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Abstract

Spectroscopic ellipsometry measurements were performed to explore the tem-
perature dependence of the dielectric function of bulk germanium (Ge) over a
broad spectral range from 0.5 eV to 6.5 eV. In the temperature range from 10 K
to 738 K 31 measurements in approximately 25 K steps were taken. The focus
of this work lies on the investigation of the E0 and E0+�0 critical points. The
dielectric function of Ge was determined using a parametric oscillator model
consisting of eight oscillators.

For the energies of all critical points that occur within this spectral range, a
shift to lower energies with increasing temperature as well as an increase of
the broadening of the E1, E1 +�1, E00 and E2 critical points was observed. By
analyzing the second derivative of the measured dielectric function in terms of
photon energy, the critical point parameters of the E1, E1 + �1, E00 and E2

critical points could be found. Since the peaks of the E0 critical points are very
sharp and narrow the second derivative analysis could not provide reasonable
values for the broadening of these critical points. Therefore, for the E0 and
E0 + �0 further and more precise investigation will be necessary.

Keywords: Spectroscopic ellipsometry, germanium, temperature dependence,
critical points, band gap
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1 Introduction

Knowledge about the optical constants of germanium (Ge) is of great im-
portance in semiconductor industry since Ge is a material commonly used in
applications in electronic devices, such as �eld-e�ect transistors (FET), metal-
oxide-semiconductor (MOS) integrated circuits, MOS-FET and complemen-
tary MOS (CMOS) circuits, just to name a few. There are also numerous
applications in optoelectronics, like solar cells or light emitting diodes (LEDs),
for instance. It can also be used in alloys together with other materials, such
as silicon (Si) or tin (Sn). Examples are Si1�xGex alloys, Si/Ge or Si/SiGe het-
erostructures. Many of the Ge applications depend on the optical constants,
especially the dielectric function (�), which is directly related to the electronic
band structure.

Together with Si, Ge is also one of the most thoroughly studied semiconduc-
tors. The temperature dependence of the dielectric function of Ge was studied
in previous work [1][2] among others, in particular the temperature dependence
of the critical points of Ge was studied in [3]. So far, no detailed temperature
dependent investigation of the E0 and E0+�0 critical points has been published.
Therefore, the focus of this work lies on the precise measurement and analysis
of these critical points.

Critical points are related to structures in the spectra of the optical constants
of semiconductors. In other words, they occur as peaks (or shoulders) in the
spectra of the real and imaginary parts of complex dielectric function. These
critical points regard to energy di�erences between the valence and conduction
band at certain regions in the Brillouin zone, where the critical point at the
�-point, the center of the Brillouin zone, is known as E0. In the case of �ne
structure, i.e. spin-orbit splitting �0, there is also a second critical point de-
noted as E0 +�0. The dielectric function and therefore also the critical points
are dependent on temperature, i.e. they shift to lower energies as the temper-
ature increases, which is also called red-shift [1].

For analyzing the data, a parametric oscillator model using eight oscillators
described in [4] was applied to �nd the dielectric function of the bulk Ge. The
second derivative of the dielectric function gained by a point-by-point �t of the
data with respect to photon energy was calculated in order to determine the
critical point parameters.
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2 Spectroscopic Ellipsometry

Ellipsometry is a contact free optical measurement technique used to deter-
mine, for example, the thickness of a thin �lm or the dielectric properties, such
as the complex refractive index or the complex dielectric function, of organic as
well as inorganic samples. Furthermore, the in�uence of quasiparticles, such as
phonons, plasmons and excitons, on the dielectric function can be examined.
If ellipsometric data is taken over a wide range of photon energy, it is denoted
as spectroscopic ellipsometry.

The challenge of ellipsometry lies not in the measurement itself, which is in
principle not very complicated, but rather in the relatively complex analysis of
the measured data, which requires knowledge and di�cult (many particle) mod-
elling. In the past decades, several theoretical models as well as data analysis
software have been evolved and promoted ellipsometry to become a commonly
used measurement technique in material science and surface analytics. These
developments have made it possible to achieve very accurate results within a
reasonable time.

Figure 1: Principle of ellipsometry. Linearly polarized light incident on
a sample changes its state of polarization after re�ection to elliptically
polarized. [www.jawoollam.com/resources/ellipsometry-tutorial/ellipsometry-
measurements]

Light is an electromagnetic wave and is described by its polarization, which
can be linearly, circularly or elliptically polarized. The principle of ellipsometry
is to determine the change of the polarization state of light before and after
re�ection on or transmission through a material. As light interacts with a
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medium, it a�ects the electric dipole moment per unit volume that causes the
change of polarization. The general case is elliptically polarized light, which is
the combination of two orthogonal waves that show a di�erence in phase with
respect to each other. The actual value which is measured by an ellipsometer
is the change of the p- and s-components of the electromagnetic wave, which
are the parts of the light vector in plane (p) and perpendicular (s) to the plane
of incidence, as can be seen in �gure 1. This can be expressed by the ratio

� =
rp
rs
; (1)

where rp is the complex re�ectivity of the sample for p-polarized and rs for
s-polarized light. They are also known as the Fresnel re�ection coe�cients and
are de�ned as

rp =
Er
p

E i
p

(2)

and

rs =
Er
s

E i
s

: (3)

The superscript r stands for re�ected and i stands for incident. That means
that the re�ection coe�cients are de�ned as the ratios between the re�ected
and incident �eld components. The squared absolute value of rp is equal to the
re�ectance Rp for p-polarized light

Rp = jrpj
2 =

∣∣∣∣∣ ~n2 cos � �
√

~n2 � sin2 �

~n2 cos � +
√

~n2 � sin2 �

∣∣∣∣∣ (4)

and the squared absolute value of rs for s-polarized light is

Rs = jrs j
2 =

∣∣∣∣∣cos � �
√

~n2 � sin2 �

cos � +
√

~n2 � sin2 �

∣∣∣∣∣ ; (5)

where � is the angle of incidence and ~n is the complex re�ective index. The
equations (4) and (5) are known as the Fresnel formulas and they are related
to the phase di�erence � and the amplitude component 	 as

� = f racrprs = tan (	) e i�: (6)
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There exist several di�erent types and setups of ellipsometers, which are distin-
guished by the arrangement of the optical elements. For this work, a rotating
analyzer ellipsometer in a so-called PCSA-setup was used, which is described
in principle in �gure 2, if one would remove the second (optional) compensator
placed after the sample. The electromagnetic radiation which is emitted by the
light source �rst gets linearly polarized by a polarizer and then passes a com-
pensator. Therefore, the polarization state of the light before it reaches the
sample surface is known. After re�ection by the sample it travels through an
analyzer (which is a second polarizer) that is rotatable and again measures the
state of polarization. An additional compensator after the sample as shown in
�gure 2 was not used, but would be also a common option for an ellipsometric
setup. Via the equations (6) the quantities 	 and � can be determined and by
the use of a software based on theoretical models, the optical constants can
be calculated.

Figure 2: Schematic setup of an ellipsometer: Electromagentic radiation emit-
ted by a light source goes through a polarizer, an optional compensator, gets
re�ected by a sample and then again goes through an optional compensator and
a second polarizer (analyzer). A detector measured the intensity of the light
and converts it to an electronic signal. [en.wikipedia.org/wiki/Ellipsometry]

Samples which are investigated by ellipsometry should be as clean and as
smooth as possible. A rough surface can cause scattering and depolarization,
which makes the analysis of the ellipsometric data di�cult. Variations in the
thickness of the overlayers of a layer system can also cause problems. To avoid
such problems, di�erent kind of cleaning techniques are used in order to remove
contaminations.
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3 Theory

The electronic band structure of a semiconductor, as shown in �gure 3 for
Ge, describes the energy dispersion with respect to the wavevector k. It is
separated into two energy bands: the valence band below and the conduction
band above the band gap. In a semiconductor, the Fermi level lies in the middle
of the band gap, which means that in the ground state all electrons are in the
valence band and the conduction band is empty. Doping can shift the Fermi
energy and therefore a semiconducting material can be in�uenced with regard
to its as electrical properties. Semiconductors can show either a direct or an
indirect band gap. In the case of a direct band gap semiconductors, such as
gallium arsenide (GaAs), for instance, the minimum of the conduction band
and the maximum of the valence band both occur at the �-point, the center of
the Brillouin zone. Examples for indirect band gap semiconductors are Si and
Ge, whose band structure is shown in �gure 3.

Figure 3: Band structure of germanium showing transitions according to critical
points [5]

The crystal structure of a semiconductor in�uences the shape of the Brillouin
zone and therefore the electronic and optical properties. Both materials, Si as
well as Ge, are members of the carbon group, which is the group with number
14 in the periodic table. In the �eld of semiconductors, it is also known as
Group IV. Materials of this group show the same crystal structure as diamond,
which is a face-centered cubic lattice having four additional atoms within in
the unit cell. In group theory, this kind of crystals belong to the O7

h (or Fd3m)
point group.
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3.1 Optical Properties

The complex dielectric function

�(!) = �1(!) + i �2(!); (7)

where ! is the frequency of the photon, describes the interaction of the material
with light. The complex dielectric function and the complex refractive index

~n = n + i� (8)

are related to each other as

�(!) = (~n)2 : (9)

When light travels through a material between the points r1 and r2 its intensity
gets weakened according to the law by Lambert and Beer

I = I0e
��jr2�r1j; (10)

where I0 is the intensity of the light in vacuum and � is called the absorption
coe�cient of the medium. The imaginary part � of the complex refractive
index, also known as the extinction coe�cient, is related to absorption via

� =
4��

�0
; (11)

where �0 is the wavelength of the incident light. Due to the relation between
(7) and (8), the real part �2 of the dielectric function is related to the absorp-
tion of the material.

3.2 Excitons - Electron-Hole Interaction

As an electron in the valence band gets excited to the conduction band, an
electron hole, which is treated like a positively charged particle, remains in the
valence band. This results in an electron-hole pair, also known as exciton, due
to Coulomb interaction between these two charges. An exciton is a quasi-
particle and can be described via a two-particle picture.
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In general, two limiting cases of excitons are distinguished. Weakly bound
electron-hole pairs are called Wannier-Mott excitons and occur in most semi-
conductors because the valence electrons weaken the Coulomb interaction by
screening due to the large dielectric constant. If the binding energy between the
electron and the hole is strong, it is known as a Frenkel exciton. More detailed
information about excitons can be found in [5], for example. Electron-hole
interaction a�ects the energy spectrum and optical properties of a semicon-
ductor.

3.3 Critical Points

Critical points occur as peaks or shoulders in the spectrum of the imaginary part
of the dielectric function, where the joint density of states shows singularities,
called Van Hove singularities. By de�ning ECV = EC � EV the joint density of
states can be written as [5]

Dj(ECV ) =
1

4�3

∫
dSk

j�k(ECV )j
; (12)

where Sk is the energy surface where ECV 0 is constant. Therefore, a Van Hove
singularity occurs when j�k(ECV )j in (12) vanishes. That means that a transi-
tion takes place where the di�erence of the k-vectors is equal to zero.

Di�erent kinds of Van Hove singularities are distinguished for one-, two- and
three-dimensional space. In other words, Van Hove singularities can occur
in the form of minima, maxima or saddle points. The classi�cation of the
singularities depends on the number of negative coe�cients �i for i = 1; 2; 3

in the expansion of E(k) about a critical point

E(k) = E(0) + �1k
2

1
+ �2k

2

2
+ �3k

2

3
+ : : : (13)

for k=0 [5]. Four di�erent types of Van Hove singularities for three dimensions
can be distinguished, namely M0, M1, M2 and M3 critical points. In the case of
no negative �i 's, the critical point is a M0 critical point according to a minimum
in the interband separation, i.e. the energy with respect to the wave vector.
Saddle points correspond to either a M1 or M2 critical point and a maximum to
the M3 critical point. For a three-dimensional M0 critical point, for instance,
the imaginary part of the dielectric function shows a square root dependence
on energy for energies above the critical point energy. An example for such
a point would be the onset at the band gap energy (the E0 critical point) in
the spectrum of the imaginary part of the dielectric function of Ge, as can
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be seen in �gure 4 for an energy of about 0.88 eV. The critical point E1 and
E1 + �1, on the other hand, are examples for two-dimensional critical points
M1, having a logarithmic dependence on energy. An example for a mixture of
a three-dimensional M0 and a M1 critical points was used in [1] for the E0

0
and

E0
0
+ �0

0
critical points.

Figure 4: Imaginary part of the dielectric function of germanium at 10 K show-
ing several critical points.

In the spectrum of the real part of the dielectric function these critical points
can be identi�ed as peaks or shoulders. The critical point that is related to
transitions at the center of the Brillouin zone, i.e. the band gap of a material,
is denoted as E0. For the indirect band gap semiconductor germanium there is
also spin-orbit splitting denoted as �0 occurring at the �-point which results in
two peaks in the spectrum of the dielectric function, namely E0 and E0+�0. In
�gure 4 the E0 and E0+�0 critical points are shown alongside the other critical
points E1 and E1 + �1, E'0 and E'0 + �0

0
and E2. The E1 and E1 + �1 critical

points result from transitions along the � direction, E'0 and E'0+�0
0
along the

� direction and E2 corresponds to the X-point, as can be seen in �gure. For
the rest of this report, the E'0 and E'0 + �0

0
are considered to behave like one

single critical point E'0, since the spin-orbit splitting can hardly be perceived at
higher temperatures than 10 K.

In the case of linear optics, i.e. when the strength of an external �eld is weak,
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the dielectric function �(!) describes a linear response to an external �eld.
Linear response functions satisfy the Kramers-Kronig relations, which are

�1(!) = 1 +
2

�
CP

∫ 1

0

!0�2(!
0)

!02 � !2
d!0 (14)

for the real part and

�2(!) = �
2!

�
CP

∫ 1

0

�1(!
0)

!02 � !2
d!0 (15)

for the imaginary part of the dielectric function. The value CP is the socalled
Chauchy principle value (or just principle value) of the integral. The Kramers-
Kronig relations connect the two parts, so if, for example, the real part is
known, the imaginary part can be calculated.

Excitations of a semiconductor by excitons or phonons can be expressed by
Lorentz oscillators. It describes basically an electron bound to the core of
an atom which gets excited to harmonic oscillations by an external electric
�eld. Therefore, the equation for a Lorentz oscillator can be derived from the
equation of motion due to a damped harmonic oscillator

m
d2x

dt2
+m


dx

dt
�m!0x = �qF0e

i!t ; (16)

where m is the mass of the electron, 
 is a damping parameter, !0 is the
eigenfrequency of the undamped harmonic oscillator, q is the charge of the
electron, F0 is the amplitude and ! the frequency of the driving external �eld.
The solution of this equation of motion can be found as

x(t) = �
q

m

F0e
�i!t

!2

0
� ! + i
!

: (17)

The theory of Lorentz oscillators can be applied to the polarization of a material,
because the displacement of charges are directly related to the polarization.
Therewith, a similar equation for the dielectric function can be found

�(!) = �0

(
!2

p

!2

0
� ! + i
!

)
: (18)

with

!2

p =
Nq2

�0m
; (19)
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where N is the number of charges per unit volume and �0 is the permittivity
of vacuum. Equation (18) can be separated in a real and an imaginary part,
respectively.

As it is explained in [1], the dielectric function with respect to photon energy
can be modelled as

�(!) = C � Ae i�(! � Eg � i�)�; (20)

where A is the amplitude, Eg is the critical point energy, � is the broaden-
ing parameter, and � is the excitonic phase angle. The constant C is the
non-resonant background due to other critical points [3] and vanishes for the
second derivative, respectively.

3.4 Parametric Oscillator Model

For anaylzing the ellipsometric data, the parametric oscillator model described
in [4] is applied (the results are shown in section 5). The optical constants of
a semiconductor can be derived from the data by using this model that takes
advantage from being Kramers-Kronig consistent.

In principle, the model consists of a number of oscillators corresponding to crit-
ical point structures in the spectra of the optical constants. These oscillators
occur at certain photon energies (the critical point energies) and are de�ned
by a set of parameters, including a broadening and an amplitude.

All in all, the set of parameters consists of 13 di�erent parameters which all can
be varied in order to �nd the best �t to the data. An oscillator j at an center
energy Ej;C, having a broadening Bj and a center amplitude Aj , spans the range
from the lower energy Ej;L to the higher energy Ej;U. It is connected to the
oscillator i to the left and k to the right side. Here, it has to be noted that i , j
and k do not necessarily have to be placed "next to each other" in the spectrum
of the optical constants. There can be another critical point between them, for
example. The other �tting parameters are the upper and lower mid-positions,
upper and lower mid-amplitudes and upper and lower second order polynomial
factors. Another parameter is the amplitude discontinuity, which is related to
the joint density of states at the critical point, although it is mentioned in [4]
that within this model it is mainly a �tting parameter and does not really have

10
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a physical meaning.

In this work, eight oscillators are used, one for each critical point E0, E0 +�0,
E1, E1 + �1, E00, E2, another one for the low and broad peak occurring be-
tween 5.5 eV and 6 eV and a "dummy" critical point lying outside the range
of the measured ellipsometric data (above 7 eV), which is necessary to sustain
Kramers-Kronig consistency. Otherwise the model would not provide reason-
able results.

11
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4 Measurement of the Dielectric Function of Ger-

manium

Using an ellipsometer [6] at an incident angle of 70� the pseudodielectric func-
tion of the Ge sample was measured over a wide spectral range from 0.5 eV
to 6.5 eV for 31 di�erent temperatures between 10 K and 738 K. In �gure 5
the experimental setup can bee seen, showing the ellipsometer and the cryostat
which was used to create an ultra-high vacuum (UHV) environment for the Ge
sample.

Figure 5: Ellipsometer and cryostat [ellipsometry.nmsu.edu]

To cool the sample down below room temperature, liquid nitrogen (having its
boiling point at 77 K) and liquid helium (4 K) were used as cryogens. In the
background of �gure 5 the tank containing liquid nitrogen connected via an
isolated hose to the top of the cryostat can be seen. Two thermocouples were
applied in order to measure the temperature. While one was attached directly
to the sample surface to accurately show the temperature of the sample it-
self, the other one measured the temperature of the cryostat. We observed a

12
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di�erence between the values shown by the two thermocouples, i.e. the tem-
perature that was set and that of the sample, which increases with distance
to room temperature. For the lowest temperature that could be reached by
using liquid helium, the actual temperature of the sample was above that of
the gas, namely 10 K instead of 4 K. For the liquid nitrogen measurement we
observed a temperature of 20 K instead of 77 K. However, we trust the mea-
surement of the thermocouple attached to the sample surface to provide the
actual temperature of the sample accurately. For temperatures between 82 K
and room temperature, a heater connected to the cryostat had to be activated
in addition to the liquid nitrogen �ow. To keep the temperature in the vacuum
chamber stable, the correct amount of nitrogen �ow had to be found. To fur-
ther heat the sample up to temperatures above room temperature the heater
was simply set to the wanted temperature. For each measurement we had to
wait for the temperature to become stable. Once at an equilibrium, the sample
temperature was found to be relatively stable and only varied about �1 K.

On the surface of the bulk Ge substrate a native GeO2-layer forms as the sample
is exposed to air. Together with surface roughness the oxide layer in�uences the
measurement, i.e. it can cause depolarization which makes data interpretation
more di�cult. Therefore, we tried to minimize the thickness of the oxide layer.
To reduce the thickness of the oxide layer and to remove surface contamina-
tion, a cleaning procedure was performed prior to the measurements. First, the
sample was put into ultra pure water and an ultrasonic bath for 20 minutes,
then it was put into isopropyl alcohol and again an ultrasonic bath for another
20 minutes. The next step was to perform an ozone clean, which increased the
oxide layer thickness again. After the ozone clean which lasted for 30 minutes
the procedure using ultra pure water, isopropyl alcohol and the ultrasonic bath
was repeated.

Immediatly after the process of cleaning, the Ge probe was �xed to a copper
cold �nger using metal clamps covered by a gold-coated copper radiation shield
and put into a cryostat, where an ultra high vacuum (UHV) was produced. The
vacuum is needed to ensure that the sample does not get contaminated and
that the thickness of the GeO2-layer is stable over the whole temperature range.
In order to degas the chamber and the sample, the cryostat was heated up to
700 K and kept at that temperature for several hours. The base pressure of
the vacuum system was of the magnitude of 10�8 Torr, which is necessary to
avoid the growth of ice on the sample surface.
In �gure 6 the variation of the GeO2-layer thickness is shown with respect to
temperature. The thickness of the oxide layer varies between 8.5 Åand 11 Å.
The reason for the thicker layer at 10 K might be condensation of ice on the
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Figure 6: Thickness of the GeO2-layer with respect to temperature determined
with an ellipsometric measurement (9:7� 0:6 Å).

top of the sample, which can happen at such low temperatures. Over all, the
thickness is very stable over the whole temperature range, showing an average
of 9:7� 0:6 Å.

It was not possible to take the measurements over the whole spectral range
from 0.5 eV to 6.5 eV at once, since the light source and the corresponding
glass �bers only work in a certain region of the spectrum. For photon energies
between 0.5 eV and 3 eV, i.e from the visible range to the infrared (IR) range, a
quartz tungsten halogen (QTH) light source was used and a suitable glass �ber
for this energy range. In the range from 0.7 eV up to energies in the ultraviolet
(UV) range, i.e. higher than 3 eV, a xenon lamp was chosen as light source.
Consequently, for each temperature two measurements had to be taken. After
changing the light source, the lamp as well as the �ber had to be aligned and
calibrated, respectively. The overlap for each each measurement pair is 2.3 eV
(from 0.7 eV to 3 eV). Over all, the measurements at the two di�erent photon
energy ranges were found to be in good agreement and could be merged for
each temperature.

In order to achieve appropriate accuracy a step size of 10 meV was used for
all measurements except for the investigation of the E0 and E0 + �0 critical
points at low temperatures, where a smaller step size was chosen. Several
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measurements at 10 K were taken for step sizes of 10 meV, 5 meV, 1 meV and
0.5 meV. Additionally, the minimum slit width of the monochromator of the
ellipsometer was set to 1 mm instead of 2 mm, because it in�uences the reso-
lution and therefore the broadening of the measured data. For example, for a
measurement at an energy of 0.878 eV and a slit width of 2 mm the resolution
due to the instrument is �E = 5 meV , while for a slit width of 1 mm it is only
�E = 2:5 meV .

For each measurement, the sample was aligned prior to starting the measure-
ment to prevent inaccuracies due to thermal deformations. The windows of
the cryostat, which consist of quartz glass, can also have an impact on the
measurement and have to be considered. To eliminate this problem, a calibra-
tion prior to the measurement was performed.

Two di�erent kinds of detectors are used for di�erent energy ranges, an InGaAs
detector in the infrared region, and for the rest of the spectrum, a Si CCD de-
tector. The two detectors get switched automatically at a de�ned wavelength.
In addition, there are three wavelength dependent gratings in the monochroma-
tor which have to be changed at certain energies. The switches of the gratings
is performed automatically by the system as well. The switches of the detectors
and gratings can be visible in the measured spectra if the monochromator, the
light beam or the detectors are not calibrated perfectly.
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5 Data Analysis

The measured pseudodielectric functions h�i for the Ge-GeO2 layer system for
di�erent temperatures are shown in �gure 7.
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Figure 7: Pseudodielectric function of bulk Ge. Temperature dependence of
the real (�1, black) and imaginary (�2, blue) parts of the dielectric function
from 10 K to 738 K. The arrows indicate the temperature direction from the
lowest (10 K, red) to the highest (738 K) temperature.

The optical constants for GeO2 were taken from literature [7] and were sup-
posed to be temperature independent, so that for each measurement the di-
electric function of Ge could be determined by using a �tting procedure in two
main steps using a parametric oscillator model described in [4]. This model
imposes Kramers-Kronig consistency between the real and imaginary parts of
the dielectric function. With respect to our spectral range eight oscillators were
used, each of them occuring at a certain energy and described by a broadening
�, an amplitude A and other additional parameters as described in [4] and in
the previous section.

The �rst step was to determine the thickness of the GeO2-layer as a function
of temperature as shown in �gure 6 and to adjust the parameters of the model.
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In the second step, the GeO2-layer thickness was �xed at the value determined
in the �rst step and the oscillator parameters were varied until the best �t to
the data was found. This procedure was applied to all 31 measurements. The
resulting real (�1) and imaginary (�2) parts of the dielectric function of Ge for
each temperature is shown in �gure 8.
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Figure 8: Temperature dependence of the real (�1, black) and imaginary (�2,
blue) parts of the dielectric function of bulk Ge from 10 K to 738 K. The arrows
indicate the temperature direction from the lowest (10 K, red) to the highest
(738 K) temperature. Data �tted using the parametric oscillator model.

The red curves in �gure 7 show the real and imaginary parts of the pseudodi-
electric function at 10 K to be signi�cantly lower than expected as it does
not follow the trend of the rest of the data sets. The reason for this is the
condensation of a thin ice layer at this very low temperature, as mentioned in
the previous section. After applying the �tting procedure described above, the
dielectric function at 10 K reaches reasonable values since the thicker oxide
layer thickness has been considered.

Furthermore, it can be noticed that the structures in the spectra of the dielec-
tric functions and therefore the critical points are red-shifted, i.e. shifted to

17



Temperature dependent investigation of the dielectric function of Ge

lower energies, with increasing temperature, as was expected. This red-shift
has two contributions [2]. First, the thermal expansion of the lattice together
with a change of electron energies with volume causes a shift towards lower
energies. The second contribution comes from the renormalization of the elec-
tron energies due to electron-phonon interactions [2].

In the experiment, the total energy shift is measured, i.e. the sum of the
contributions due to the thermal expansion and renormalization due to the
electron-phonon interaction. The latter one can be described by the Bose-
Einstein occupation factor as

Erenorm(T ) = a0 � b0
[
1 + 2=

(
e�

0

B
=T � 1

)]
; (21)

where a0 is the unrenormalized transition energy, b0 the electron-phonon cou-
pling strength and k�0B the e�ective phonon energy.

The temperature dependence of the total energy shift, including the thermal
expansion contribution, can also be expressed via a Bose-Einstein relation

E(T ) = a � b
[
1 + 2=

(
e�B=T � 1

)]
: (22)

For the broadening of the critical points a similar expression using the Bose-
Einstein occupation factor can be found [1][3]

�(T ) = �1 + �0
[
1 + 2=

(
e�B=T � 1

)]
: (23)

Again, the parameter �0 corresponds to electron-phonon interaction.

5.1 Critical Point Parameters

In order to investigate the critical points the second derivatives d2�1=d
2 and

d2�2=d
2 of the complex dielectric function were calculated and analyzed. For

this purpose, a point-to-point �t ofthe dielectric function data was performed
and from this �t, the second derivatives were determined. Critical points are
represented by certain line shapes and are described by a broadening and an
amplitude as described in equations (21)-(23). These parameters can be found
by applying analysis based on the Savitzky-Golay coe�cients [3] and gives rea-
sonable results for the E1, E1 + �1, E00 and E2 critical points.
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However, for the E0 critical point this procedure does not work since the broad-
ening of the E0 peak is too narrow and hence the second derivative analysis is
not su�cient. To analyze the E0 critical point it might be more su�cient to
investigate the data not in direct but rather in reciprocal space using a Fourier
transform and study the resulting Fourier coe�cients.

In the tables 1 and 2 the parameters with respect to equations (22) and (23)
calculated by the second derivative method are listed and compared to the pa-
rameters of previous work.

Table 1: Parameters according to the Bose-Einstein occupation factor in equa-
tion (22) for the E0, E0 + �0, E1, E1 + �1, E'0 and E2 critical points. The
E0 and E0 + �0 critical points have been �tted using the parametric oscillator
model instead of the second derivative anaylsis method.

a (eV) b (eV) �B (K)

E0 0:948� 0:003 0:070� 0:004 296� 16

E0 + �0 1:232� 0:006 0:050� 0:009 213� 35

E1 2:292� 0:002 0:059� 0:003 198� 10

E1 [3] 2:295� 0:002 0:063� 0:004 218� 14

E1 [1] 2:33� 0:03 0:12� 0:04 360� 120

E1 + �1 2:494� 0:002 0:064� 0:003 213� 9

E1 + �1 [3] 2:494� 0:002 0:064� 0:003 218 (f)
E0
0

3:34� 0:02 0:15� 0:02 581� 42

E0
0
[3] 3:18� 0:02 0:05� 0:02 313� 107

E0
0
[1] 3:23� 0:02 0:08� 0:03 484� 136

E2 4:508� 0:006 0:044� 0:003 169� 41

E2 [3] 4:505� 0:006 0:05� 0:01 217� 41

E2 [1] 4:63� 0:05 0:17� 0:06 499� 127

In the following sections, the results for the critical point parameters for E1,
E1 + �1 and E2 determined by the second derivative analysis are presented.
Additionally, the E0 and E0 + �0 critical points are discussed.

5.1.1 Results for E1 and E1 + �1

In �gure 9 the temperature dependence of the E1 and E1 + �1 critical point
energies is presented. The energies have been determined using the second
derivative analysis described in the previous section. The �t to the data has
been calculated via equation (22) using the Bose-Einstein occupation factor.

19



Temperature dependent investigation of the dielectric function of Ge

Table 2: Broadening parameters according to the Bose-Einstein occupation
factor in equation (23) for the broadening of the E1, E1 + �1, E'0 and E2

critical points.

�1 (meV) �2 (meV) �B (K)

E1 6� 2 25� 3 341� 34

E1 [3] 11� 1 14:2� 0:3 218� 14

E1 [1] 12� 9 25� 3 376(f)
E1+�1 14� 1 20(f) 250(f)
E1+�1 [3] 22� 3 15:1� 0:6 218(f)
E1+�1 [1] 9� 8 43� 5 484(f)
E0
0

3:34� 0:02 0:15� 0:02 581� 42

E2 19� 14 53� 17 443� 41

E2 [3] 38� 2 22:1� 0:5 217(f)
E2 [1] 8� 5 69� 3 499(f)

In table 1 the parameters of the Bose-Einstein �t for this and for previous work
[1][3] can be found. The energies decrease with increasing temperature due to
thermal expansion and electron phonon interaction as mentioned above.

A deviation of the �ts of this work and [3] can be observed for both critical
points. The �ts for E1 + �1 agree at lower temperatures and start to deviate
from each other above approximately 420 K. The values of [3] are obviously
lower for higher temperatures. For the E1 critical point, on the other hand,
the �t corresponding to [3] shows higher values for temperatures above 140 K
while the �t corresponding to [1] shows lower values for higher temperatures
and deviates notably at temperatures below 160 K. It is not yet clear where
this deviations stem from, although it might be due to the lack of data in the
region below 100 K.
The temperature independent spin-orbit splitting �1 showing an average value
of 199 � 2 meV is shown in �gure 10. Compared to [3] it is found to be in
good agreement despite the deviation of the critical point energies mentioned
above. Also, like observed in [3], the values �uctuate more at temperatures
above 600 K and �0 is signi�cantly higher than in [1].
The values for the broadening � of the E1 and E1+�1 critical points �uctuate
more than those for the energies, especially for E1 + �1. Also, the deviation
compared to [1] and [3] is considerable. Nevertheless, it was possible to �nd a
reasonable �t by using equation 23. The values are compared to those of the
previous work in table 2.
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Figure 9: Temperature dependence of E1 (5) and E1 + �1(�) critical point
energies of bulk Ge. Fit to the data (solid lines) using the Bose-Einstein ex-
pression (22). Dashed and dash-dotted lines according to [3], dotted lines
according to [1].
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Figure 10: Energy di�erence �1 between the E1 and E1 + �1 critical point
energies of bulk Ge due to spin-orbit splitting.
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Figure 11: Temperature dependence of the broadening of the E1 and E1 + �1

critical points. Fit to the data (solid line) using the Bose-Einstein expression.
Dash-dotted line according to [3], dotted lines according to [1].
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The amplitudes shown in �gure 12 and the phase angles shown in �gure 13
show a similar behaviour and comparable values as in [3]. The phase angles are
the same for both critical points and compared to [3] they are shifted about
180�, which is consistent with theory.
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Figure 12: Amplitudes of the E1, E1 + �1 and E2 critical points.

5.1.2 Results for E2

The results for E2 critical point parameters are shown in �gures 14 to 17. Like
for the E1 and E1 + �1 critical points, the temperature dependence of the E2

energies deviates from those in [1] and [3].
The temperature dependence of the amplitudes, the broadening as well as for
the phase angles corresponding to the E2 critical points show a similar behaviour
than the parameters in [3]. At temperatures around room temperature, the �t
to the values of the braodening are comparable while for lower and higher tem-
peratures the deviation becomes signi�cant.
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Figure 13: Excitonic phase angle of the E1 and E1 + �1 critical points.
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Figure 14: Temperature dependence of the E2 critical point energies of bulk
Ge. Fit to the data (solid line) using the Bose-Einstein occupation factor.
Dash-dotted line according to [3], dotted lines according to [1].

24



Temperature dependent investigation of the dielectric function of Ge

0 100 200 300 400 500 600 700 800
7

8

9

10

11

12

13
Am

pl
itu

de
 o

f E
2

Temperature (K)

Figure 15: Amplitude of the E2 critical point.
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Figure 16: Temperature dependence of the broadening of the E2 critical point.
Fit to the data (solid line) using the Bose-Einstein expression. Dash-dotted
line according to [3], dotted lines according to [1].

25



Temperature dependent investigation of the dielectric function of Ge

0 100 200 300 400 500 600 700 800
300

310

320

330

340

350
Ph

as
e 

an
gl

e 
of

 E
2 (

de
g)

Temperature (K)

Figure 17: Excitonic phase angle of the E2 critical point.

5.1.3 Results for E0 and E0 + �0

In �gures 19 to 22 the real and imaginary parts of the pseudodielectric func-
tion are shown in the energy range from 0.5 eV to 1.3 eV including the E0

and E0 + �0 critical points at �ve di�erent temperatures between 10 K and
652 K. The dash-dotted vertical lines indicate the energies of the E0 critical
point and the solid vertical lines those of the E0 + �0 critical points. These
energies were determined using the parametric oscillator model described above.

For temperatures above 650 K the data below 0.6 eV becomes very noisy. The
reason for this increaseof noise in the infrared region is supposed to be black-
body radistion. By using a simple iris behind the windows of the cryostat, the
noise could be signi�cantly decreases.

For the measurements at room temperature and above a step size of 10 meV
and a monochromator slit width of at least 2 mm were used, while at 10 K the
step size was set to 1 meV and a slit width minimum of 1 mm was chosen in
order to resolve the structures of the E0 and E0+�0 critical points as accurate
as possible.

Like for the other critical points occurring at higher energies, a red-shift of
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Figure 18: Infrared measurement: Critical points E0 and E0 + �0 at the tem-
perature reached by the use of liquid helium, i.e. 10 K. For this measurement,
a step size of 1 meV and a slit width minimum of 1 mm were used. The vertical
lines indicate the critical point energies of E0 (dash-dotted) and E0+�0 (solid)
obtained by a parametric oscillator �t.
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Figure 19: Infrared measurement: Critical points E0 and E0 + �0 at the liquid
nitrogen temperature, i.e. 82 K. The vertical lines indicate the critical point
energies of E0 (dash-dotted) and E0 + �0 (solid) obtained by a parametric
oscillator �t.
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Figure 20: Infrared measurement: Critical points E0 and E0 + �0 at room
temperature. The vertical lines indicate the critical point energies of E0 (dash-
dotted) and E0 + �0 (solid) obtained by a parametric oscillator �t.
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Figure 21: Infrared measurement: Critical points E0 and E0 + �0 at 568 K.
The vertical lines indicate the critical point energies of E0 (dash-dotted) and
E0 + �0 (solid) obtained by a parametric oscillator �t.
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Figure 22: Infrared measurement: Critical points E0 and E0 + �0 at 652 K.
The vertical lines indicate the critical point energies of E0 (dash-dotted) and
E0+�0 (solid) obtained by a parametric oscillator �t. For energies below about
0.6 eV the data starts to become noisy.
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Figure 23: Temperature dependence of the E0 (5) and E0+�0(�) critical point
energies of bulk Ge. The energies have been determined using a parametric
oscillator model. Fit to the data (solid lines) using the Bose-Einstein occupation
factor described in equation (22).
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Figure 24: Energy di�erence �0 between the E0 and E0 + �0 critical point
energies of bulk Ge due to spin-orbit splitting.

the E0 and E0 + �0 critical points is observed. This temperature dependence
of the E0 and E0 + �0 critical point energies can also be seen in �gure 23,
which shows the energies determined by using the parametric oscillator model.
The �t to the data has been calculated using equation (22), the corresponding
parameters can be found in table 1.

The spin-orbit splitting �0, which approximately �uctuates between 278 meV
and 300 meV, is supposed to be temperature independent. In fact, as can be
seen in �gure 10, a slight deviation at lower temperatures is observed. This
might be due to an error in �tting the data and has to be determined and
further analyzed.

It also has to be noted that the analysis of the critical points E0 and E0 + �0

using the second derivative method as described above and which was used for
the other critical points does not provide reasonable data for the broadening of
E0 and E0 + �0. The broadening calculated by this analysis method is smaller
than the resolution �E = 2:5 meV of the instrument. Also, excitonic e�ects
have not been taken into account so far, but could be considered using the
Tanguy model. Further analysis will be necessary to �nd the E0 and E0 + �0

critical point parameters and excitonic e�ects.
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The two detectors were switched at an energy of 1.181 eV. This switch is
visible in our data. It does not a�ect the analysis for the measurements at
temperatures of 82 K and higher, but it is signi�cant for the E0 + �0 critical
point at 10 K because at that temperature the energy of E0+�0 is found to be
approximately 1.18 eV. It was possible to remove the step from the measured
data afterwards so that the critical point after all can be resolved as is shown in
�gure 23, where the step has been removed. At the higher temperatures, the
step is still visible, but does not the critical points since they are shifted to lower
energies. In addition, very small steps due to the gratings changes described in
the experimental section were obtained. Fortunately, the magnitude of these
steps was low enough to be neglected since it had no in�uence on the analysis
of the data.
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6 Conclusion and Outlook

The measurement of the dielectric function of germanium (Ge) for di�erent
temperatures over a broad spectral range delivered valuable results. It was
possible to investigate the critical point E0 which occurs at the indirect band
gap energy of Ge. At low temperatures we were even able to measure the very
low peak corresponding to the E0+�0 critical point, where �0 is the spin-orbit
splitting at the �-point of the Brillouin zone. For these low temperatures we
used small step sizes of 0.5 meV, 1 meV and 2 meV together with a slit width
of 1 mm which made it possible to resolve the very narrow and small peaks
regarding to E0 and E0+�0.

The analysis of the critical points E1, E1+�1 and E2 provided values which are
in agreement with literature [1] [3]. For all critical points a temperature de-
pendent energy shift was observed. This red-shift has two main contributions,
one coming from thermal expansion and the other one from renormalization of
energies due to electron-phonon interaction [1]. Also for the E0 and E0+�0 crit-
ical points a shift to lower energies for increasing temperature could be found.
The temperature dependence of the E0 and E0+�0 critical point energies can
be described in the same way as for the other critical point via an expression
using the Bose-Einstein occupation factor.

As the E0 and E0+�0 peaks show a very small broadening and amplitude, the
commonly used method to �nd the critical point parameters by analyzing the
second derivative of the dielectric function did not deliver reasonable results.
Therefore, a more precise method has to be applied. By calculating the Fourier
coe�cients and removing endpoint discontinuities of a chosen segment contain-
ing the E0 and E0+�0 critical points, it should be possible to �nd the energies,
the broadenings and amplitudes.
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