> — + L . 2.4
NG Ve+ L(m) (2.4)

Note that this not only shows that L(I';) > L(v;) but more importantly that the length
difference is bounded from below by an expression that scales like /¢ as € — 0.

We now turn to ’y|[07b] and assume that 7|[07b] is parametrized by the z%-coordinate. The
chain rule ensures that 4(0) exists under this reparameterization and hence remains timelike.
Since I'1(0) # ~(0) we have to find 7. > 0 and a future directed causal curve I'y from
I'1(0) = (e£(0),0) to y(7:) = (7,7(7=)) € R x R"~! (see figure 1) and such that for £ small
enough L(I'1)+L(I'2) > L(v1)+L(v2) where 72 := v|[p -] It should be noted that the segment
2 of v depends on 7. and hence depends on ¢ itself. It suffices to show L(I'1) > L(v1)+ L(7y2).
And using (2.2) we see that this holds if L(v2) has an upper bound that scales like ¢ for
some k > % as € = 0. Below we will show this is true for £ = 1.

Since 7 is differentiable at s = 0, Taylor’s theorem gives

V(s) = 7(0) +4(0)s + h(s)s = (7(0) + h(s))s, (2.5)

where h(s) — 0 as s — 0. Since we further assumed 4(0) =: (v°,%) to be timelike and
g(0) = n, we can choose o > 1 such that % > « where | - | is the usual Euclidean norm.
Together with (2.5) this shows that there exists sq > 0 such that s = 4%(s) > a|5(s)|. for all
s < sg. Choose 1 < 8 < o and let Cg 4 denote the future cone with slope 8 that has its tip
in (d,0), i.e., Cgq= {(B|Z|e +d,Z) : € R"'}. Since B > 1 and ¢(0) = n the continuity of ¢
allows us to find a small neighbourhood V' of 0 such that Cg 4NV \ {(d,0)} C I((d,0)) for
all small d > 0. We have (s,7(s)) € Cgs_gj5(s).. NV S I ((s = B|7(5)]e, 0)) for small s. Since
s > al¥(s)|e we have s — B|7(s)|e > s(1 — g) which shows that (s,7(s)) € I7((s(1 — g),O))

for small s. Thus v(:) = (7, %(7:)) € IT((¢f(0),0)) for 7. = ﬁ%g if & is small enough.

Therefore we have demonstrated that we can construct I's from Fl‘zO) to y(7:) for small e.
Finally, for L(72) an estimate from the proof of Thm. 3.3 in [8] shows that, if y9 C V, where
V' is a neighborhood of 0 on which |g,, — 7| < 0, then

Liy) <7e/1+0+4n—-1)25=¢ 1f(O

L V1+6+4(n—1)2. (2.6)

«

So L(v2) is indeed bounded from above by a term of order e. Now choose ¢ small enough so

that (Nia,0) f(0)
P Na,0]
Tﬁ251_§\/1+6+4(n—1)26,
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then we have

L(I'y) + L(T'y) > L(T'y) > L(m1) + M\/g

V2
>L(m)+e 1f£0)é V1430 +4(n—1)2

> L(m) + L(72),

and so we are done. [l

Ty FZ(TE)' = 72(7-5)

I !

N
N

I'(a) = 71(a)

Figure 1: The causal curve formed by concatenating I'; and I'y has Lorentzian length greater than
that of 'y|[[wg]. Hence v cannot be maximizing.

Remark. Our proof also shows if v is a maximizing null curve between two points, then ~
does not contain a single timelike tangent. This result is also obtained in [15, Theorem 18]
under much weaker differentiability assumptions.

Proof of Theorem 1.2. Seeking a contradiction, suppose such a Lipschitz extension (Mext, Gext)
exists. Following the proof of [8, Theorem 3.3], the future causal curve « is a maximizer from
q € M to p € OF M within a small globally hyperbolic set V containing ¢ and p. Since ¢
and p are timelike separated within V, the curve « is timelike by Theorem 1.1. Since « is a
timelike maximizer and leaves M, the portion of « that lies in M is an inextendible (within
M) timelike geodesic. Then timelike geodesic completeness of (M, g) implies L(a) = oo,
contradicting L(«) = dy(gq,p) < oo. O

Lastly we remark that in [17], it was suggested that if maximizers in C! spacetimes
are timelike, then it may be possible to apply the du Bois-Reymond-trick to show that the
maximizers must be C? timelike geodesics. However it seems like the du Bois-Reymond-trick
does not apply for timelike maximizers in the Lorentzian setting. This is because one can not
ensure that the variation of the maximizer is timelike, since the tangent of a Lipschitz timelike
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curve may still come arbitrarily close to being null. This is not an issue in the Riemannian
setting since there is no causal distinction between the curves.
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Abstract

The spacetime AdSs x S? is well known to arise as the ‘near horizon’ ge-
ometry of the extremal Reissner-Nordstrom solution, and for that reason it has
been studied in connection with the AdS/CFT correspondence. Here we con-
sider asymptotically AdSs x S? spacetimes that obey the null energy condition
(or a certain averaged version thereof). In support of a conjecture of Juan Mal-
dacena, we show that any such spacetime must have a geometry very similar to
AdS> x §? (and under certain circumstances must be isometric to AdSs x S?).

1 Introduction

An interesting feature of the spacetime AdS, x S? is that it arises as the ‘near horizon’
geometry of the extremal Reissner-Nordstrom solution; see e.g. [6]. For this reason,
this spacetime (sometimes referred to as the Robinson-Bertotti solution) has been
studied in various works in connection with the AdS/CFT correspondence [8]; see
e.g. [10] and references therein. More recently a class of horizon free supersymmetric
solutions to Einstein-Maxwell theory having AdS, x S? asymptotics has been con-
structed by Lunin [7]. However, on the basis of an example considered in [10, Section
2.2], and also a result in [5] (Theorem 2.1), Maldacena has suggested that any asymp-
totically AdSy x S? spacetime that obeys the null energy condition (NEC), or more
generally the average null energy condition (ANEC), should be quite special. In fact
he has conjectured that the only such spacetime is AdSy x S? itself [0]. In particular,
consistent with the example in [10] mentioned above, 4-dimensional spacetimes that
satisfy the ANEC strictly could not have AdSs x S? asymptotics. All of this suggests
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that the examples constructed in [7] cannot be globally regular, which, in fact, has
since been confirmed by Lunin [9].

In this paper we obtain some results on the rigidity of asymptotically AdSy x S?
spacetimes satisfying the NEC, which support the conjectural picture put forth by
Maldacena. While precise statements are postponed to Section 3, our main result
may be paraphrased as follows.

Theorem 1.1. Let (M, g) be an asymptotically AdSs x S? spacetime (see Definition
2.4) that satisfies the null energy condition (NEC), Ric(X, X) > 0 for all null vectors
X. Then the following holds.

(i) (M, g) is foliated by smooth totally geodesic null hypersurfaces N, ~ R x S?,
u € R.

(ii) By time-dualizing, one obtains a second foliation by smooth totally geodesic null
hypersurfaces N, ~Rx 82 ve R, transverse to the foliation {N,}uer. By
considering the intersections of the N, ’s and N, s, this double null foliation gives
rise to a foliation of (M, g) by totally geodesic isometric round (i.e. constant
curvature) 2-spheres S(u,v).

The properties (i) and (ii) are, of course, basic features of AdSy x S?. One of the
main results leading to the proof of Theorem 1.1, Proposition 3.3, together with a
known result concerning the existence of null conjugate points [14, 2] confirms that
there do not exist any asymptotically AdS, x S? spacetimes obeying the strict ANEC.

While we have stated Theorem 1.1 and Theorem 1.2 below with respect to the
NEC, in fact both results remain valid under a weaker curvature condition (which,
however, is stronger than the ANEC): It is sufficient to assume that along all future
or past complete null rays n : [0,00) — M, one has,

/000 Ric(n'(s),7'(s))ds > 0. (1.1)

In order to simplify a bit the presentation of the proofs of Theorems 1.1 and 1.2, we
postpone to an appendix a discussion of the changes needed to prove these theorems
under the curvature condition (1.1).

Theorem 1.1 falls short of showing that (M, g) splits as a metric product along
the totally geodesic 2-spheres. A necessary condition for this is that the distribution
of timelike 2-planes orthogonal to the 2-spheres be integrable. This is what occurs
in the next result. Although not itself an Einstein manifold, AdS, x S? is a product
of Einstein manifolds, and as such its Ricci tensor is covariant constant, VRic = 0.
Under this added assumption we obtain the following.

Theorem 1.2. Let (M,g) be an asymptotically AdSy x S? spacetime that satisfies
the NEC. If the Ricci tensor is covariant constant then (M, g) is globally isometric to
AdSQ X 52.
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We would like to say a word about the approach to the asymptotics taken here.
One possible approach to the asymptotics, which will be considered in a subsequent
paper, is to introduce a notion of a ‘singular’ timelike conformal boundary. In fact,
AdSy x S? admits, in a fairly natural way, such a boundary. The more customary
analytic approach taken in the present paper, is to require that the spacetime metric
g asymptote at a suitable rate, with respect to a natural coordinate system, to the
AdS, x S? metric § on approach to infinity. This approach to the asymptotics gives
strong control over the causal structure and allows one to obtain rather fine geometric
properties needed to establish Theorem 1.1.

In Section 2 we give the formal definition of an asymptotically Ad.S,x S? spacetime,
and derive some consequences of the assumed asymptotics. In Section 3 we establish
the existence of a foliation by totally geodesic null hypersurfaces, and a foliation
by totally geodesic isometric round 2-spheres, thereby establishing Theorem 1.1. In
Section 4 we present a proof of Theorem 1.2.

ACKNOWLEDGEMENTS. The authors are very grateful to Juan Maldacena for bring-
ing this problem to their attention and for many valuable comments. The authors
would also like to thank Eric Ling for his interest in this work and for helpful com-
ments. GJG’s research was partially supported by the NSF under the grant DMS-
171080. MG’s research was supported by project P28770 of the Austrian Science
Fund FWF and a scholarship from the Austrian Marshall Plan Foundation to visit
the University of Miami.

2 Asymptotically AdS; x S? spacetimes

In this section we describe in a precise manner what it means for a spacetime (M, g)
to be asymptotically AdS, x S2, and we obtain some consequences of these assumed
asymptotics.
2.1 Exact AdS; x S? space
Let M =R x R x S%. We set
§ = — cosh?(x)dt* + dz* + dQ*.
For future reference, the non-zero Christoffels for this metric are

. o ) . 2 )

It = tanh(z), ', = cosh(z)sinh(x), Fie = cot(f), I'ys = sin(0) cos(0),
the Riemann tensor can be expressed as

é = éAdSQ + ész

and the same holds for Ric. Explicitly one has

Roictt = cosh(r)?, Roicm = -1, P:ngg =1, R’Oicw = sin?(6).

3



Rigidity of asymptotically AdSs x S? spacetimes 12

The scalar curvature vanishes. Note that while AdSs x 520 is not an Einstein manifold,
one can still nicely express Ric in terms of the metric: Ric = —g + 2dQ2.

2.2 The metrics g,

To get a better handle on the asymptotics of ¢ we will further define a family of
metrics g, (o € Ry) on M via

Go = —acosh?(x)dt* + da? + dQ2.

The importance of these metrics for the asymptotics lies in Lemma 2.6, stating that,
in essence, there exist f > 1 and « < 1 such that far out g, < ¢ < gs and B, — 1
as one approaches infinity. (Recall, for Lorentzian metrics ¢; and g2, g1 < go means
that the null cones of g are wider than those of g; in the sense that for any vector
X #0,if g1(X, X) <0 then ¢2(X, X) <0).

Along the null curves of g, with 6 = 6y, ¢ = ¢y, one has

1

dt = +——d
Vacoshx *
Integrating gives the following.

Lemma 2.1 (Null curves for g,). The curves s — (fa(s,to,20), s + To, b0, 60) and
= (—fa(s, —to, o), s + 0, ¢o, 0o), where

2

— (tan"(e*T™) — tan"t(e™)) + ¢, ,

= (tan ™1 (e ) — tan () 1

are future, resp. past, directed achronal null curves in (M ,0a) passing through the
point (to, o, ¢o, ).

fa(sa t07 fL’O) =

Remark 2.2. For future reference we note the following.

2tan~' (e®
hm fa(S,to,xo) = t() — L@)

s——00 \/a

and ) 1)
. tan™" (e
Slgglofa(&toafo) =ty — T +—= \/— <to+ T
Since f,, is increasing this means that f, (s, %y, x¢) < tg — M + 75 for all s.

The timelike futures I (p) are easily seen to satisfy the following.

Lemma 2.3. Let p = (to, 2o, wo) € (M, §o). Then {t > to+ %} xR x {wo} C LI (p).
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2.3 Definition of asymptotically AdS, x S? spacetimes

Throughout we shall assume that spacetime is causally simple. Following [11, Sec. 3.10],
we say that a spacetime is causally simple provided J=(p) is closed for all p € M and
(M, g) is causal (i.e. contains no closed causal curves). As a consequence, the sets
JE(K) are closed for all compact sets K in M, and (M, g) is strongly causal.

In order to prove our main results, a careful treatment of the asymptotics, as layed
out in the following definition, is required.

Definition 2.4. Lat (M, g) be a 4-dimensional causally simple spacetime. We say
that (M, g) is asymptotically AdSy x S? provided the following conditions hold.

(a1) There exists a closed subset A C M such that M \ A° is the disjoint union of
two manifolds with boundary M; and Ms such that

M; 2R x (—o00,—a] x §* and My 2R x [a,00) x S?,
p € My UM, — (t(p), z(p),w(p)) ,

a > 1, and the boundary dA is mapped to (R x {—a} x S?)U (R x {a} x S?).
(ag) Forallpe Aand k =1,2:
IT(p)N My #0 and I~ (p) N M #0

and
A\ (IT(p)U I (p)) is compact.

(b1) We require that there exist constants ¢;; > 0 and with ¢yy < a, such that for any

p € My U M, and any g-othonormal basis {e;(p)}2_, C T,M, with eg = —1—2.

Ih(ei(p), e(p))] < —2 (2.1)

where h = g|anun, — Glanuns, -

(by) We further require the following decay on first derivatives of h, i.e., we assume
there exists C; > 0 such that
Cl Cl
, lea(h(es €5))(p)] <
[z(p)| ! |z(p)[?

for k = 1,2,3 (note the faster decay on the time derivative). Additionally, we
require the following decay on second derivatives,

(2.2)

ler(hles ) (p)] <

le(em(hlei, €5)))(p)] < (2.3)

|[z(p)]
for ,m=20,...,3.
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It will be convenient to require,

16 max{cij} <1

- (2.4)

Remark 2.5. In many of the arguments involving the asymptotics (2.1)-(2.3) we will
not use g-othonormal frames but rather work in specific charts which we will now
introduce. Let (U, 1) denote either of two charts covering S?, with ¢(U) = {(6, ¢) :
<0< 0<¢<2r}, andlet ¢ : p — (t(p),z(p),¥(p)) be the corresponding
chart on M; U My. From (2.1) we see that there exists a constant C' > 0 such that in
these charts

C C cosh(z C cosh?(x
higl < S |h) < S0B@) ) o Ceoshe) 25)
|z| || |z|
for 4,7 #t. And for [, m,4,j arbitrary and k # ¢
C cosh C cosh?* C cosh?!
|Ohij] < cosx|(x)7 10:hij| < co|i|2(x)’ |010mhi;| < cos|x|(x) (2.6)

where #t denotes the number of #’s appearing as lower indices.

We are also going to need some estimates for the Christoffel symbols and the
curvature of g. Let now #t denote the number of t’s appearing as lower indices minus
the number of ¢’s appearing as upper indices. Using (2.5) and (2.6) one can show
that there exists a constant C' such that

i i Ccosh®(z) - C cosh™(z
|9]g]|§’x|()7 |Ffjrfj§|$|() (2.7)
and
. h#t . h#t .
| Ritim — Rigam| < M7 IRic;; — Ricy;| < M’ IR-R| < c (2.8)
|z ’ ’ || |z

These estimates follow in a straightforward way from (2.5) and (2.6), nevertheless
their derivation is carried out in some detail in the appendix.

To simplify the constants appearing in later arguments we will always choose C'
such that additionally
C > max{c;;, Ch}. (2.9)

2.4 Consequences of the asymptotics

We will start by introducing some notations: First, for any o € R with |z¢| > a we
will use the shorthand {z = x¢} for the submanifold R x {z} x S? of M, (where
k=1for g < 0 and k = 2 for g > 0). Further, for r € R, and k = 1,2 we use
My (r) == My N (R x {z : |x| > r} x S?) to denote the part of M, that lies between
{]z| = r} and infinity. We also set M (r) := M;(r) U Ms(r).

6



Rigidity of asymptotically AdSs x S? spacetimes 15

Lemma 2.6. For any r € [a,00) there ezists 5, > 1 and o, < 1 such that on M (r)

g{lr = g = gﬁr
and one can choose 3, and a,. such that B, is decreasing in v and . is increasing in

r and By, a, = 1 asr — 0.

Proof. We first show the existence of a suitable a,. Let {e;}?_, be a g-orthonormal
basis for T,M(r) and let v = v'e; be such that g,(v,v) < 0. We may w.l.o.g. assume
Z?:o |02 = 1. Now, §a(v,v) < 0 gives

3
alv’? > Z o' =1— [ (2.10)
i=1
Then

3
9(v,0) = §(0,0) + h(v,0) = [ + 3 [0 + h(v,v) <
i=1

< (o= D)2 + h(v,v) < (a— 1)) + |1(C)(| < (a— 1))+ g (2.11)

Now if a < 1 we can use [v°]> > -5 to further estimate

(v,0) < a—1 n 16C
v,V .
9\»v =7 +a r
. 1— 160 H)C
Thus, setting «, < +160 < 1 guarantees g(v,v) < 0 and since +wc —0asr — o0

and is strictly decreablng we can choose «; to be increasing and a, — 1.
For /3, we note that it suffices to show that gg (v,v) > 0 implies g(v,v) > 0. Now
gs(v,v) <0 gives 1 — 320 |vf]2 = [o°)? < 3 L% [v']%. So we have

3
9(v,v) = §(v,0) + h(v,0) > ="+ [0 = |h(v,0)] >
. ‘.., 16C _1—3% 16C )19
> — e — > — . .
> ( 5);\v| IRl (2.12)

This implies the existence of a suitable 5,. O

This allows us to bound the time it takes for the entire S2-factor to be contained
in the future of a point depending on how far out (in the a-direction) this point lies.

Lemma 2.7. For any r € [a,00) there exists a time 7, such that for any p € My(r)
{t = tp) + 7} x {z(p)} x S* S I*(p),

T, 18 decreasing in r and 7, — 0 as r — oo.

7
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Proof. Let 4 : I — S? be a unit speed geodesic (in S?) starting at mg2(p) and let
o, be the constant from the previous lemma. Since |z(p)| > 7 the curve 7(s) =
(t(p) + ——==—=5,2(p),¥(s)) is causal for §,,, hence timelike for g by Lemma 2.6.

a- cosh(r) 77
Noting that S? has a finite diameter of 7 proves the claim for 7, := rcosh . This
is decreasing and goes to zero as r — 0 because «, is increasing and «, — 1 ]

We also note the following consequence for null vectors.

Lemma 2.8. Let g5, 1,5 =0,...,3, be smooth functions on U C My U M,y satisfying

the asymptotics |q;;| < %‘(I) (e.g., qij = hZ],F Rlc,] Ric;j,...). Then

2]7
there exists a constant ¢ > 0 such that for any null vector v € TU we have

|qiv' '] < — |v‘”|2+ [9[52), (2.13)

where v* denotes the components of v in one of the charts ¢ specified in Remark 2.5

Proof. Let 3, be as in Lemma 2.6. Then v being null implies §,, (v,v) > 0, which
gives the estimate [v!|* < m (|v*|* + |v]%.). Further, note that in either chart

¥ on S? one always has [09| < |0|s2 and |[v?] < 2|0|g2, which gives the estimates,

1 _
[ lle?] < S0P+ ') < Alfjeal” + [0f32) (2.14)
1
/g cosh(x)
for 4,5 # t. Hence

; ~ ; 5 B
o' [|v’] < 072+ [olZa 0’| < 5 (Joo* +19l5)  (2.15)

1
/0 cosh(z)

Ccosh . Ccosh?®(z)
|4ijv UJI<Z \Ullv]H?Z ot £ 10) 7] o'f* <

C o wo
(P +lol)

ZJ# J#t
(2.16)
forc:(36+\/lf:—a+a%)0. O
Finally we want to study maximizing null curves. Generally we say that a null
curve v : I — M is a future (or past) null ray if I = [a,b) and v is maximizing

(i.e., its image is achronal) and future (resp. past) directed and future (resp. past)
inextendible. We say that a null curve v : I — M is a null line if I = (a,b) and 7 is
maximizing and inextendible in both directions.

Lemma 2.9 (Null rays must run to infinity). Let v : I — M be a future null ray.
Then v is eventually contained in one of the My’s and |x(v(s))| = oo as s = b.

Proof. 1f ¢ € yN A, then v must eventually leave the compact set A\ (I*(q) UI (q))
and never return to it, but since v is achronal, that means that v cannot return to A
at all, i.e., it is contained in My, say My. So we may assume y(0) = (to, zg, wp) € Mo
and zg = a. For any r > 0 the set [to, tg + =T 7a] X [a,7] x S? is compact, so vy

8
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must leave it. Since v is future directed, we must have ¢ > t; along ~. Moreover,
by applying, first, Lemma 2.3, then, Lemma 2.7, together with Lemma 2.6, we see
that we must have t < to+ \/La—a + 7, along 7, otherwise the achronality of v would be
violated. It follows that v must cross z = r. O

Lemma 2.10. There exists r > 0 such that for any null geodesic v C My(r) one has
e > 0, i.e., Y, can change sign at most once.

Proof. By the geodesic equation and the estimate (2.13) we have

¥ = =T > —T5AY — (U5 = THAY] > (2.17)
. C R .
> cosh(|z]) sinh(|z])|v'|* - m(l%l2 +175) (2.18)

Finally, v being null implies gg, (¥, ) < 0, which gives |%|* > mum%w@»,
$0

. 1 C\ s . 1 Cy s .
7> (ﬁ*tanh(lwl) - m)(l%l“r A5) > (ﬁ*tanh(r) =) (1=l + Pl&) > 0 (2.19)
for r large. O

Corollary 2.11. Let r > 0 be such that the previous Lemma holds. Then any null
geodesic v : la,b) — Mi(r) with lim,_, z(7(s)) = —oo may be parametrized with
respect to the x-coordinate.

Proof. Let 7y : [a,b) — M be a null geodesic with image in M;(r). Lemma 2.10 shows
that 4* is strictly increasing, so if 4%(sg) > 0 for any sy € [a,b) then 4|5 ) > 0

and hence x(7y|5,5) = (7(s0)). This contradicts lim,_; z(y(s)) = —oo. Thus s
x(y(s)) is strictly monotonically decreasing and so there exists a reparametrization
A (=00, z(y(a))] = Mi(r) of v with z((s)) = s. O

Lemma 2.12. Any future (or past) null ray v : [0,a) — M is future (or past)
complete.

Proof. By the proof of Lemma 2.9 for any r > 0 ~ is eventually contained in either
Mi(r) or My(r) and |z(y(s))] = oo as s — a. For now, look at the case where v is
eventually contained in M;(r) (for some large r, at least » > (1) from the previous
Lemma). We may assume v : [0,a) — M;(r) and |4*(0)] = 1 and we have to show
that a = co. By the arguments in Corollary 2.11 we have 4%(0) < 0 and s +— 4*(s) is
strictly increasing, so |¥%(s)|?> < 1 for all s. But this gives |x(y(s)) — z(7(0))] < |s,
contradicting z(y(s)) = —oo as s — a if a < co. The case of the end contained in
My (r) is analogous (note that the analogues to Lemma 2.10 and Corollary 2.11 show
4% < 0 and 4" > 0 on M(r)). O
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Lemma 2.13 (Angular velocities go to zero for null lines). Assume the null energy
condition holds, i.e., Ric(X, X) > 0 for all null vectors X. For any e > 0 there exists
r(e) such that |y|sz < € on My(r(€)) for any null line v : I — M with |¥°| <1 on
My (r(e)).

Proof. Since « is complete by Lemma 2.12 the Raychaudhuri equation applied to ~y
(affinely parametrized) implies that Ric(%,%) = 0 along ~ (else v would contain a
pair of conjugate points). This condition does not change under reparametrization of
~. We now use Ric(¥,%) = —4(%,%) + 2|7|32 and (2.13) to estimate

0 = Ric(4,4) > Rie(4,4) — WC@NW‘Q + ) =

> —(4.3)+ 2 — e () = —a(4.9) +203E —x(j(imuw@a -
SO - 2 (14 i) (2.20)
" Tl ) 2

So
C- e = wee

from which the claim follows. O

3 Proof of the main results

Throughout this section we will frequently make use of the null energy condition,
Ric(X, X) > 0 for all null vectors X. This assumption enters in Proposition 3.5 (and
thus Remark 3.6) via Lemma 2.13 and in Theorem 3.9 via both Remark 3.6 and [/,
Theorem IV.1]. All further results, in particular all of subsection 3.2, build upon
Theorem 3.9.

3.1 Constructing a foliation by totally geodesic null hyper-
surfaces

Lemma 3.1. Let p € My, and x € (—o0, —a] U [a,00). Then I*(p) N{x = zo} # 0.

Proof. Let w.l.o.g. p € M; and first consider zg € (—oo, —a]. Then this is clearly true
for any g,, hence by Lemma 2.6 also for g. Since {x = —a} C JA C A, condition (as)
from Def. 2.4 then shows that I%(p) N My # (. Note that this also must even imply
I*(p) N {z = a} # 0 from which the claim follows for zy € [a,00) by the same
argument as above. O

Lemma 3.2. For any p € M, there exists a future null ray 7, : [0,b) — M such that
vp 15 eventually contained in M,.

10
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Proof. By Lemma 3.1 and causality, for each positive integer n € [a,0), {x =n} #
I't(p) N {x = n} # 0, so there exist ¢, € J"(p) N {x = n}. Every g, is the future
endpoint of a maximizing null geodesic v, C 9J1(p) which must end in p because
Jt(p) is closed. Hence, there exists a limit curve « starting at p that is maximizing
and inextendible (because the g, run off to infinity). It is eventually contained in My
because by the ‘no turning back’ lemma (Lemma 2.10) v, N {z = —r} = 0 for r large,
5o |x(y(s))] = oo as s — oo (see Lemma 2.9) implies z(y(s)) — oo. O

This allows us to construct null lines:

Proposition 3.3. For any u € R there exists a complete null line n, : (—oo,00) = M
with past end eventually contained in My and future end eventually contained in My
and t(n,(s)) = u as s = —o0.

Proof. Let u € R, fix any wy € S? and set p, := (u,—n,wy) € M;. Then by
Lemma 3.2 there exist maximizing future inextendible null curves =, : [0,00) = M
starting at p, that are eventually contained in M;. We now show that the sequence
v» contains an accumulation point. Let ¢, ,, be the maximal t-coordinate of the set
Yo N{z = —m} # 0 for n > m. Clearly ¢, ,, > u for n > m. By Lemmas 2.6, 2.1 (and

remark 2.2) and 2.7 we see that t,, < u+ 7, + ﬁ——m%\/@ < u+7’m+\/%m <c

(because all points p in {x = —m} with larger ¢-coordinate belong to I'*(p,)). Thus
the sequence {t, m }n>m has an accumulation point for m large.

By the no turning back lemma, for large enough m each , meets {x = —m} in a
unique point. We reparametrize such that this point is always 7,(0).

Thus there exists a limit curve 7, which is maximizing and both past and future
inextendible, hence complete by Lemma 2.12. Since v, |j0,00) € {2 > —m} U AU M,
the same holds for (o), so the future end of + is eventually contained in M; (by a
similar argument to Lemma 3.2). And since v, |[q,,00 € {z < —m} € M, the past end
of v must lie in M.

Finally, we need to argue that ¢(n,(s)) = v as s — —oo. Since t(7,) > u (as long
as 7, remains in M) the same holds for ¢(7,). Assume now that t(n,(s)) — u; with
uy > w. This implies that ¢(n,(s)) > u; > u + ¢ for all s. But this is a contradiction
60 tom < fam (N —m,u, —n) + T = Ty + 2=(tan"'(e™™) —tan"'(e™)) +u < u+e¢

Jom
for m large and n > m. O

While the construction above depends on the choice of wy € S? and hence is not
unique, we are now going to argue that any null line  with ¢(n(s)) — u is contained
in a totally geodesic null hypersurface N, that only depends on u. We first note the
following:

Proposition 3.4. Given two past inextendible causal curves my,n : (—00,0] — M
with past end contained in My, lims, o x(n;(s)) = —oo and lims_, o t(ni(s)) >
lim,_, oo t(12(s)) one hasny C IT(n9).

11
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Proof. Use Lemma 2.7, note that 7. — 0 as r — oo and that by assumption
|z(n;(s))] = 00 as s = —oc0. O

Proposition 3.5. Let 1y : (—00,00) = M be a null line and 1y : (—o0,b] — M be
a past null ray, both with past end contained in My, such that lims, o t(mi(s)) =
limg oo t(n2(s)). Then ny C I (n2). If ny extends to a null line this further implies
n1 C 8JT(n2) and vice versa.

Proof. We may assume that, far enough out, both curves are parametrized with
respect to the z-coordinate, so |1)f,| = 1. We also note that by Lemma 2.13 since
71 is assumed to be maximizing and both future and past inextendibile we have that
m(s)fz < 1.

We will first show that 77, C I+ (n2). This follows immediately if we can find 7 > 0
such that 7|0, can be approximated by curves Sy € IT(ny). We are now going
to construct such approximating curves.

To do this we estimate [g, 2.0,6) — J(taw0,6)| 0 terms of |t; — t5]. Since g is
independent of ¢ this is just the difference of the corresponding h-terms and and
| < C cosh#!(:7)

mmthij T (2.13) gives (assuming v is null and satisfies the same

estimates as ;)

i 2CCOSh( )
ht2,2.0.6) (0, 0) = Rty .0,0) (0, 0)| < [Oehig|[V*][07[ [ty — o] < ——5=—=

ti —taf . (3.1)

For a function f > O7f > 0 (which will be determined later), we define the curve
Iy = (nk(s) + 6 +f(s),s,M(s)). Clearly these curves approximate 7;. And by the
above and 7; being null we may estimate g, (o) (71(5), 71(5)) < 2295 + 5 f(s)).
This, together with BThQ(&) < ni(s)]? < leads to

— agscosh?(s) ’

2¢ cosh( )

o, (677176 771) < (6 + 5f( )) + 2595771 (7717 (f> 0, 6)) + 62f29tt <

< ZCLSh()(éJréf( ) + 204 (ii, (1,0,0)) + 28 fhail] <
Q(;Lsh() 20 cosh?(s )
< (04 6f(s)) — P cosh(s)" f(s)+ 20 fhaiii] . (3:2)

Finally, || < [he 175+ 22 [hie] < (\/% +3) CCTS]‘"(S) < ¢ Closs‘h(s) for s large enough

to ensure a, > 3. So

2 . 5C
2 e+ 3¢
VDBs ||

Now if f( = |s|7* with 0 < k < 1 we have that f is bounded by one and f(s) — 0
slower than & as s — —o0. So there exists r (independent of 6) such that °n;|(_oc,—)

gon (102 11) < S cosh(s) (25 (1 + £(5)) — ) 33)

12
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is timelike. Since by construction lim¢(°n;(s)) = limt(n(s)) + 0 = lim¢(na(s)) + &
Proposition 3.4 implies %, C I+ ().

If both curves are null lines, we may apply the same argument to 7, to get get
m C IT(ne) and 7y C I7(1;). From this we see that It () C IT(I*(n)) = I (m),
hence n; N I (n9) = 0 by achronality of 7, proving the claim. O

Remark 3.6. Note that this implies that for any future directed null line n with past
end contained in M the set 9.J7(n) depends only on limy, o t(n(s)). In particular
for two lines 7., and 7,., constructed as in Proposition 3.3 one has 9J" (1,,) =

aJ* (nu,m) =:0J" (nu)

Proposition 3.7. For any v € R and any xo € (—oo, —a] U [a, 00) the set dJ*(n,) N
{z = 2o} € R x {x0} x S? is a graph over S* with continuous graphing function
Tozo : S% — R. In particular, it is connected.

Proof. Let 7 : {x = 20} = R x {0} x S* = 5? be the projection onto S? and define
S = 0J"(n,) N{x = x0}. Being the intersection of an achronal locally Lipschitz
hypersurface with a timelike hypersurface, S is itself an achronal locally Lipschitz
hypersurface in {x = z¢}. Clearly, |s is injective since S is achronal and 9, is timelike.
Hence we may define F, ., := (7|s)"' : 7(S) € 5% — S. Next we will argue that S is
actually compact: Let (t, g, wp) € S. Then by Lemma 2.7, any p € {z = xo} with
t(p) < to— iz lies in I~ (S) and any p € {x = x0} with t(p) > to+ 75, lies in I7(5).
So by achronality S C [to— Tjz|, to+ Tzo|) X {20} X S?, hence it must be compact. This
implies that mg : S — 7m(S) C S? is actually a homeomorphism onto its image. In
particular 7(S) is compact and F, 4, is continuous. Since S is itself a two dimensional
(topological) manifold, invariance of domain implies that 7|g : S — S? is an open
map. Hence 7(S) = S%

Thus, F, 4, is a homeomorphism, and hence S is homeomorphic to 52, in particular
connected. The graphing function 7., : S* — R, defined via: Ty o (w) = t(Fuzo(w))
is clearly continuous. O

Corollary 3.8. For any u € R the set 9J7(n,) has only one connected component.

Proof. Any point in 9.J7(n,) lies on a past inextendible achronal null geodesic 7,
contained in 9J7(n,). By the time dual of Lemma 2.9 we know that 7, eventually
enters M; or M, and hence meets {x = x¢} for some zy € (—o0, —a] U [a,00). Now
since n, meets every {x = const.} slice and {x = zo} N dJT(n,) is connected, p lies
in the same connected component as 7,. Since this is true for every p, connectedness
follows. 0

Theorem 3.9. For any u € R there exists a smooth closed achronal totally geodesic
null hypersurface N, such that there exists a null geodesic generator n with u =
limg, o t(n(s)). Further lims_, o t(n(s)) is independent of the choice of the null
generator n and determines N,, uniquely. We have N, = 9J"(n) = dJ (n).

13
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Proof. Let n, be any of the null lines from Prop. 3.3. Note that by Lemma 2.12 the
null geodesic generators of d.J7(n,) and 8J~(n,) are complete, so we may apply the
null splitting theorem [1, Theorem IV.1] to n, by [1, Remark IV.2]. This gives that
the connected component of 9J7(n,) containing n, is a smooth closed achronal totally
geodesic null hypersurface which by construction contains a null geodesic generator n
with u = lims_, o ¢(n(s)). Now since dJ*(n,) and dJ~(n,) are connected (the same
arguments as in Prop. 3.7 and Cor. 3.8 also give connectedness of 9J~(1,)) the null
splitting theorem further shows 9J%(n,) = 0J (n,). The remaining claims follow
from Prop. 3.4 and Remark 3.6. Hence, N, := 0J"(n,) is the null hypersurface we
were looking for. O

Theorem 3.10. For any p € M there exists a unique u, € R such that p € N,,.

Proof. That N,, N N,, = 0 for u; # uy is clear from Theorem 3.9. We need to show
that for any p € M there exists u, such that p € N,,,. We start by showing that there
exists r > 0 such that M (r) is covered by the union | J, g Nu-

Let 0 = R x {z0} x {wo} € M(r) be any t-line in M(r). We define a function
f R — R as follows: For each u € R there is an associated totally geodesic null
hypersurface N,. By Proposition 3.7, N, meets o in a unique point; let f(u) be
the t-coordinate of that point. Using Proposition 3.4, one sees (in order to avoid an
achronality violation) that f is strictly increasing.

We will now argue that f is continuous and onto. Fix an interval [a,b], and let
up € (a,b). We have f(a) < f(ug) < f(b). We first show that f is continuous from
the left, ie., lim, - fw) = f(uo).

To each u < wug we have an associated null hypersurface N,, and hence an as-
sociated null geodesic generator 7, determined by where N, meets o. Note, for
up < uz, we have n,, C I7(n,). By considering their intersection with o and
noting that f(a) < f(u) = t(n, No) < f(b), we see that as u ,* wuy the null
lines 7, accumulate to a unique null line 7 passing through o at a t-coordinate
t = sup{f(u) : u < wo} = lim, - f(u). By the null splitting thorem, 7 deter-
mines a totally geodesic null hypersurface N, for some v. Then 1 = 7, is the null
geodesic generator of N, determined by where N, meets o. Clearly we must have
v > ug, otherwise, by Proposition 3.4, i, would lie to the future of n, for u sufficiently
close to ug, which would contradict f(u) < f(v). If it were the case that v > ug then
7, would be in the timelike future of n,,. But then, f(v) > f(uo), so by the conver-
gence, f(u) > f(ug) for u sufficiently close to ug, contradicting monotonicity of f.
Hence, v = uo, and we conclude that lim,_, - f(u) = f(uo).

A similar argument shows lim,_, .+ f(u) = f(uo). Thus for any a <c¢ <d <b, f
is continuous on [c, d], and, since increasing, onto [f(c), f(d)]. Since [a, b] is arbitrary,
this is enough to imply the claim.

Thus, we have shown that every ¢-line in M (r) is covered by UyerN,, so M(r) C
UyerNVy. Let now p € M be arbitrary. By a dual argument to Lemma 3.2 there
exists a past inextendible maximizing ray 7, that is eventually contained in M (r) C

14
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UuerNVy. Now for any sy with vp|(—oc.sq) & Mi(r) either v,|(—oos0) S Ny, for u, :=
lim,, oo t(7p(5)), then p € N,, since N, is totally geodesic and we are done. Or
there exists u # u, with v,|(_so,so) N Nu # 0. If u > u, this contradicts achronality
of 7, because by Prop. 3.4 N,, € I (v,). If u < u, this contradicts achronality of N,
because vy, C IT(N,). O

Remark 3.11. From this we get the following structure: For any v € R the spacetime
M is the disjoint union of I*(N,), N, and I~ (N,). Let p € M, then p € N, for
some uy,. If u, = u, then p € N,. If u, > u, then p € I'(N,) by Prop. 3.4. Finally,
if u, < u, then I~(N,) N N,, # 0 (by the argument in the proof of Prop. 3.4). Thus
Ny, € I7(N,,) since N,, N 01~ (N,) = 0 (because I~ (N,) = N, by Theorem 3.9
and N, N N,, =0).

Theorem 3.12. The null hypersurfaces {N, : u € R} form a continuous codimension
one foliation of M.

Proof. Let (t,x1, 9, 2z3) be coordinates on some open set U with J; timelike. We will
show that ¢ : U — R* defined by ¢(p) := (up, z1(p), x2(p), x3(p)) is a continuous chart
on U, for which clearly {p € U : v, = ¢} = N.NU. Further, p — u, is continuous
on M: Let p, — po, then the null lines n, € N,, corresponding to p, accumulate
to a null line n € N, at po. From this continuity follows as in the previous proof.
Finally, ¢ is injective. Assume ¢ (p1) = 1(p2), then z;(p1) = z;(ps) for i = 1,2,3 and
it remains to show that ¢(p;) = t(p2). If not, w.l.o.g. t(p1) > t(p2) so, by ¢ being the
time coordinate, p; € I (pe) which contradicts u,, = u,, by achronality of the N,’s.
From this invariance of domain implies that v is a homeomorphism, i.e., a continuous
chart. O

3.2 Obtaining a foliation by totally geodesic round 2-spheres

The same way one constructed the foliation { N, },er one may obtain a second, trans-
verse foliation with the same properties except that its null geodesic generators will be
past instead of future directed. We denote this transverse foliation by {NU}%R. The
idea is now to show that S, , := N, N Nv (if non-empty) are isometric 2-spheres and
to use the asymptotics to argue that they must even be isometric to round 2-spheres.

We will first aim to characterize the pairs (u,v) for which S,, # 0. To do so,
let 1, be a future directed null geodesic generator of N, and 7, be a past directed
null geodesic generator for N,. Then we define uy, := lim, .o t(nu(s)) and vy =
limg . £(7),). These do not depend on the choice of n,,1), by an analogue of Prop.

Lemma 3.13. Let (u,v) € R% Then the following are equivalent:
(i) Suw # 0,

(i) u < v and U > Voo,

15
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(111) any (future directed) null geodesic generator of N, starts in I~ (N,) and ends
in IT(N,),

() any null geodesic generator of N, meets S,, exactly once.

Proof. We begin by showing that (i) implies (i¢). If S,, # 0 then there exists
a (future directed) null geodesic generator n, of N, with 7, N N, # (). Since 7,
intersects N, transversally and M = IT(N,) U N, UI~(N,) (by the analogue of
Remark 3.11) it intersects N, only once, say in 1,(sp). Because it is future directed
we have 7| (—oo,s0) € I~(N,) and Tl (s0,00) € I*(N,). So there exists r large such that
nu N My(r) € I7(N,). Then t(n,N{z = —r}) < t(f,N{z = —r}) for an appropriately
chosen (past directed) generator of N,. This gives u < v because t is decreasing along
7, and increasing along 7, as s — —oo. An analogous argument in Ms(r) shows
Uso > Voo-

Now, if u < v and us > vy it immediately follows from (a slight variation of)
Prop. 3.4 that any null geodesic generator of N, starts in 1~ (N,) and ends in I*(N,).
This shows (7).

If any null geodesic generator of N, starts in I~(N,) and ends in I*(N,) then it
must intersect N, = I (N,) and hence S, , at least once. Further, it can intersect
Sy at most once by the same argument as in the first paragraph. This shows (iv).

Finally, that (iv) implies (¢) is obvious. O

Proposition 3.14. For any (u,v) € R? with u < v and us > Vs the set Suv 15 a
totally geodesic, spacelike codimension 2 submanifold homeomorphic to S%. Further
for any two such pairs ui,v1 and ug, vy the spheres Sy, ., and Sy, ., are isometric.

Proof. That the intersection is a totally geodesic, (smooth) spacelike codimension 2
submanifold follwos immediately from N, and N, intersecting transversally and being
totally geodesic.

Let n, be a null vectorfield defining N, with V,, n, = 0. Then its flow ®" :
R x (N,N{z = —r}) = N, is a diffeomorphism (for r sufficiently large): By Lemma
2.9 and Corollary 2.11 every integral curve of n, intersects N, N {x = —r} exactly
once and clearly every point of N, lies on an integral curve. Since by Lemma 3.13 any
integral curve also intesects S, , exactly once we may rescale n, such that ®"(1,.) :
{r = —r} N N, — S, is a diffeomorphism. Thus S,, is homeomorphic to S2 by
Prop. 3.7.

Next we show that S,,, is isometric to S, ., if both are non-empty. This fol-
lows by a fairly standard argument from the fact that N, is totally geodesic (see
e.g [L, Appendix A]): We rescale n, such that ®&* = ®™(1,.) : Suu, — Suw
is a diffeomorphism. Let X7, X, be a basis for 7,5,,,. We need to show that
9(Xi, X;) = g((D7)(X5), (P7)+(X;)). For s € (0, 1] we set X;(s) := (), X;. Then
a straightforward computation shows £,,, X; = 0. Setting g;;(s) = g(X;(s), X;(s)) we

16
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have

d
<20 = nu(9(Xi, X;)) = 9(V, X3, X5) + 9(X;, Vi, X;) =
= g(VXinu7 X]) + g(X27 VXjnu) = 07 (34)

because the null second fundamental form of IV, vanishes since IV, is totally geodesic.
The same argument (only using N, instead of N,) applies to show that S, , and
Susw are also isometric. Since one can see that any two (non-empty) spheres Sy, .,
and S, ., can be connected via finitely many steps of this form. O

Now we will estimate the curvature of such spheres S, , C M(r) for r large.

Proposition 3.15. For any e > 0 there exists v (depending only on €) such that any
(non-empty) Sy, € M(r) has Gauss curvature 1 —e < K, , <1+¢.

Proof. Let n, and n, be null vector fields defining N, and Nv, respectively. We
assume that they are normalized to n = ny = 1. To simplify notation, we will drop
the indices u,v. Let X € TS be any vector tangent to S with |X*> + | X%, < 1
and hence in our charts | X% < 1,|X?¢| < 2. We will first estimate |X?*|: Since
X € TS we have g(X,n —n) = 0 and X is g-spacelike, so g, (X, X) > 0, i.e.,
| Xt < \/aci’sh(x) < Cosﬁ(x) for r large. Thus, we estimate

G(X,n — 1) — gs2(X, 7 —2)| < |B(X,n —7)| + gg2 (X, 7 — 7) <
< |hig || X7 |n? — 7| + 2sin*(0)[n® — a?| + 2|’ — Af] <
< 8C cosh(z)

60 <, . .. _ _
t_ at J_ 27 2~297¢_Ad> 2—9_A9:
[n n\—l——r j; [n/ — 7| + 2sin*(0)|n® — A% + 2|n° — 7’|

r

~ 6C cosh(x)

6C o _ _
Pl = > n? = d] + 2sin’(0)[n® — A% + 2n” — A%, (3.5
e (A [n? — /| + 2sin*(0)[n® — 0% + 2[n” —A"]. (3.5)

J#0,¢

Using Lemma 2.13 we see that for any £ there exists r such that |n|%,, |22, < &7,
i.e., in our charts [n?| < 2¢,|A?| < 2¢ and |n| < &, < . By Lemma 2.6 we

. N 2
estimate |n’|?, |n!]? < #}Z(Z) Thus

1 2
| — cosh?(z) X*(nt — i) < @(Ggw te
T

) + 12¢.

Q.

Because n is future pointing and 7 is past pointing we see that |[n‘—n!| = n*+|af| >
m, so | X! < Coslll(x) (% + c’e) for some ¢, . Thus for any € > 0 there exists r
such that

1
cosh(z)

X1 < €. (3.6)

17
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Next we derive a similar estimate for |X*|: Proceeding as before but looking at
g(X,n+n) yields

| — cosh?() X" (n' + 2') + 2X7| < (5 + ce) (3.7)

r
for some ¢,. We now need to estimate |n’ + nf|. Since fcish(x < |nt|, Rt <
\/oTrchcr):h(z) we have [n' +7'| = |n' — ||| < 008}11(1)(\1/4% - 75) < Cosh(z)s for r large.

Combining this with (3.6) we see | cosh?(x) X*(nt 4+ n')| < €2 and hence for any £ > 0
we can find r such that also
X" <e. (3.8)

Note that these estimates also ensure that S is g-spacelike.
We now use this to estimate K: Let p € 5, let XY be a g-orthogonal basis for
1,5 with [ X*|* + | X%, = 1 and denote the Riemann tensor for (S, g|s) by Rs. Then

_ g(RS(va)KX) _ g(R(XvY)KX)
KXY) = R X)gvy) — g X 7E ~ gXX)gv.7) —gxve Y

because S is totally geodesic in M. )
We start by estimating K (X,Y) — K(X,Y) (where

K(X,Y) = %). First note that by (3.6)

19X, X) = 1] = [9(X, X) = [X7| = [X[%] = cosh®(2)| X" <& (3.10)

and the same for [g(Y,Y) — 1], ie., X and Y are close to being g-othonormal.
From |Rij — Riul < M (see Remark 2.5) and using (3.6),(3.8) for X,Y
and | X¢|,|Y? < 2 for i = -y ,¢ (which follows from our choice of charts and X,V
having unit gg2-norm) we see that

G(R(X, Y)Y, X) — g(R(X, Y)Y, X)| < & (3.11)

<

for some ¢ > 0. Similarly, using |h;;| < M, we get [¢g(X,Y)| = [¢(X,Y) —
g(X,Y)| < ¢ and

1+§+€SIg(X7X)|,|g(Y,Y)IS1—§fs (3.12)

(note that (X, X),g(Y,Y) € (1 —¢,1+¢)). Putting these estimates together shows
that indeed for any ¢ there exists r such that

IK(X,Y)-K(X,Y)|<e

as long as S C M;(r) U Ma(r).

18
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To estimate K(X,Y) note that because § = gaas, + gs2, Kg2 = 1 and (3.6),(3.8)

we have
G(R(X, V)Y, X) = 1| = [§(X, X)§(Y.V) - §(X,V)* - 1| <
<[9(X, X)g(YV,Y) = §(X,Y)? =1 +ce. (3.13)

So for any € > 0 we can find r such that
|G(R(X, Y)Y, X) - 1| <e. (3.14)
Finally,
IK(X,Y)—1] = [§(R(X, Y)Y, X) 1| < [§(R(X, Y)Y, X)~1|+ce < (c+1)e (3.15)
and we are done. O

Theorem 3.16. The family {Su.}w.eq, where Q = {(u,v) € R? : v < v and uy >
Voo }, gives a continuous foliation of M by totally geodesic round 2-spheres.

Proof. We start by showing that S, , is isometric to S?. Let ry be large enough for
Lemma 2.10 to apply. We will show that for any (u,v) € @ and r > a there exists
ug = up(v,r) such that [u,ue] x {v} € Q and Sy, ., N M;(ro) C M;(r). For any past
null generator 7, : (—oo, x,] = M of N, starting in a point p = (t,, x,, wp) € M(ro)
with |z,| = r we have n,(s) € J~((t, + 7, Tp, w(1n,(s))) by Lemma 2.7. So, since such
a generator must be contained in My (r), we get nu(s) € Iy, ((t, + 7, xp, w(nu(s))) by
Lemma 2.6, and hence by Lemma 2.1

2
VB;

if m, is parametrized with respect to the xz-coordinate. Letting s — —oo we get

(tan~'(e®) —tan"'(e™")) + t, + 7o (3.16)

t(m(s)) <

2
t,>u+ ——tan" (") + 7. (3.17)

VB,

A similar argument applied to 7, : (—oo,x,] — M, using that 7,(s) € JT((¢t, —
Try Tp, W(715(8))), shows

2
t, <v-— tan~'(e™") — 7. (3.18)
: VB
So if p € Sy, then
4
tan"*(e™") + 27, < v —w. (3.19)

VB

Hence by choosing ug(v,7) < v as close to v as necessary it follows that Sy,, N
Mi(rg) € My(r). That [u,uo] x {v} C @ is clear from u — us being increasing, so
Uoo > Uy > Voo for all u > u.
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Now connectedness of Sy, implies that even Syoy. € Mi(r) for any r >
ro. Then by Prop. 3.15 the Gauss curvature Ky, — 1 uniformly on Sy, as
r — oo. But because all the Sy, are isometric to S, ,, their Gauss curvatures
(in corresponding points) have to be equal, so K,, = 1. Together with S, , being
homeomorphic to S? this shows that Sy,v 1s isometric to the round 2-sphere.

It remains to show that {Sy.}wuveq is a continuous foliation. This follows from
the Frobenius theorem if we can show that p +— T},S,, ., is a continuous distribution (it
clearly is integrable, because it consists of tangent spaces to (smooth) submanifolds).
Since TSy, 0, = span{n,, n, }*, where n, and n, denote the future pointing null
tangents (normed w.r.t. some Riemannian background metric) to N,, and Nu,, in p,
it is sufficient to show continuity of p — n, and p — n,. Let p, — po and let 1, be the
unique null geodesic generators of NV, with n,(0) = ny, . Then the 7, accumulate to a
null line 7y passing through py with n C N, . Hence n,, = 0(0) = 10(0) = ny,. O

4 Asymptotically AdS, x S? spacetimes with paral-
lel Ricci tensor

In this section we will use the assumption of VRic = 0 to first obtain a general
local splitting result, see Thm. 4.1, and finally a full rigidity result, see Thm. 4.4.
For k > 0 we denote by AdSy(k) and dSs(k) two dimensional anti-de Sitter space
with scalar curvature —2k and two dimensional de Sitter space with scalar curvature
2k, respectively. Similarly S?(k) and H?(k) denote the two dimensional sphere with
scalar curvature 2k and two dimensional hyperbolic space with scalar curvature —2k.

Theorem 4.1. Let (M, g) be a (four dimensional, connected) spacetime with VRic =
0. If R = 0 and Ric is non-degenerate, then there exists k > 0 such that any p € M
has a neighbourhood U that is isometric to an open subset V of AdSy(k) x S?*(k) or
dSsy(k) x H?(k).

Proof. First note that Ric cannot be proportional to the metric because R = 0 but
Ric # 0 because it is non-degenerate. So [13, Lemma 3.1] applies showing that for
any open simply connected domain (D, g) C (M, g) either the holonomy group is non-
degenerately reducible or there exists a covariantly constant null vector field X. But
by the definition of Ric one clearly has Ric(X,Y) = 0 for any vector field Y if VX = 0.
So the existence of a covariantly constant vector field contradicts the non-degeneracy
of Ric. Hence the holonomy group of (D, g) is non-degenerately reducible.

Now [15, Prop. 3] gives that any point p in M has a neighbourhood U that is
isometric to a direct product, say U = L x P, where L is Lorentzian and P is
Riemannian. First note that Ric;, and Ricp are non-degenerate (as bilinear forms on
TL x TL, respectively TP x TP): By the direct product structure Ric(X,Y) = 0
for X € TL and Y € TP so if Ricy or Ricp were degenerate, then so would be Ric.
Thus, dim(L) > 1 and dim(P) > 1, so the only possibility is dim(L) = 2 = dim(P).
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Neither L nor P splits, since any further splitting would give a one-dimensional factor
contradicting non-degeneracy of Ric. So both Ricy and Ricp have to be proportional
to the respective metrics on L and P, i.e., Ric, = Apg;r and Ricp = Apgp with
AL + Ap = 0. Setting k := |[Ap| = |\, non-degeneracy of Ric implies £ > 0. So
we have shown that for any p € M there exists a k and a neighbourhood U that is
isometric to an open subset V of AdSy(k) x S%(k) (if A\p > 0) or dSy(k) x H?(k) (if
Ap < 0). Clearly Ap, and thus k, is unique and locally constant, hence constant. [J

Remark 4.2. Tt is actually sufficient to assume that there exists a point py such that
Ricp, is non-degenerate and a sequence p,, such that R, — 0. This is obvious from
the fact that VRic = 0 implies VR = 0, so R = const., and that if Ric,,(X,,,.) =0
then Ric(X,.) = 0 for any X that is the parallel transport of X, along any curve.

If (M, g) is asymptotically AdS, x S?, then Ap = 1 and the structure obtained in
the previous section is consistent with this local product structure.

Corollary 4.3. Let (M,g) be asymptotically AdSy x S? (in the sense of Def. 2.4)
and assume that the null energy condition holds and that VRic = 0. Then any p € M
has a neighbourhood U that is isometric to an open subset V = L x P of AdSy x S*
(with metric g). Further, the tangent space T, L is spanned by the vectors ny,n, and
T,P ="1T,Sy,, forallqgeV.

Proof. Clearly R, — 0 as z(p,) — oo by the asymptotics (2.8). Also, there must
exist a point p where Ric, is non-degenerate: Else we can find a sequence p, € M,
with z(p,) — oo and vectors X,, € T, M with Ric(X,,.) = 0. We may assume that
these X, are normed to cosh®(z(p,))| X! [? + | X2 + | X,|% = 1, so setting Y, :=
X10, = X350, + X, we have Ric(X,,, ;) = 1 and [Ric(X,,, ¥;,) = Rie(X,,, V;)| < .
This contradicts Ric(X,,.) = 0 for large enough z(p,).

Thus, by Remark 4.2, we can apply Theorem 4.1, to get U = L x P. We have
that n,n C TL: If not, then 0 = g;(n,n) +gp(n,n) and gp(n,n) # 0, so —gr(n,n) =
gp(n,n) > 0 because gp is Riemannian. So Ric(n,n) = —kgr(n,n) + kgp(n,n) # 0,
contradicting Ric(n,n) = 0 (which follows from the NEC and n,n being tangent to
null lines). Thus T,L is spanned by ng, 7y and 7,S,,., = span{ng, i} = T,P.
Finally, because S, is isometric to the round 2-sphere by Theorem 3.16, we must
have A\p =1, s0 L x P C AdS, x S2. O

Finally, the fact that the spheres S, , are isometric to S? and hence geodesically
complete allows us to globalize this splitting:

Theorem 4.4. Let (M, g) be asymptotically AdSy x S? (in the sense of Def. 2./) and
assume that the null energy condition holds and that VRic = 0.Then M 1is isometric
to AdSQ X S2.

Proof. From the local splitting in Cor. 4.3 we see that the foliation F' := {Sy .} (uv)cq
from Theorem 3.16 must be smooth. Further, the distribution ¢ — span{n,,n,} =
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TqSulq v, & TyM must be smooth as well and hence by the Frobenius theorem give rise
to a smooth foliation K with leaves perpendicular to the leaves of F'. Also, from the
local product structure we immediately see that both of these foliations are totally
geodesic (i.e., their leaves are totally geodesic).

For I’ we know even more: Note that the leaves are exactly the spheres S, , which
are totally geodesic submanifolds isometric to (52, dQ?) by Theorem 3.16 and hence
even geodesically complete. Finally, note the M is simply connected because it is
homeomorphic to R? x 52 (for any 2y < —a the flow " : Rx (Rx{z = z¢} xS?) = M
of n is a homeomorphism).

So we may apply [12, Cor. 2] to obtain that M is globally isometric to a product
L x P such that K and F' correspond to the canonical foliations of the product L x P.
Since P is a leaf of F, we see that P = (S?,dQ?). And since L is a leaf of K it
must be isometric to a non-empty open subset U of (AdSs, gaas,). Further L is null
geodesically complete because the only null geodesics in @) are null geodesic generators
of the achronal null hypersurfaces IV, and Nv, hence complete by Lemma 2.12. So all
that remains is to show that any null geodesically complete non-empty open subset
U of AdSs must already be all of AdS,: For any p € AdS, \ U all null geodesics
emanating from p must also lie in AdSy \ U. So if U # AdSs then AdS; \ U = AdS,
because any two points in AdSs can be connected by a curve consisting solely of null
geodesic segments. O

A Asymptotics for the curvature

P

In this appendix we give some details on the derivation of (2.7), (2.8) from (2.5),
(2.6). Throughout this appendix we use C' to denote a running constant. )
In general, if two pairs of functions fi, fi and f, fo satisfy |f1 — f1] < %|f1 ()]

and | fo — fo| < Gl fao(x)] on R\ [—a,a] then | fi| < C|fi], |f2] < C|fa| and
<

]

[fifa = fifol € =|fi(@) fo(@)] on R\ [~a,a]. (A1)

Using this, (2.5) and the form of ¢ (note that sin() is bounded away from zero in
the charts we use) allows us to estimate

4 4
| det(g) — det(g)] < [det(g) — [ [ gal + Y [ lgior| <
i=1 oid i=1
2
Ceoshi@) g L, 1y o € ). (A2)

C
< o)+ ERCEAE

|] |22

From this we get

< ——— (A.3)
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and using A~ = det(A) adj(A) this gives
W O

tt| ~— ‘cti o
= |z| cosh®(z)’

cij _ ij ¢
d |97 —g"] < Tl (A4)

1
. <L 1
9 s || cosh(z) an

for 4, j # t. Note that these imply

9| c_ 1
~ |z| cosh(z)’

|tt|§

1< C and g9 < S fori £ (AB)

_c
cosh?(z)’ ||

Regarding the Christoffel symbols we note that
1
I, = 5 9% (091 + Oigrj — Ongi) -

Since only 0,0:, Opdes are non-zero, the estimates of all Christoffels not containing
either of those derivatives follow from (A.5) and [0kg;;| < %Tt(w) for (k,i,7) #
(t,x,2),(0,6,0). So we have

C
|F | < ﬂc%h#t( x) (A.6)
if (k,i,5) # (t,t, @), (2,,1), (8, 6,0), (0, 6, #). The remaining Christoffels are Ty, T,
ie and F¢¢ For these, the summands appearing in |1" | for Wthh the g-part does

not vanish can be estimated using |0, gy — Oxgut| < = |0n G| < cosh ( ) (since cosh

il

and sinh have the same behaviour at infinity) and [9ygss — 89g¢¢| <@ 1 OpGos| < %
by (2.6), (A.4) and (A.1). This gives

|Ffj - Ffj\ < |xc|cosh#t(x) and |F | < C cosh™ (). (A7)

for these four Christoffels.
For the components R;, of the Riemann tensor we use

Rigim = % (0k01Gim + 0i0m Gkl — OkOmit — 0i01Gkm) + Gnp (Tl Pim — T eI P1) -
(A.8)
Again, if those products always contain at least one factor that is zero for g, the
desired estimates follows easily from the assumption on §°h, h and (A.6),(A.7). The

tx™ ot
sinh?(z) and gug (fﬁgf% - fi¢fga) = §¢¢(f‘$9)2 = cos?(f), respectively. For these
cases we again use A.1 (and that sinh and cosh behave the same at infinity and that
in our charts sin(f) is bounded away from zero).

Finally, the asymptotics for Ric and R follow from (A.4),(A.5) and the asymptotics
of R;pim using the same arguments.

remaining two cases are Ry, and Rggg, where gy (F It Fitth) = §tt(f§w)2 =

23



Rigidity of asymptotically AdS, x S? spacetimes 32

B Weakening of the null energy condition

In this appendix we wish to indicate how the results of this paper as summarized
in Theorems 1.1 and 1.2 continue to hold under the weaker integrated curvature
condition (1.1).

The NEC enters into the proof of Theorem 1.1 in two ways:

(i) It is used in the proof of Lemma 2.13.

(ii) Tt is used in results such as Theorem 3.9 which rely on the ‘null splitting theo-
rem’, Theorem IV.1 in [4].

The following is sufficient to ensure that Lemma 2.13 holds under the curvature
condition (1.1).
Proposition B.1. Assume (M,g) satisfies the curvature condition (1.1). If n :
(—00,00) = M is a complete null line then Ric(n/(s),n'(s)) =0 for all s € R.

Proof. This follows almost immedetiately from Corollary 3.3 in [2]. Since 7 is a
complete null line, it is free of conjugate points. Then, by [2, Corollary 3.3],

/OO Ric(n'(s),n'(s))ds < 0.

But then the curvature condtion (1.1) implies that we have equality in the above. In
this case, [2, Corollary 3.3] further implies that Ric(r/(s),7'(s)) =0forall s e R. O

The NEC enters into the proof of [4, Theorem IV.1] in only one place, namely
through Lemma IV.2. The following proposition shows that this lemma remains valid
under the curvature condition (1.1).

Proposition B.2. Suppose S is an achronal C° future null hypersurface in (M, g)
whose null generators are future geodesically complete. If along each null generator
n : [0,00) — R the Ricci curvature satisfies (1.1) then S has null mean curvature
0 > 0 in the sense of support hypersurfaces.

We refer the interested reader to [4] for the definitions of terms being used in the
statement of this proposition. The proof makes use of the following lemma which is
proved in [3, Section 3].

Lemma B.3. Consider the intial value problem
" +p(s)x=0
z(0) =1 (B.1)
2(0)=a
If p e C([0,00)) satisfies
/ p(s)ds > a (B.2)
0

then the unique solution to (B.1) has a zero on [0, 00).
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Proof of Proposition B.2. Given p € S, let n : [0,00) — R be a null generator of S
starting at n(0) = p. For any € > 0, we have,

/000 Ric(n'(s),n'(s))ds > —(n — 2)e. (B.3)

By the lemma, the unique solution = z(s) to the initial value problem (B.1), with

p(s) = —5Ric(n/(s).7/(s)) and o= —e (B4)
n—

satisfies z(r,) = 0 for some r, € (0,00). We may assume r, is the first zero of z(s).

Fix r > r,. As in the proof of [4, Lemma IV.2], by considering 9.J~ (n(r)) we
obtain a smooth null hypersurface S, defined in a neighborhood of 7|,) such that
S, is a past support hypersurface for S at p.

Let 6 = 6(s) be the null expansion of S, along 7|j,); 0 satisfies the Raychaudhuri
equation [4, (IL.4)]. Let y = y(s) be defined by the substitution,

/
1
Lo ——(s)

y n—2

with y(0) = 1. A standard computation shows that y satisfies the IVP (B.1) with

1
pls) = — (Ric(/,7/) +0%) and a=
-

1
n—2

0(p) - (B.5)

Suppose 0(0) < —(n—2)e. By a basic ODE comparison result we have y(s) < z(s)
(up to the first zero of y), where x(s) is the solution to (B.1)+(B.4). In particular y(s)
must go to zero somewhere on [0, r,]. This implies that 6 is not defined everywhere
on this interval, which is a contradiction since # = 0(s) is smooth on [0,7). Thus we
must have 6(0) > —(n — 2)e. Since € is arbitrary, this proves the proposition. O

With regard to Theorem 1.2, the additional arguments of Section 4, beyond those
of Section 3, show that it is sufficient for the NEC, Ric(X,X) > 0, to hold for
vectors X tangent to null rays. But this follows trivially from (1.1), since, under the
assumption that Ric is covariant constant, the integrand is constant.
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