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How to navigate a robot through obstacles?

Eduard Eiben* Iyad Kaan

Abstract

We consider the following motion-planning problem: Given a set of obstacles in the plane,
can we navigate a robot between two designated points without crossing more than k different
obstacles? Equivalently, can we remove k obstacles so that there is an obstacle-free path between
the two designated points? This problem is known to be NP-hard, even when each obstacle is
either a square or a straight-line segment. It can be formulated and generalized into the following
graph problem: Given a planar graph G whose vertices are colored by color sets, two designated
vertices s,t € V(G), and k € N, is there an s-t path in G that uses at most k colors? If each
obstacle is connected, the resulting graph from this formulation satisfies the property that each
color induces a connected subgraph.

In this work, we study the complexity and design algorithms for this motion-planning prob-
lem. We first show that the problem is W[SAT]-hard parameterized by k, and is W[1]-complete
on graphs of pathwidth 4 parameterized by both k and the length of the path. We then focus
on the case where each color is connected. We first show that this problem is NP-hard, even
when restricted to 2-outerplanar graphs of pathwidth 3. We then exploit the planarity of the
graph and the connectivity of the colors to prove the following graph-theoretic structural result.
For any vertex v in the graph, there exists a set of paths whose cardinality is upper bounded by
some function of k, that “represents” the valid s-t paths containing subsets of colors from v. We
then employ this structural result to design an FPT algorithm for the problem parameterized
by both k and the treewidth of the graph.

Keywords. parameterized complexity and algorithms; planar graphs; treewidth;
motion planning.

1 Introduction

1.1 Problem Definition and Motivation

Motion planning is an important subject with applications in Robotics, Computational Geometry,
Graphics, and Gaming, among others [20]. The goal in motion planning problems is generally to
move a robot from a starting position to a final position, while avoiding collision with a set of
obstacles. This is usually referred to as the piano-mover’s problem. This work is concerned with
a variant of the piano-mover’s problem, where the obstacles are in the Euclidean plane and the
robot is represented as a point in the plane. Since determining if there is an obstacle-free path for
the robot in this case is solvable in polynomial time, if no such path exists, it is natural to seek a
path that intersects as few obstacles as possible. More formally, in the setting under consideration,
we are given a set of obstacles in the plane, and £ € N, and we need to determine if there is a
path for the robot from the starting position to the final position that crosses at most k different
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obstacles; equivalently, we need to determine if we can remove at most k obstacles so that there
is an obstacle-free path for the robot. By considering the auxiliary plane graph that is the dual
of the plane subdivision determined by (the regions formed by) the obstacles, the problem can be
formulated and generalized into the following graph problem. We are given a planar graph G, each
of whose vertices is colored by a (possibly empty) color set, two designated vertices s,t € V(G), and
k € N, and we need to decide if there is an s-t path in G that uses at most &k colors. See Figure 1 for
illustrations. We assume that the regions formed by the obstacles can be computed in polynomial
time. The obstacles may or may not contain their interiors. If the intersection of two obstacles is
not a 2-D region, we can thicken the borders of the obstacles without changing the sets of obstacles
they intersect, so that their intersection becomes a 2-D region.

Figure 1: Illustration of instances of the problem under consideration drawn within a bounding
box. The figure on the left shows an instance in which the optimal path crosses two obstacles,
zigzagging between the other obstacles. The figure on the right shows an instance and its auxiliary
plane graph.

Both the geometric and combinatorial problems were studied under the name MINIMUM CON-
STRAINT REMOVAL [7, 8, 11, 13|. Hauser [13] refers to the geometric problem as the CONTINUOUS
MINIMUM CONSTRAINT REMOVAL problem, and to the more general combinatorial one as the PLA-
NAR DISCRETE MINIMUM CONSTRAINT REMOVAL problem. Hauser [13| considered the DISCRETE
MINIMUM CONSTRAINT REMOVAL problem on general graphs, and showed it to be NP-hard via a
reduction from the SET COVER problem. He also showed how this reduction from SET COVER can
be slightly modified to yield instances of PLANAR DISCRETE MINIMUM CONSTRAINT REMOVAL
problem, thus showing its NP-hardness [13]. Although it was not mentioned in [13], the reduction
from SET COVER to PLANAR DISCRETE MINIMUM CONSTRAINT REMOVAL is an FPT-reduction,
implying the W[2]-hardness of this problem as well. Hauser [13] also implemented and tested several
algorithms for both the CONTINUOUS MINIMUM CONSTRAINT REMOVAL and the DISCRETE MIN-
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IMUM CONSTRAINT REMOVAL problems. Gorbenko and Popov [11] proposed a heuristic algorithm
that is based on reducing the DISCRETE MINIMUM CONSTRAINT REMOVAL problem to SAT, and
then using SAT-solvers. Erickson and LaValle [8] showed that the CoNTINUOUS MINIMUM CON-
STRAINT REMOVAL problem is NP-hard, even when each obstacle is either a square or a straight-line
segment. A recent work of the authors of this paper, among others, refines the result of Erickson
and LaValle [8] to show that the problem remains NP-hard even if all the obstacles are axes-parallel
rectangles, and even if all the obstacles are line segments such that no three intersect at the same
point [7]. In the same recent work, exact and heuristic algorithms for the problem have also been
developed [7]. There is also a related problem that is solvable in polynomial time, which has received
considerable attention [2, 14, 15|, where the goal is to find a shortest path w.r.t. the Euclidean length
between two given points in the plane that intersects at most k& obstacles. We mention that both
the CONTINUOUS MINIMUM CONSTRAINT REMOVAL and the DISCRETE MINIMUM CONSTRAINT
REMOVAL problems generalize a set of problems, in which the objective is to determine a minimal
set of reasons to why a task cannot be performed (e.g., see [1, 21]). They also fall into the category
of many computationally-hard problems on colored graphs, where the objective is to compute a
graph structure satisfying certain (desired) properties that uses the minimum number of colors.

1.2 Our Contributions

We consider the PLANAR DISCRETE MINIMUM CONSTRAINT REMOVAL problem, that we refer to
in this paper as OBSTACLE REMOVAL, and a restriction of it that we refer to as CONNECTED OB-
STACLE REMOVAL. The CONNECTED OBSTACLE REMOVAL problem is the restriction of OBSTACLE
REMOVAL to instances satisfying that, for every color in the graph, the set of vertices on which this
color appears induces a connected subgraph. Clearly, these problems model and generalize the two
variants of the CONTINUOUS MINIMUM CONSTRAINT REMOVAL problem, distinguished based on
whether or not the obstacles are connected regions of the plane; we refer to these two geometric
counterpart problems as GEOMERTIC OBSTACLE REMOVAL and GEOMERTIC CONNECTED OBSTA-
CLE REMOVAL. We note that we do not treat the more general DISCRETE MINIMUM CONSTRAINT
REMOVAL problem (i.e., on general graphs), because, as we point out in Remark 3.11, this problem
is computationally very hard, even when restricted to instances in which each color is connected.

We start in Section 3 by studying the complexity and the parameterized complexity of OBSTA-
CLE REMOVAL and CONNECTED OBSTACLE REMOVAL. Our first hardness result shows that both
problems are NP-hard, even when restricted to graphs of small outerplanarity and pathwidth, and
that it is unlikely that they can be solved in subexponential time:

e OBSTACLE REMOVAL is NP-complete, even for outerplanar graphs of pathwidth at most 2
and in which every vertex contains at most one color (Theorem 3.1).

e CONNECTED OBSTACLE REMOVAL is NP-complete even for 2-outerplanar graphs of pathwidth
at most 3 (Corollary 3.2).

e Unless ETH fails, CONNECTED OBSTACLE REMOVAL (and hence OBSTACLE REMOVAL) is
not solvable in subexponential time, even for 2-outerplanar graphs of pathwidth at most 3
and in which each color appears at most 4 times (Corollary 3.3).

The reduction used to prove the first result above produces combinatorial instances of OBSTACLE
REMOVAL that can be realized as geometric instances of GEOMERTIC OBSTACLE REMOVAL, in
which the number of obstacles that overlap at any region is at most 2, and the auxiliary graph of
the instance satisfies the properties in the statement of the result. Thus, this hardness result extends
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to the aforementioned restriction of GEOMERTIC OBSTACLE REMOVAL. This reduction, which is
modified to yield the other two results above for CONNECTED OBSTACLE REMOVAL, produces
combinatorial instances that can be realized as geometric instances of GEOMERTIC CONNECTED
OBSTACLE REMOVAL whose auxiliary graph satisfies the statements in the result, and in which no
more than four obstacles overlap at any region, again showing that the hardness results extend to
these restrictions of GEOMERTIC CONNECTED OBSTACLE REMOVAL.

We then study the parameterized complexity of OBSTACLE REMOVAL and CONNECTED OB-
STACLE REMOVAL. It is easy to see that all these problems, including DISCRETE MINIMUM CON-
STRAINT REMOVAL, are in the parameterized class XP. Our first set of results shows that the
color-connectivity property is crucial for any hope for an FPT-algorithm, as we show that even very
restricted instances and combined parameterizations of OBSTACLE REMOVAL are W|1]-complete:

e OBSTACLE REMOVAL, restricted to instances of pathwidth at most 4, and in which each vertex
contains at most one color and each color appears on at most 2 vertices, is W[1]-complete
parameterized by k (Theorem 3.8).

e OBSTACLE REMOVAL, parameterized by both k& and the length of the sought path ¢, is W|[1]-
complete (Theorem 3.7).

Without any restrictions, the OBSTACLE REMOVAL problem sits high in the parameterized
complexity hierarchy:

e OBSTACLE REMOVAL, parameterized by k, is W|[SAT|-hard (Theorem 3.10) and is in W|P]
(Theorem 3.9).

By producing a generic construction that can be used to realize any combinatorial instance
of OBSTACLE REMOVAL as a geometric instance of GEOMERTIC OBSTACLE REMOVAL, the above
results about OBSTACLE REMOVAL extend to the restriction of GEOMERTIC OBSTACLE REMOVAL
to instances whose auxiliary graphs satisfy the properties in the statements of the results. The only
thing that may be affected by this geometric realization is the number of obstacles that overlap at
any region, which corresponds to the number of colors at the vertex in the graph that corresponds
to the region; this number might increase by at most 4.

As we note in Remark 3.11, the color connectivity property without the planarity of the input
graph is a hopeless case: we can tradeoff planarity for color-connectivity by adding a single vertex
that serves as a color-connector, thus establishing the W[SAT|-hardness of the connected obstacle
removal problem on apex graphs. Therefore, after establishing the aforementioned hardness results,
we focus our attention on CONNECTED OBSTACLE REMOVAL. We show the following result:

e CONNECTED OBSTACLE REMOVAL, parameterized by both k and the treewidth w of the input
graph, is in FPT (Theorem 5.12).

The folklore dynamic programming approach based on tree decomposition, that is used for
the HAMILTONIAN PATH/CYCLE problems, does not work for CONNECTED OBSTACLE REMOVAL
for the following reasons. As opposed to the HAMILTONIAN PATH/CYCLE problems, where it is
sufficient to keep track of how the path/cycle interacts with each bag in the tree decomposition,
this is not sufficient in the case of CONNECTED OBSTACLE REMOVAL because we also need to keep
track of which color sets are used on both sides of the bag. Although (by color-connectivity) any
subset of colors appearing on both sides of the bag must appear on vertices in the bag as well, there
can be too many such subsets (up to |C|*, where C is the set of colors), and certainly we cannot
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afford to enumerate all of them if we seek an FPT algorithm. To overcome this issue, we prove in
Section 4 structural results that exploit the planarity of the graph and the connectivity of the colors
to show the following. For any vertex w € V(G), and for any pair of vertices u,v € V(G), the set
of (valid) u-v paths in G — w that use colors appearing on vertices in the face of G — w containing
w can be “represented” by a minimal set of paths P whose cardinality is a function of k. To derive
such an upper bound on the cardinality of P, we select a maximal set M of color-disjoint paths in
P, and show that the cardinality of P is upper bounded by that of M multiplied by some function
of k. The problem then reduces to upper bounding |M|. To do so, we use an inductive proof whose
main ingredient is showing that the subgraph induced by the paths in M has a u-v vertex-separator
of cardinality O(k). We then upper bound | M| by upper bounding the number of different traces
of the paths of M on this small separator, and inducting on both sides of the separator.

In Section 5, we extend the notion of a minimal set of paths w.r.t. a single vertex to a “repre-
sentative set” of paths w.r.t. a specific bag, and a specific enumerated configuration for the bag, in
a tree decomposition of the input graph. This enables us to use the upper bound on the cardinality
of a minimal set of paths, derived in Section 4, to upper bound the size of a representative set of
paths w.r.t. a bag and a configuration. This, in turn, yields an upper bound on the size of the table
stored at a bag, in the dynamic programming algorithm, by a function of both k and the treewidth
of the input graph, thus yielding the desired result.

In Section 6 we extend the FPT results for CONNECTED OBSTACLE REMOVAL w.r.t. the com-
bined parameters k and w—the treewidth of the input graph, to show that the Connected Obstacle
Removal problem parameterized by both k and the length ¢, is FPT:

e BOUNDED-LENGTH CONNECTED OBSTACLE REMOVAL parameterized by both k£ and the
length of the path is in FPT(Theorem 6.13).

We then present some applications of the above result to show that CONNECTED OBSTACLE

REMOVAL, restricted to instances in which the number of occurrences of each color is bounded, is
FPT:

e BOUNDED-INTERSECTION CONNECTED OBSTACLE REMOVAL is FPT (Theorem 6.15).

Clearly, all our FPT results extend to the restriction of GEOMERTIC CONNECTED OBSTACLE
REMOVAL to instances whose auxiliary graphs satisfy the properties in the statements of the results.

The above result has applications pertaining to instances of GEOMERTIC CONNECTED OB-
STACLE REMOVAL whose auxiliary graph is an instance of BOUNDED-INTERSECTION CONNECTED
OBSTACLE REMOVAL. In particular, an interesting case that was studied in the literature corre-
sponds to the case in which the obstacles are convex polygons, each intersecting at most a constant
number of other polygons. The complexity of this problem was left as an open question in [8], and
remains unresolved. The above results shows that this problem is FPT.

We finally mention that it remains open whether CONNECTED OBSTACLE REMOVAL is FPT
parameterized by k only.

2 Preliminaries

We assume familiarity with the basic notations and terminologies in graph theory and parameterized
complexity. We refer the reader to the standard books [5, 6] for more information on these subjects.
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Graphs. All graphs in this paper are simple (i.e., loop-less and with no multiple edges). Let G
be an undirected graph. For an edge e = wv in G, contracting e means removing the two vertices u
and v from G, replacing them with a new vertex w, and for every vertex gy in the neighborhood of
v or v in GG, adding an edge wy in the new graph, not allowing multiple edges. Given a vertex-set
S C V(G), contracting S means contracting the edges between the vertices in S to obtain a single
vertex at the end.

A graph is planar if it can be drawn in the plane without edge intersections (except at the
endpoints). An apex graph is a graph in which the removal of a single vertex results in a planar
graph. A plane graph has a fixed drawing. Each maximal connected region of the plane minus the
drawing is an open set; these are the faces. One is unbounded, called the outer face. An outerplane
graph is a plane graph for which every vertex is incident to the outer face; and outerplanar graph
is a graph that has such a plane embedding. An i-outerplane graph (resp. i-outerplaner graph),
for ¢« > 1, is defined inductively as a graph such that the removal of its outer face results in an
(¢ — 1)-outerplane graph (resp. (i — 1)-outerplaner graph) graph.

Let S be a set of points in the plane, and let C7,Cy be two non self-intersecting curves that
meet S in precisely their common endpoints a and b. We say that Cy and Cs are isotopic w.r.t. S
(also known as homotopic rel. boundary) if there is a continuous deformation from C; to Co through
curves between a and b such that no intermediate curve in this deformation meets a vertex of S in
its interior.

Let Wi = (u1,...,up) and Wa = (v1,...,v¢), »,q € N, be two walks such that u, = v;.
Define the gluing operation o that when applied to Wi and W5 produces that walk Wi o Wy =
(Ul .oy Up, V2, ..o, Vg).

For a graph G and two vertices u,v € V(G), we denote by dg(u,v) the distance between u and
v in G, which the length of a shortest path between u and v in G.

Treewidth, Pathwidth and Tree Decomposition.

Definition 2.1. Let G = (V, E) be a graph. A tree decomposition of G is a pair (V,7T) where V is
a collection of subsets of V' such that (Jx,c,, =V, and T is a rooted tree whose node set is V, such
that:

1. for every edge {u,v} € E, there is an X; € V, such that {u,v} C X;; and
2. for all X;, X;, X, € V, if the node X lies on the path between the nodes X; and X}, in the
tree 7, then X; N X, C Xj.

The width of the tree decomposition (V,T) is defined to be max{|X;| | X; € V} — 1. The
treewidth of the graph G is the minimum width over all tree decompositions of G.

A path decomposition of a graph G is a tree decomposition (V,7T) of G, where T is a path. The
pathwidth of a graph G is the minimum width over all path decompositions of G.
A tree decomposition (V,T) is nice if it satisfies the following conditions:

1. Each node in the tree 7 has at most two children.

2. If anode X; has two children X; and X}, in the tree 7, then X; = X; = Xj; in this case node
X, is called a join node.

3. If a node X; has only one child X; in the tree T, then either |X;| = |X;| + 1 and X; C X,
and in this case Xj is called an insert node; or |X;| = |X;| — 1 and X; C X, and in this case
X; is called a forget node.

4. If X; is a leaf node or the root, then X; = 0.
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Boolean Circuits and Parameterized Complexity. A circuit is a directed acyclic graph. The
vertices of indegree 0 are called the (input) wvariables, and are labeled either by positive literals x;
or by negative literals T;. The vertices of indegree larger than 0 are called the gates and are labeled
with Boolean operators AND or OR. A special gate of outdegree 0 is designated as the output gate.
We do not allow NOT gates in the above circuit model, since by De Morgan’s laws, a general circuit
can be effectively converted into the above circuit model. A circuit is said to be monotone if all its
input literals are positive. The depth of a circuit is the maximum distance from an input variable to
the output gate of the circuit. A circuit represents a Boolean function in a natural way. The size of
a circuit C, denoted |C], is the size of the underlying graph (i.e., number of vertices and edges). An
occurrence of a literal in C' is an edge from the literal to a gate in C. Therefore, the total number of
occurrences of the literals in C is the number of outgoing edges from the literals in C to its gates.

We say that a truth assignment 7 to the variables of a circuit C' satisfies a gate g in C if 7
makes the gate g have value 1, and that 7 satisfies the circuit C if T satisfies the output gate of C.
A circuit C is satisfiable if there is a truth assignment to the input variables of C' that satisfies C.
The weight of an assignment 7 is the number of variables assigned value 1 by 7.

A parameterized problem () is a subset of Q* x N, where (Q is a fixed alphabet. Each instance
of the parameterized problem @ is a pair (x, k), where k € N is called the parameter. We say that
the parameterized problem Q is fized-parameter tractable (FPT) [6], if there is a (parameterized)
algorithm, also called an FPT-algorithm, that decides whether an input (z, k) is a member of @ in
time f(k)-|z|°M), where f is a computable function. Let FPT denote the class of all fixed-parameter
tractable parameterized problems.

A parameterized problem @ is FPT-reducible to a parameterized problem @’ if there is an
algorithm, called an FPT-reduction, that transforms each instance (x,k) of @ into an instance
(2, k") of Q" in time f(k) - |z|°M), such that k' < g(k) and (x,k) € Q if and only if (z/, k") € @',
where f and g are computable functions. By FPT-time we denote time of the form f(k) - o9,
where f is a computable function and |z| is the input instance size.

Based on the notion of FPT-reducibility, a hierarchy of parameterized complexity, the W-
hierarchy | J,~o W[t], where W[t] C W[t +1] for all ¢ > 0, has been introduced, in which the 0-th level
WJ0] is the class FPT. The hardness and completeness have been defined for each level W[i] of the
W-hierarchy for ¢ > 1 [6]. It is commonly believed that W[1] # FPT (see [6]). The W|[1]-hardness
has served as the main working hypothesis of fixed-parameter intractability.

The class W|SAT] contains all parameterized problems that are FPT-reducible to the weighted
satisfiability of Boolean formulas. It contains the classes W[t|, for every ¢ > 0. Boolean formulas can
be represented (in polynomial time) by Boolean circuits that are in the normalized form (see [6]). In
the normalized form every (nonvariable) gate has outdegree at most 1, and the gates are structured
into alternating levels of ORs-of-ANDs-of-ORs.... Therefore, the underlying undirected graph of the
circuit with the input variables removed is a tree; the input variables can be connected to any gate
in the circuit, including the output gate. The class W|P| contains all parameterized problems that
are FPT-reducible to the weighted satisfiability of Boolean circuits of polynomial size, and contains
the class W[SAT].

The Exponential Time Hypothesis (ETH) states that the satisfiability of k-CNF Boolean formulas,
where k > 3, is not decidable in subexponential-time O(2°(™), where n is the number of variables
in the formula. ETH has become a standard hypothesis in complexity theory for proving hardness
results that is closely related to the computational intractability of a large class of well-known NP-
hard problems, measured from a number of different angles, such as subexponential-time complexity,
fixed-parameter tractability, and approximation.

The asymptotic notation O* suppresses a polynomial factor in the input length.
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OBSTACLE REMOVAL and CONNECTED OBSTACLE REMOVAL. For a set S, we denote by 2° the

power set of S. Let G = (V, E)) be a graph, let C' C N be a finite set referred to as a set of colors, and

let x : V. — 29, A vertex v in V is said to be empty if x(v) = (). We say that a color ¢ appears on,

or is contained in, a subset of vertices S if ¢ € |J,cg x(v). For two vertices u,v € V(G), a u-v path

P =(u=wp,...,v, =0) in G is said to be C-valid if ||J_, x(v;)| < ¢; that is, if the total number

of colors appearing on the vertices of P is at most £. A color ¢ € C is connected in G, or simply

connected—if it is clear from the context which graph is meant, if ceC(v){U} induces a connected

subgraph of G. The graph G is said to be color-connected, if for each ¢ € C, ¢ is connected in G.
The OBSTACLE REMOVAL problem is formally defined as follows:

OBSTACLE REMOVAL

Given: A planar graph G; a set of colors C; x : V. — 2% and two designated vertices s,t € V(G)

Parameter: &

Question: Does there exist a k-valid s-t-path in G7

We denote by CONNECTED OBSTACLE REMOVAL the restriction of OBSTACLE REMOVAL to
instances in which the input graph G is color-connected.

For an instance (G, C, x, s, t, k) of OBSTACLE REMOVAL or CONNECTED OBSTACLE REMOVAL,
if s and ¢ are nonempty vertices, we can remove their colors and decrement k by |x(s)Ux(t)| because
their colors appear on every s-t path. If afterwards k& becomes negative, then there is no k-valid
s-t path in G. Moreover, if s and ¢ are adjacent, then the path (s,t) is a path with the minimum
number of colors among all s-t paths in G. Therefore, we will assume the following:

Assumption 2.2. For an instance (G,C,x, s,t, k) of OBSTACLE REMOVAL or CONNECTED OB-
STACLE REMOVAL, we can assume that s and t are nonadjacent empty vertices.

Definition 2.3. Let s,t be two designated vertices in G, and let z,y be two adjacent vertices in
G such that x(x) = x(y). We define the following operation to x and y, referred to as a color
contraction operation, that results in a graph G’, a color function x’, and two designated vertices
s',t' in G’, obtained as follows:

e (' is the graph obtained from G by contracting the edge xy, which results in a new vertex z;
o s’ =35 (resp. t' =t)if s ¢ {z,y} (resp. t ¢ {x,y}), and s’ = z (resp. ' = z) otherwise; and
o ' : V(G") — 2€ is the function defined as x'(w) = x(w) if w # z, and x¥'(2) = x(x) = x(y).

G is irreducible if there does not exist two vertices in G to which the color contraction operation is
applicable.

Lemma 2.4. Let G be a color-connected plane graph, C a color set, x : V. — 2¢, st € V(G),
and k € N. Suppose that the color contraction operation is applied to two vertices in G to obtain
G, X', §,t', as described in Definition 2.3. Then G’ is a color-connected plane graph, and there is
a k-valid s-t path in G if and only if there is a k-valid s'-t' path in G'.

Proof. Let z and y be the two adjacent vertices in G to which the color contraction operation
is applied, and let z be the new vertex resulting from this contraction. It is clear that after the
contraction operation the obtained graph G’ is a plane color-connected graph.

Suppose that there is a k-valid s-t path in G, and let P = (s = vg, ..., v, = t) be such a path.
We can assume that P is an induced path. If no vertex in {z,y} is on P, then P’ = P is a k-valid
s'-t' in G'. If exactly one vertex in {z,y}, say x, is on P, then since the color set of every vertex
other than x on P is the same before and after the contraction operation, and since x’(z) = x(x),
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the path P’ obtained from P by replacing x with z is a k-valid s’-t' in G’. (Note that if x = s then
s’ = z, and replacing = with z on P is obsolete in this case.) Finally, if both 2 and y are on P, then
since P is induced, x and y must appear consecutively on P. Without loss of generality, assume

x = v; and y = v;41, for some i € {0,...,r — 1}. Since the color set of every vertex other than z
and y on P is the same before and after the operation, and since x/'(z) = x(x) = x(y), the path
P =(s=wv9,...,0i-1,2,0i41,...,t = v;) is a k-valid §'-t' path in G’.

Conversely, suppose that there is a k-valid s'-t' path in G', and let P’ = (s’ = v, ..., v, = t'),
where p > 0, be such a path. If z does not appear on P’ then P’ is a k-valid s-t path in G.
Otherwise, z = v} for some i € {0,...,p}. If i = 0 and P’ consists only of vertex z, then since

x(x) = x(y) = X'(2), either s = ¢, and in which case there is a trivial k-valid s-t path in G, or
s # t, and in this case P = (x,y) is a k-valid s-t path in G. Otherwise, when i = 0 we must have
s=xzors=uy, v, €G foric€ [p], and ¢ = t; without loss of generality, assume that s = z. Since
z is adjacent to v}, either x = s or y (or both) is adjacent to v]. Since x(z) = x(y) = X'(2), if z

is adjacent to vy then P = (s = x,v},...,v, = t') is a k-valid s-t path in G, and if y is adjacent
to vy then P = (s = z,y,v],...,v, = t') is a k-valid s-t path in G. The case is similar if i = p.
Suppose now that ¢ # 0 and 7 # p. If x (resp. y) is adjacent to both v/_; and v}_,, then the path
P = (8,01, ,Vi_1, 2,0, 1,..-,0, = t) (vesp. P = (8,v1,...,V;_1,¥,Vj q,...,v, = t) is a k-valid
s-t-path in G; otherwise, one vertex in {z,y}, say z, must be adjacent to v;_;, and the other vertex
y must be adjacent to v;,,. In this case the path P = (s,v],...,0_1, 2,9,V ,...,v, = 1) is a
k-valid s-t-path in G. O

3 Hardness Results

In this section, we study the complexity and the parameterized complexity of OBSTACLE REMOVAL
and CONNECTED OBSTACLE REMOVAL. We start by showing that both problems are NP-hard,
even when restricted to graphs of small outerplanarity and pathwidth.
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Figure 2: Hlustration of the construction in the proof of Theorem 3.1. The left figure shows the
geometric instance of OBSTACLE REMOVAL, and the right figure the graph associated with it.

Theorem 3.1. OBSTACLE REMOVAL, restricted to outerplanar graphs of pathwidth at most 2 and
i which every vertex contains at most one color, is NP-complete.

Proof. 1t is clear that OBSTACLE REMOVAL is in NP. To show its NP-hardness, we reduce from
the NP-hard problem VERTEX COVER [10]. Let (G, k) be an instance of VERTEX COVER, where
V(G) ={v1,...,v,} and E(G) = {e1,...,en}. In the rest of the proof, when we write e = uw for
an edge e in F(G), we assume that v = v; and w = v; such that i < j (i.e., the vertex of smaller
index always appears first). Although not necessary for the proof, we first describe a geometric
instance I of OBSTACLE REMOVAL whose associated graph is the desired instance of OBSTACLE
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REMOVAL. The regions of I are OU{Zy, ..., Z, }UU" {0}, O?}, depicted in Figure 2 (left figure).
The obstacles of I are defined as follows. For each vertex v; € V(G), the obstacle corresponding to
v; is the polygon whose boundary is the boundary of the region formed by the union of O, each Oi1
such that e; = vjv,, and each OZ»2 such e; = v,v;. More formally, the obstacle corresponding to v; is
8(OUUei:vﬂ)q O}UUei:Upvj O?). The graph associated with I, Gy, is defined as follow. Each (empty)
region Z;, i = 0,...,m, corresponds to a vertex z; € V(Gr), where Zy corresponds to s and Z,, to
t. Each region O}, i € [m], corresponds to a vertex y;, and each region O?, i € [m], corresponds
to a vertex x;. The set of edges E(Gy) is E(Gr) = {zi—1%4, zi—1Yi, iVi, 2iTi, 2iy; | © € [m]}. The
color function y : V(G) — 29, where C = [n], is defined as follows: x(z;) = 0, for i = 0,...,m;
x(z;) = {j} and x(vi) = {p}, where e; = vpv;, for i € [m]. This completes the construction of Gr;
see Figure 2 (right figure) for illustration. It is easy to see that G is outerplanar and has pathwidth
at most 2.

Define the reduction from VERTEX COVER to OBSTACLE REMOVAL that takes an instance (G, k)
to the instance (Gp,C,x, s,t, k). Clearly, this reduction is polynomial-time computable. Suppose
that @, where |Q| = r < k, is a vertex cover of G. Consider the s-t path P = (s, w1, 21,, .., W, Zm)
in G, where w; = y; if edge e; = vpv, is covered by v, and w; = z; otherwise, for ¢ € [m]. Clearly
this is a k-valid s-t path in G since each edge e; is covered by a vertex in @), each w; is colored
by the index of one of the vertices in @, and each vertex in G (and hence each w;) contains at
most one color. Conversely, suppose that P is a k-valid s-t path in Gj. By construction of Gy,
P has to contain at least one vertex from {z;,y;}, for each i € [m]. If P contains both z; and y;,
for some i € [m], then clearly, from the construction of P, P must contain either (z;_1,z;, ¥;, 2;)
or (zi—1,Yi, %i, %), as a subpath, and we can shortcut this subpath by removing one of z;,y;, to
obtain another k-valid s-t path in Gj. Therefore, without loss of generality, we may assume that P
contains exactly one vertex w; from {x;,y;}, for i € [m]. Now define the set of vertices @ in G as
the vertices in G whose indices are the colors appearing on (the w;’s in) P. More formally, define
Q={vp | wi=a; € PNe; =vqvp} U{vp | wi =y; € PANej =vpvg}. Since P is a k-valid path
in Gy, the total number of colors appearing on {wi,...,w,,} is at most k. Notice that the color of
each of x;,y; is the index of a vertex in GG that covers edge e;. It follows that the set @) of vertices
in GG, that are the indices of the colors on P, form a k-vertex cover of G. [

& x,
Zil o o o t
%

Figure 3: Illustration for the proof of Corollary 3.2.

Corollary 3.2. CONNECTED OBSTACLE REMOVAL, restricted to 2-outerplanar graphs of pathwidth
at most 3, is NP-complete.

Proof. This follows directly from the NP-hardness reduction in the proof of Theorem 3.1 by ob-
serving the following. The graph Gy resulting from the reduction is outerplanar. We can add a

10
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new vertex to the outer face of G (see Figure 3) containing all colors that appear on G, and add
edges between the new vertex and all vertices in Gy. The obtained graph is color-connected and
has pathwidth at most 3. O

Assuming ETH, the following corollary rules out the existence of subexponential-time algorithms
for CONNECTED OBSTACLE REMOVAL (and hence for OBSTACLE REMOVAL), even for restrictions
of the problem to graphs of small outerplanarity, pathwidth, and maximum number of occurrences
of each color:

Corollary 3.3. Unless ETH fails, CONNECTED OBSTACLE REMOVAL, restricted to 2-outerplanar
graphs of pathwidth at most 8 and in which each color appears at most 4 times, is not solvable in
(’)(20(")) time, where n is the number of vertices in the graph.

Proof. 1t is well known, and follows from [17] and the standard reduction from INDEPENDENT SET
to VERTEX COVER, that unless ETH fails, VERTEX COVER, restricted to graphs of maximum
degree at most 3, denoted VC-3, is not solvable in subexponential time. Starting from an instance
of VC-3 with n vertices, and observing that the reduction in the proof of Theorem 3.1 results in an
instance of CONNECTED OBSTACLE REMOVAL whose number of vertices is O(n), of pathwidth at
most 3, and in which each color appears at most 4 times, proves the result. ]

Next, we shift our attention to studying the parameterized complexity of OBSTACLE RE-
MOVAL and CONNECTED OBSTACLE REMOVAL. To show the NP-hardness of OBSTACLE REMOVAL,
Hauser [13] gave a reduction from SET COVER to OBSTACLE REMOVAL. This reduction is in fact
an FPT-reduction, which implies that OBSTACLE REMOVAL is W[2]-hard. We will strengthen this
result, and show in the remainder of this section that OBSTACLE REMOVAL is W[SAT]-hard. We
will also prove the membership of the problem in W[P], which adds a natural W[SAT|-hard problem
to this class. The W[SAT|-hardness result shows that the problem is hopeless in terms of it having
FPT-algorithms. We start by showing that the problem remains W[1]-hard, even when restricted to
instances of small pathwidth (and hence small treewidth) and maximum number of occurrences of
each color. We then show that the problem remains W|[1|-hard even when parameterized by both &k
and the length of the sought path.

Remark 3.4. Before we prove our hardness results for OBSTACLE REMOVAL, we remark that we
can obtain equivalent hardness results for GEOMERTIC OBSTACLE REMOVAL using the following
generic realization of instances of OBSTACLE REMOVAL as instances of GEOMERTIC OBSTACLE
REMOVAL. Given an instance (G,C,x,s,t,k) of OBSTACLE REMOVAL, we define an equivalent
instance of GEOMERTIC OBSTACLE REMOVAL as follows. We start by fixing a straight-line plane
embedding I of G, which always exists by Fary’s theorem [9]. Moreover, we can compute such an
embedding in linear time [4]. We define the starting and finishing positions for the robot as the
images of vertices s and ¢ under II, respectively. To force the robot to walk along the edges of G,
we correspond with every edge a “corridor” by putting on both sides of the image of every edge
k+ 1 trapezoids as shown in Figure 6. The only possible way to move between vertices of the graph
G without intersecting more than k obstacles is to move within these corridors. Finally, for each
color ¢ € C and every vertex v € V(G) such that ¢ € x(v), we create a rectangle around the image
of the vertex v under II that intersects all the trapezoids corresponding to the edges incident to
v. We define the obstacle corresponding to the color ¢ in the geometric instance to be the union
of these rectangles. This disallows the use of less than k + 1 trapezoid obstacles to go through a
vertex v of G without intersecting all the obstacles representing the color set x(v). Note that the
only thing that is affected by this geometric realization is the number of obstacles that overlap at
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Figure 4: Illustration for the construction of the gadget G ; in the proof of Lemma 3.5.
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Figure 5: Illustration for the construction of G’ in the proof of Lemma 3.5.

a region, which corresponds to the number of colors on the vertex in the graph that corresponds to
the region; this number might increase by at most 4.

Figure 6: Illustration for the realization of an instance of OBSTACLE REMOVAL as an instance of
GEOMERTIC OBSTACLE REMOVAL.

Lemma 3.5. OBSTACLE REMOVAL, restricted to instances of pathwidth at most 4 and in which
each vertex contains at most one color and each color appears on at most 2 vertices, is W|[1|-hard
parameterized by k.

Proof. We reduce from the W[1]-hard problem MULTI-COLORED CLIQUE [12|. Let (G,k) be an
instance of MULTI-COLORED CLIQUE, where V() is partitioned into the color classes C1, ..., Cy.
Let C; = {u! | i € [|C}]]}. We describe how to construct an instance (G', C’, X, s, t, k") of OBSTACLE
REMOVAL. For an edge e € G, associate a distinct color ¢, and define C' = {c. | e € E(G)}. To

13
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simplify the description of the construction, we start by defining a gadget that will serve as a
building block for this construction.

For a vertex uf in color class C;, we define the gadget G;; as follows. Create a copy of each
color class Cjr, j' # j, and remove from each C}s all copies of vertices that are not neighbors of uf
in G. Let the resulting copies of the color classes be C1,...,C}_;. We define the color of a copy
v" of a neighbor v of uf as x'(v') = {c.}, where e = uzv Next, we introduce k — 2 empty vertices
Yr, 7 € [k — 2]. For r € [k — 2], we connect all vertices in C]. to y,, and connect y, to all vertices in
C,.1- This completes the construction of gadget Gj j; we refer to C7 and Cj_, as the first and last
color classes in gadget Gj ;, respectively. See Figure 4 for illustration of G; ;. Observe that every
path from a vertex in C] to a vertex in C},_, contains exactly one vertex from each C}., r € [k — 1],
and contains all vertices y,, r € [k — 2]. Therefore, any such path contains the colors of exactly
k — 1 distinct edges that are incident to uZ .

We finish the construction of G’ by introducing k+ 1 new empty vertices zg, . . ., 2, and connect-
ing them as follows. For each color class C}, j € [k], and each vertex uf € Cj, we create the gadget
G j, connect zj_1 to each vertex in the first color class of Gj ;, and connect each vertex in the last
color class of Gj; to z;. Let G’ be the resulting graph. Finally, we set s = 2o, t = 2, and k' =
See Figure 5 for illustration. This completes the construction of the instance (G',C’, X', s,t, k') of
OBSTACLE REMOVAL. Observe that each vertex in G’ contains at most one color, and that each

color ¢, of an edge e = uj uj, in G, appears on exactly two Vertlces in G': the copy of u, in the

gadget G ; of uz, and the copy of ui in the gadget Gy j» of ui,.

Clearly, the reduction that takes an instance (G, k) of MULTI-COLORED CLIQUE and produces
the instance (G',C’,x/,s,t, k") of OBSTACLE REMOVAL is computable in FPT-time. To show its
correctness, suppose that (G, k) is a yes-instance of MULTI-COLORED CLIQUE, and let @ be a
k-clique in G. Then @ contains a vertex from each Cj, for j € [k]. For a vertex u] € @, let G;; be
its gadget, and define the path P; as follows. In each color class in G j, pick the unique vertex that
is a copy of a neighbor of uf in Q; define P; to be the path in G ; induced by the picked vertices,
plus the empty vertices y,, r € [k — 2|, that appear in G; ;. Finally, define P to be the s-t path in
G’ whose edges are: the (unique) edge between z._; and an endpoint of P,., P,, and the (unique)
edge between an endpoint of P, and z,, for r € [k]. To show that P is k’-valid, observe that all
the nonempty vertices in P are vertices whose color is the color of an edge between two vertices in
(). This shows that the number of colors that appear on P is at most k' = (g), and hence, P is
K'-valid. Tt follows that (G',C", X/, s,t, k") is a yes-instance of OBSTACLE REMOVAL.

Conversely, suppose that Pisa k:’ valid s-t path in G’. Then P’ must start at s, visit the gadgets
of exactly k vertices uzj € Cj, for j € [k],i; € [|C}]], and end at t. We claim that Q= {uj | j € [k]}

is a clique in G. Recall that the subpath of P that traverses a gadget G ; of uA contains the colors
of exactly k — 1 edges that are incident to u . Therefore, the total number of occurrences of colors

(counting multiplicities) on P is precisely (k l)k. Since P is (2)—Vahd, and each color ¢, of an edge
e in G appears exactly twice in G’, it follows that each color that appears on P appears exactly
twice on P. This is only possible if the gadgets corresponding to the two endpoints of the edge are
traversed by P, and hence, both endpoints of the edge are in (). Therefore, P contains the colors
of k' = (g) edges, whose both endpoints are in Q. Since |Q| = k, it follows that @ is a k-clique in
G, and that (G, k) is a yes-instance of MULTI-COLORED CLIQUE. O

Lemma 3.6. OBSTACLE REMOVAL, parameterized by both k and the length of the path £, is in
WI1].

Proof. To prove membership in W[1]|, we use the characterization of the class W[1] given by Chen
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et al. [3]:

A parameterized problem @ is in W/[1] if and only if there is a computable function h
and a nondeterministic FPT algorithm A for a nondeterministic-RAM machine deciding
@, such that, for each instance (z,k) of @ (k is the parameter), all nondeterministic
steps of A take place during the last h(k) steps of the computation.

Therefore, to show that OBSTACLE REMOVAL is in W/[1], it suffices to exhibit such a nondeter-
ministic FPT algorithm A. A works as follows: it guesses a set C’ of k colors and guesses a sequence

of £ — 1 internal vertices vy, ...,vp_1 of the path. Then it verifies that (s = vo,v1,...,v—1,v¢ = 1)
is a path in G, and that x(v;) € C’, for i = 0,...,¢. It is not difficult to see that this verification
can be implemented in h(k) steps, where h is a computable function. ]

By Lemma 2.4, we can assume that in an instance of OBSTACLE REMOVAL, no two adjacent
vertices are empty. With this assumption in mind, if the instance satisfies that each vertex contains
at most one color and that each color appears on at most 2 vertices, then any k-valid s-t path has
length at most 4k 4+ 1. It follows from Lemma 3.5 and Lemma 3.6 that:

Theorem 3.7. OBSTACLE REMOVAL, parameterized by both k and the length of the path £, is
W/[1]-complete.

Theorem 3.8. OBSTACLE REMOVAL, restricted to instances of pathwidth at most 4 and in which
each vertex contains at most one color and each color appears on at most 2 vertices, is W|[1|-complete
parameterized by k.

Next, we show that OBSTACLE REMOVAL sits high up in the parameterized complexity hierarchy.
We start by showing its membership in W|P|:

Theorem 3.9. OBSTACLE REMOVAL, parameterized by k, is in W[P].

Proof. We give an FPT-reduction from OBSTACLE REMOVAL to WEIGHTED BOOLEAN CIRCUIT
SATISFIABILITY (WBCS) on polynomial size (monotone) circuits. Given an instance (G, C, x, s, t, k)
of OBSTACLE REMOVAL, we construct an instance (B, k) of WBCS, where B is a circuit whose out-
put gate is an OR-gate, as follows. By Assumption 2.2, we can assume that s and ¢ are nonadjacent
empty vertices. By Lemma 2.4, we can also assume that no two adjacent vertices are empty. For
each color ¢ € C, we create a variable x.; those are the input variables to B. In addition to the
output gate, B contains n = |V(G)| layers of gates, where each layer, except the first, consists of
two rows of gates, U;, L;, for i = 2,...,n, and the first layer consists of one row L; of gates. The
layers of B are defined as follows.

Each gate in L; is an AND-gate g, that corresponds to a neighbor v of s; the input to g, is the
set of input variables corresponding to the colors in x(v). Suppose that row L; in layer i, i > 1,
has been defined, and we describe how U;11 and L,y are defined. For every vertex v € V(G) with
a neighbor u such that v has a corresponding AND-gate g2 in L;, we create an OR-gate gl in Ujiq
and an AND-gate g2 in L;, corresponding to v; we connect the output of each AND-gate g2 in L;
corresponding to neighbor u of v to the input of OR-gate ¢! in U1, and connect the output of the
OR-gate g} and each input variable x. such that ¢ € x(v) to the AND-gate g2 in L; 1. If v = t,
then we connect the output of the AND-gate g2 to the output gate of the circuit. This completes
the description of B. Clearly, the reduction that takes (G, C,x, s,t, k) to (B, k) runs in polynomial
time, and hence in FPT-time. Next, we prove its correctness.

First observe that the only gates in B that are connected to its output gate are the AND-gates
that correspond to t. Second, every gate in B corresponds to a vertex that is reachable from s in
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G. Moreover, for every AND-gate g corresponding to a vertex v, and every s-v path in G, the truth
assignment that assigns 1 to the variables corresponding to the colors of this path satisfies g.
Suppose now that (G, C,x, s,t, k) is a yes-instance of OBSTACLE REMOVAL. Then there is an
s-t k-valid path P in G. Based on the above observations, the assignment that assigns x. = 1 if
and only if ¢ € x(P) is a satisfying assignment to B of weight at most k. Conversely, suppose that
B has a satisfying assignment 7 of weight at most k. Then there is an AND-gate g corresponding to
t that is satisfied by 7, and there is a path in B from a gate corresponding to neighbor of s in L
to g, all of whose gates are satisfied by 7. It is easy to verify that this path in B corresponds to an
s-t path all of whose colors correspond to the input variables assigned 1 by 7, and hence this path

is k-valid. O
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Figure 7: Illustrations of the construction of the gadgets for an OR-gate (top) and an AND-gate
(bottom) in the proof of Theorem 3.10.

Theorem 3.10. OBSTACLE REMOVAL, parameterized by k, is W[SAT|-hard.

Proof. We give an FPT-reduction from the W[SAT|-complete problem MONOTONE WEIGHTED
BOOLEAN FORMULAS SATISFIABILITY (M-WSAT) [6].

Recall that a Boolean formula corresponds to a circuit in the normalized form. Therefore, we
can assume that the input instance of M-WSAT is (B, k), where B is a monotone Boolean circuit
in which each (non-variable) gate has fan-out at most 1, and the gates of B are structured into
alternating levels of ORs-of-ANDs-of-ORs. We construct an instance (G,C, x, s,t, k) of OBSTACLE
REMOVAL as follows.

First, we let C' = [n], where color 7 will represent input variable z; in B. We define G from B
by defining a gadget for each gate in B recursively, starting the recursive definition at the output
gate of B. For a gate g in B, its gadget is defined as follows by distinguishing the type of g.

If g is an AND-gate, let g1, ..., g, be the OR-gates, and @;,, ..., z;, be the input variables that feed
into g. The gadget of g is defined as follows. First, create two empty vertices in, and outy, which
will serve as the “entry” and “exit” vertices of the gadget for g, respectively. For each x;;, j € [p],
create a vertex v; colored with color 7; and an entry vertex vg and an exit vertex vp41; form a path
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G consisting of the vertices vg, v1,...,Vp, vpt1. For each OR-gate g;, i € [r], recursively construct
the gadget G; for g;. Connect all these gadgets Gy, ..., G, serially in arbitrary order, starting by
identifying in, with the entry vertex of the first gadget, the exit vertex of the first gadget with the
entry of the second, ..., and the exit vertex of the last gadget with out,. See Figure 7 (bottom) for
illustration.

If g is an OR-gate, let g1,. .., g, be the OR-gates, and x;,, ..., x;, be the input variables that feed
into g. The gadget of g is defined as follows. First, create two empty vertices in, and out,, which
will serve as the “entry” and “exit” vertices of the gadget for g, respectively. For each z;,, j € [p],
create a vertex v; colored with color ;, and connect each v; to ingy and out,. For each AND-gate g;,
i € [r], recursively construct the gadget G; for g;. Connect all these gadgets G1,...,G, in parallel
by identifying all the entry vertices of G1,...,G, with in, and all their exit vertices with out,.
This complete the description of G. It is not difficult to see that since B with its input variables
removed is a tree, the above construction runs in polynomial time and results in a planar graph G.
See Figure 7 (top) for illustration.

Finally, set s and ¢ to be the entry and exit vertices of the gadget corresponding to the output
gate of B. Clearly, the reduction that takes (B, k) and produces (G, C, x, s,t, k) runs in FPT-time.
Next, we prove its correctness.

We will prove the following statement: For any gate g in B, and any assignment 7 to B that
assigns variables x;,, ..., z;, the value 1, and all other variables the value 0, 7 satisfies g if and only
if there is a path P in G from the entry vertex to the exit vertex of the gadget corresponding to g
such that P uses a subset of the colors {ii,...,7,}. Clearly, proving the aforementioned statement
implies that there is a k-valid s-t path in G if and only if there is an assignment of weight at most
k that satisfies the output gate of B, and hence satisfies B.

We prove the above statement by induction on the depth of the gate g in B. The base case is
when g has depth 1. In this case the input to g consists only of input variables. Suppose first that
g is an OR-gate, and let 7 be an assignment that assigns exactly variables x;,,...,z;, the value 1.
Then 7 satisfies g if and only if z;; is an input variable to g, for some j € [p], which is true if and
only if there is a path from the entry vertex of the gadget for g to its exit vertex that uses color
ij. Suppose now that g is an AND-gate, and let 7 be an assignment that assigns exactly variables
Tiy, ..., T, the value 1. Then 7 satisfies g if and only if the input variables to g form a subset S of
{xiy, ..., x5, }; let n(S) be the indices of the variables in S. Since the gadget for g consists of a path
P between the entry and exit vertices of the gadget for g such that y(P) = n(S), the statement
follows.

Suppose, by the inductive hypothesis, that the statement we are proving is true for any gate g
of depth 1 < a </, and let g be a gate of depth £. Let z;,,...,x;, be the input variables to g, and
g1, ---,gr be the input gates to g. We again distinguish two cases based on the type of g.

Gate g is an OR-gate. Let 7 be an assignment that assigns exactly variables z;,, ..., z;, the value
1. Suppose first that 7 satisfies g. Then either 7 satisfies an input variable x;_, z € [g], or T satisfies
an input AND-gate gy, y € [r]. If 7 satisfies z;, then there is a path between the entry and exit
vertices of the gadget for g that uses color j,. Otherwise, T satisfies g,, y € [r], and by the inductive
hypothesis applied to gy, there is a path P, between the entry and exit vertices of the gadget for
gy such that x(P,) C {i1,...,%,}. From the way the gadget for g was constructed, it follows that
P, is also a path between the entry and exit vertices of the gadget for g. To prove the converse,
suppose that there is a path P, between the entry and exit vertices of the gadget for g that uses
a subset of colors in {i1,...,4,}. Either P, is a path whose only internal vertex corresponds to an
input variable, and in such case the input variable is in {z;,,...,2;,}, and g is satisfied; or P, is a
path between the entry and exit vertices of the gadget for an AND-gate g, that feeds into g, and by
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the inductive hypothesis, 7 satisfies g, and also g.

Gate g is an AND-gate. Let 7 be an assignment that assigns exactly variables x;,, ..., x;, the value
1. Suppose first that 7 satisfies g. Then 7 assigns 1 to every input variable z;, to g, z € [¢]. Hence,
there is a path P between the entry and exit vertices of the gadget corresponding to xj,,...,z;,
such that x(P) C {i1,...,%,}. Assignment 7 also satisfies each OR-gate g,, where y € [r]. By the
inductive hypothesis, there is a path P, between the entry and exit vertices of the gadget for g, such
that x(Py) C {i1,...,4p}. From the construction of g, it follows that the path between the entry
and exit vertices of the gadget for g, which is Py = Po Pj o ---o0 P,, satisfies x(P,) C {i1,...,%p}.
Conversely, suppose that there is a path P, between the entry and exit vertices of the gadget for
g such that x(P,;) C {i1,...,ip}. Then P, can be decomposed into a subpath P that traverses

the vertices corresponding to x;, ..., z;,, and subpaths Py,..., P., where P, is a subpath between
the entry and exit vertices of the gadget for g,. Since P traverses the vertices corresponding to
Tj,...,xj, it follows that {xj,...,z; } € {zy,...,2;,}. Since Py, y € [r], is a subpath between

the entry and exit vertices of the gadget for g,, by the inductive hypothesis, it follows that 7 satisfies
gy- It follows that 7 assigns 1 to all input variables to g and satisfies all the input OR-gates to g,
and hence, 7 satisfies g. O

Remark 3.11. A noteworthy remark that we close this section with, is to comment on the role
that planarity plays in the parameterized complexity of CONNECTED OBSTACLE REMOVAL. If one
drops the planarity requirement on the instances of CONNECTED OBSTACLE REMOVAL/(i.e., con-
siders CONNECTED OBSTACLE REMOVAL on general graphs), then it follows from the proof of
Theorem 3.10 that the resulting problem is W[SAT|-hard. This can be seen by adding a single vertex
containing all colors, that serves as a “color-connector,” to the instance of OBSTACLE REMOVAL
produced by the FPT-reduction; this modification results in an instance of the connected obstacle
removal problem on apex graphs, establishing the W|SAT|-hardness of this problem on apex graphs.

4 Structural Results

Let G be a color-connected plane graph, C a set of colors, and y : V. — 2¢. In this section, we
present structural results that are the cornerstone of the FPT-algorithm for CONNECTED OBSTACLE
REMOVAL presented in the next section. The ultimate goal of this section is to show that, for any
vertex w € V(G), and for any pair of vertices u,v € V(G), the set of k-valid u-v paths in G —w that
use colors external to w can be “represented” by a minimal set whose size is a function of k. This
result is the key ingredient of the dynamic programming FPT-algorithm in the next section, that is
based on tree decomposition of the input graph; it allows us to extend the notion of a minimal set
of k-valid u-v paths w.r.t. a single vertex w, to all the vertices of a bag in the tree decomposition,
yielding a representative set for the whole bag. Throughout this section, we shall assume that G is
color-connected. We start with the following simple observation:

Observation 4.1. Let x,y € V(G) be such that there exists a color ¢ € C that appears on both x
and y. Then any x-y vertex-separator in G contains a vertex on which ¢ appears.

Proof. This follows because color ¢ is connected. O

Let G’ be a plane graph, let w € V(G’), and let f be the face in G’ — w such that w is interior
to f; we call f the external face with respect to w in G’, and the vertices incident to f external
vertices with respect to w in G’. A color ¢ € C is said be an external color with respect to w in G’,
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or simply external to w in G’, if ¢ appears on an external vertex with respect to w in G’; otherwise,
c is said be internal to w in G’. The following observation is easy to see:

Observation 4.2. Let G be a color-connected graph, and let w € V(G). Let H be any subgraph of
G —w. If ¢ is an external color to w in G — w and c appears on some vertex in H, then c is an
external color to w in H. This also implies that the set of internal colors to w in H is a subset of
the set of internal colors to w in G — w.

Definition 4.3. Let P = (w1,...,w,) be a path in a graph G, and let z,y € V(G). Suppose that
we apply the color contraction operation to x and y, and let z be the new vertex resulting from this

contraction. We define an operation, denoted A,,, that when applied to path P results in another
path Az, (P) defined as follows:

1 If {z,y} Nn{wi,...,w,} =0 then Ayy(P) = P.

2. If {z,y} n{w,...,w.} = {w;}, where i € [r], then Ay (P) = (w1, ..., Wi—1, 2, Wit1,...,Wr).

3. If {o, y}n{wi, ..., w,} = {w;, w;}, where i < j, then Ayy(P) = (w1, ..., Wi—1,2, Wjt1,...,Wy).
For a set of paths P, we define Agy(P) = {Azy(P) | P € P}.

Definition 4.4. Let u,v,w € V(G). A set P of k-valid u-v paths in G — w is said to be minimal
with respect to w if:

(i) There does not exist two paths P;, Py € P such that x(Py) N x(w) = x(P2) N x(w);
(ii) there does not exist two paths Py, P, € P such that x(P;) C x(P); and

(iii) for any P € P, there does not exist a u-v path P’ in G — w such that x(P’) € x(P).

Clearly, for any u,v,w € V(G), a minimal set of k-valid u-v paths in G — w exists.

Observation 4.5. Let u,v,w € V(G). Any set of u-v paths that is minimal with respect to w
contains at most one path whose vertices contain only internal colors w.r.t. w in G — w.

Proof. Since the external face f of w in G — w is a Jordan curve that separates w from any vertex
in G — w that is not incident to f, by Observation 4.1, any color that appears both on w and on
a vertex in G — w must appear on a vertex incident to f, and hence, must be external to w by
definition. Therefore, any path P containing only internal colors to w satisfies x(P) N x(w) = 0.
The observation now follows from property (i) in Definition 4.4. O

Lemma 4.6. Let u,v,w € V(QG), and let P be a minimal set of k-valid u-v paths in G —w. Suppose
that we apply the color contraction operation to an edge xy € G —w, and let G', X" be the graph and
color function obtained from the contraction operation, respectively. Let P' = Agy(P). Then P’ is
minimal w.r.t w in G'.

Proof. Let H' be the subgraph of G’ — w induced by the edges of the paths in P’, and denote by
z the new vertex obtained from the contraction of the edge xzy. We start by showing the following
claim:

Claim 1. For every P € P, it holds that x(Azy(P)) = x(P).
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Let P = (u = wy,...,w, = v). Since X'(2) = x(x) = x(y), it follows from Definition 4.3 that
if {z,y} N{wi,...,w}| <1, then x(Ayy(P)) = x(P). Now assume that {z,y} N {wi,...,w,} =
{w;, w;}, where ¢ < j, and suppose to get a contradiction that x(Azy(P)) # x(P). Since Ayy(P) =
(Wi, .., Wim1,2,Wjg1, ..., wy), it follows that x(Azy(P)) € x(P). However, G — w contains the
u-v path P’ = (wy, ..., wi—1, Wi, Wj, Wjt1, ..., w,), which satisfies x(P’) = x(Azy(P)) € x(P); this,
together with P € P, contradicts the minimality of P.

We now proceed to verify that P’ is indeed minimal with respect to w. Properties (i) and (i)
in Definition 4.4 follow directly from Claim 1 and the minimality of P. To prove that property (i)
holds, assume that there is a path P’ € P’, and a path Q' in G’ — w between the endpoints of P’
such that x(Q') C x(P’). Let P be the path in P such that A, (P) = P’. It is straightforward
to verify that G — w contains a u-v path @ that is either identical to @’, or obtained from @’ by
replacing z by either a single vertex x or y, or by the pair z,y. Clearly, x(Q) = x(Q’). Since
X(Q') € x(P") = x(P) by Claim 1, it follows that x(Q) € x(P), contradicting the minimality of P.
It follows that Property (ii7) holds, and the proof is complete. O

To upper bound the cardinality of a minimal set of k-valid u-v path w.r.t. a vertex w by a
function of k, we first select a maximal subset of color-disjoint paths in this set, and upper bound
the cardinality of this subset; we do so by showing that this subset induces a graph that has a
small vertex-separator, and then applying an inductive counting argument based on this separator.
We then show, again using an inductive proof, that the upper bound on the cardinality of this
color-disjoint subset of paths implies an upper bound on the cardinality of the whole minimal set
of k-valid u-v paths w.r.t. w.

For the rest of this section, we let u,v,w € V(G), and let P be a set of minimal k-valid u-v
paths in G —w. Let M be a set of minimal k-valid color-disjoint u-v paths in G — w. Let H be the
subgraph of G — w induced by the edges of the paths in P, and let M be that induced by the edges
of the paths in M.

Observation 4.7. If P € M contains a color c that is external to w in M, then c appears on a
vertex in P that is incident to the external face to w in M.

Proof. By definition, ¢ appears on a vertex x incident to the external face with respect to w in M.
Since the paths in M are pairwise color-disjoint and ¢ appears on P, it follows that x is a vertex of

P. O

Lemma 4.8. Let G’ be a plane graph, and let z,y,z € V(G'). Let x1,...,x,, v > 3, be the neighbors
of x in counterclockwise order. Suppose that, for each i € [r], there exists an z-y path P; containing
x; such that P; does not contain z and does not contain any x;, j € [r] and j # i. Then there exist
two paths P;, Pj, i,j € [r] and i # j, such that the two paths P;, Pj induce a Jordan curve separating

{z1,... 2.} \ {zs, 25} from z.

Proof. The proof is by induction on r > 3. The base case is when r = 3. Consider the faces induced
by the two paths P; and P, in the embedding. If z and x3 are in two separate faces, then clearly
P; and P; induce a Jordan curve separating x3 from z, and we are done. Therefore, we can assume
that z and x3 are in the same face induced by P, and P». Since P} does not contain xo, we can
continuously deform Pj into an isotopic non self-intersecting curve P w.r.t. x3, x2, z, that includes
xx1, intersects edges xxo and xxs only at x, and intersects P» only at  and y. Similarly, if P and
P53 do not separate z from xz1, then z and x1 are in the same face induced by P, and P3; and we can
define a curve Pj that is isotopic to P3 w.r.t. zo, 21,2, and such that Pj contains xzzs, intersects
xxy and xz1 only at x, and intersects P» only at x and y. Now if z and x5 are in different faces
induced by P and Pj, then P| and Pj separate z from x5, and since P; is isotopic to P| w.r.t. z
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and xg, and Pj is isotopic to Py w.r.t. z and z2, it follows that P; and P3 induce a Jordan curve
that separates zo from z. Assume now that z and zy are in the same face f induced by P and
P;. Since P, intersects with each of P| and Pj precisely at = and vy, it follows that P splits f
into two faces f1, fo, where xxo, xx1 are two consecutive edges on the boundary of f; and xxo, xxs
are two consecutive edges on the boundary of fs. Then, z must be interior to exactly one of the
two faces fi, fo. If z is interior to f1, let f] be the face induced by Pj and P, and containing z.
Then f] contains fi, and does not contain x3 (because Pj intersects xxs only at ). Therefore, f],
and hence, P and P, induce a Jordan curve that separates z from z3. It follows that P;, which is
isotopic to P| w.r.t. xe,x3,z, and P» induce a Jordan curve that separates z from x3. Similarly, if
z is interior to fa, then Pj, P» induce a Jordan curve that separates z from z1, and hence, P3 and
P, induce a Jordan curve that separates z from z;.

Assume inductively that the statement of the lemma is true for any 3 < ¢ < r. By the inductive
hypothesis applied to x1,...,z,_1, there exist two paths P;, Pj, i,j € [r — 1] and i # j, such that
the two paths P;, P; induce a Jordan curve separating {z1,...,z,—1} \ {24, z;} from z. If 2, and
z are not in the same face induced by F;, P;, then P;, P; separate x, from z as well, and we are
done. Assume now that z and x, are in the same face f induced by P;, P;. Since F;, P; separate z
from {x1,...,x,—1} \ {@s, z;}, none of {x1,..., 2,1} \ {x;,2;} is interior to f, and hence, x, is the
only neighbor of x between x; and x; w.r.t. the rotation system of G’, which implies w.l.o.g. that
1 = x; and x,—1 = z;. By the inductive hypothesis applied to 1, 2,_1, 2, there are two paths in
Py, P._1, P, that induce a Jordan curve that separates z from one of x1, x,_1, . Since P and P._4
do not separate x, from z, one of these two path must be P,; assume, w.l.o.g., that the two paths
are P; and P,. Since x1 and x, are consecutive neighbors in the rotation system, and since Py, P, do
not contain any of xo,...,x,_1, it follows that xo,...,x,_1 are in the same face induced by P, P,
and this face does not contain z because P;, P, separate z from z,_1. It follows that P;, P, induce
a Jordan curve that separates z from xs,...,z,_1. This completes the inductive proof. ]

Lemma 4.9. Let G’ be a plane graph with a face f, and let u,v € V(G'). Let uy,...,u,, v >3, be
the neighbors of u. Suppose that, for each i € [r], there exists a u-v path P; in G' containing u; and a
vertex incident to f different from v, and such that P; does not contain any uj, j € [r], j # i. Then
there exist two paths P, Pj, i,j € [r], i # j, such that V(P;) UV (P;) — {v} is a vertex-separator
separating {ui, ..., ur} \ {us, u;} fromv.

Proof. Create a new vertex y interior to f. Each path P;, i € [r], contains a vertex y; incident to
[ and different from v; we define a new path P/ from u to y, consisting of the prefix of P; up to
yi, and extending this prefix by adding a new edge between y; and the new vertex y. Note that we
can extend the rotation system of G’ in a straightforward manner to obtain a rotation system for
the plane graph resulting from adding y and the edges y;y to G’, i € [r]. Since v is the endpoint of
P; and v # y;, it follows that v is not contained in P/, for ¢ € [r]. By Lemma 4.8, there exist two
paths P, Pj, i,j € [r], and i # j, such that the two paths P/, P} induce a Jordan curve separating
{ur, . up p\{ui, uj} from v in G'+y. It follows that V(P/)UV (P)) is a vertex separator separating
{ur, ... ur b\ {5} from v in G’ + y, and hence, V(P)) UV (P)) — {y} C V(P) UV (P;) — {v} is
a vertex-separator separating {ui,...,u,} \ {u;,u;} from v in G. O

Lemma 4.10. Let z,y be two vertices in an irreducible subgraph G' of G, and let f be a face in G'.
Then there are at most two color-disjoint x-y paths in G’ that contain only colors that appear on f.

Proof. Suppose, to get a contradiction, that there are three color-disjoint x-y paths Py, P», P3 in G’
that contain only colors that appear on f. We create a new vertex z interior to f and add edges
between z and each vertex incident to f. Note that we can extend the rotation system of G’ in a
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straightforward manner to obtain a rotation system for the plane graph resulting from adding z and
the edges incident to it to G’. Clearly, none of Pj, P, Py contains z. Because the paths P, P, P3
are color-disjoint, both x and y must be empty vertices. Let vy, v2,v3 be the neighbors of x on
Py, P, P3, respectively. Since x is an empty vertex and G’ is irreducible, none of vy, vy, v3 is an
empty vertex, and hence each v;, i € [3], must contain a color ¢; that appears on f. Since Pj, Py, P3
are pairwise color-disjoint, it follows that no vertex in {vy, va,v3}\ {v;} is contained in P;, for ¢ € [3].
By Lemma 4.8, there is a v;, i € [3], such that the two paths in {P;, P, P3} — P; induce a Jordan
curve in G’ + z separating v; and z, and hence separating v; from each vertex incident to f. Since
¢; appears on both v; and a vertex incident to f, by Observation 4.1, it follows that ¢; must appear
on a vertex in V(Py) UV (P) UV (P3;) — V(P;). This is a contradiction since ¢; appears on P; and
the paths Py, P», Py are pairwise color-disjoint. O

Py

Figure 8: Illustration for the proof of Lemma 4.11.

Lemma 4.11. Suppose that M is irreducible, then there exist paths P, Po, P3 € M such that
M — Py — P, — P3 has a u-v vertex-separator of cardinality at most 2k + 3.

Proof. By Observation 4.5, M contains at most one path that contains only internal colors with
respect to w in M. Therefore, it suffices to show that M contains two paths Pj, Py such that
M — P{ — P} has a u-v vertex-separator of cardinality at most 2k + 3, assuming that every path in
M contains an external color w.r.t. w in M.

By Observation 4.7, every path in M passes through an external vertex w.r.t. w in M that
contains an external color to w in M. Because the paths in M are pairwise color-disjoint, u and
v are empty vertices, and hence, every path in M passes through a vertex on the external face of
w in M that is different from u and v. Let wug,...,u4 be the neighbors of v in M, and note that
since u is empty and M is irreducible, each u;, ¢ € [¢], contains a color. Let Py, ..., P, be the paths
in M containing w1, ...,u,, respectively, and note that since the paths in M are color-disjoint,
no P; passes through u;, for j # 7. By Lemma 4.9, there are two paths in Pi,..., P, say P, P
without loss of generality, such that Vio = V(P) UV (P,) — {v} is a vertex separator that separates
{us, ..., uq} from v.
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We proceed to prove the lemma by contradiction and assume that M~ = M — P; — P» does not
have a u-v vertex-separator of cardinality 2k + 3. By Menger’s theorem [5], there exists a set D of
r’ > 2k + 3 vertex-disjoint u-v paths in M~. Since Vi3 separates {us,...,uq} from v in M, every

u-v in M~ intersects (shares a vertex with) at least one of P;, Py at a vertex other than v. It follows
that there exists a path in {P;, P»}, say Pj, that intersects at least k + 2 paths in D at vertices
other than v. Since the paths in D are vertex-disjoint and incident to u, we can order the paths in
D that intersect P, around u (in counterclockwise order) as (Q1,...,Qy), 7 > k + 2, where Q;4+1
is counterclockwise from @;, for ¢ € [r — 1]. P; intersects each path @, i € [r], possibly multiple
times. Moreover, since the paths in M are pairwise color-disjoint, each intersection between P; and
a path Q;, i € [r], must occur at an empty vertex. We choose r — 1 subpaths of P, P}, ..., Pf_l,
satisfying the property that the endpoints of P{ are on Q; and Q;41, for i = 1,...,7 — 1, and the
endpoints of P} are the only vertices on P} that appear on a path Qj, for j € [r]. It is easy to verify
that the subpaths P, ..., Py ~1 of P; can be formed by following the intersection of P; with the
sequence of (ordered) paths Q1,...,Q,. See Figure 8 for illustration.

Recall that the endpoints of Pl,... Pl ~1 are empty vertices. Since M is irreducible, no two
empty vertices are adjacent, and hence, each subpath P} must contain an internal vertex v; that
contains at least one color. We claim that no two vertices v;,v;, 1 <17 < j < r — 1, contain the
same color. Suppose not, and let v;,v;, ¢ < j, be two vertices containing a color c¢. Since v;, v;
are internal to P} and Plj , respectively, @1, ..., @, are vertex-disjoint u-v paths, and by the choice
of the subpaths P}, ..., P/ ~1 the paths Q; and Q41 form a Jordan curve, and hence a vertex
separator in G, separating v; from v;. By Observation 4.1, color ¢ must appear on a vertex in @y,
p € {i,i+ 1}, and this vertex is clearly not in P; since P; intersects @), at empty vertices. Since
every vertex in M appears on a path in M, and c appears on P; € M and on a vertex not in Py,
this contradicts that the paths in M are pairwise color-disjoint, and proves the claim.

Since no two vertices v;,v;, 1 <4 < j < r, contain the same color, this implies that the number
of subpaths P, ... Pl ~1 r —1, is upper bounded by the number of distinct colors that appear on
Pp, which is at most k. It follows that r, and hence, the number of vertex-disjoint u-v paths in M
is at most k + 1, contradicting our assumption above and proving the lemma. O

Lemma 4.12. Let S be a minimal u-v vertex-separator in M. Let M,, M, be a partition of M — S
containing u and v, respectively, and such that there is no edge between M, and M, . For any vertex
x €8, My is contained in a single face of M, + x.

Proof. Let x € S. It suffices to show that the subgraph F' of M induced by V(M,) U (S'\ {z}) is
connected. This suffices because V(F') and V (M, + ) are disjoint, and hence every face in M, + =
separates the vertices in V(F') inside the face from those outside of it. We will show that F' is
connected by showing that there is a path in F' from each vertex in F to u € V(F). Let z € V(F).
If z € S, then by minimality of S, there is a path from u to z whose internal vertices are all in M,,,
and hence this path is in F. If z ¢ S, let P be a u-v path containing z. If P passes through z before
passing through any vertex in .S, then clearly there is a path from u to z in F'. Otherwise, P passes
through a vertex y € S before passing through z. In this case, there exists a vertex ¢y € S, such
that 3/ # y and P passes through ¢ after passing through z. Either y or 3/, say ¢/, is different from
x. From the above discussion, there is a path P’ from u to 3’ in F', which when combined with the
subpath of P between ¢y’ and z yields a path from u to z in F. O

Lemma 4.13. |M| < g(k), where g(k) = O(cFk?*), for some constant ¢ > 1.
Proof. By Observation 4.5, there can be at most one path in M that contains only internal colors

w.r.t. w in G — w. Therefore, it suffices to upper bound the number of paths in M that contain at
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least one external color to w in G — w. Without loss of generality, in the rest of the proof, we shall
assume that M does not include a path that contains only internal colors w.r.t. w in G — w, and
upper bound | M| by g(k); adding 1 to g(k) we obtain an upper bound on | M| with this assumption
lifted. Note that by Observation 4.2, the previous assumption implies that every path in M contains
a color that is external to w in M.

The proof is by induction on k, over every color-connected plane graph G, every triplet of
vertices u,v,w in G, and every minimal set w.r.t. w of k-valid pairwise color-disjoints sets of u-v
paths M in G — w. If kK = 1, then any path in M contains exactly one external color w.r.t. w in
M. By Lemma 4.10, at most two paths in M contain only external colors. It follows that for k =1
IM| <2< g(1), if we choose the hidden constant in the O asymptotic notation to be at least 2.

Suppose by the inductive hypothesis that for any 1 < i < k, we have |M| < g(i). We can assume
that M is irreducible; otherwise, we apply the color contraction operation to any edge xy in M to
which the operation is applicable, and replace M with the set of paths A, (M), which is pairwise
color-disjoint, contains the same number of paths as M, and is minimal w.r.t. w by Lemma 4.6.

By Lemma 4.11, there are at most 3 paths in M, such that the subgraph of M induced by
the remaining paths of M has a u-v vertex-separator S satisfying |S| < 2k + 3. To simplify the
argument, in what follows, we assume that we already removed these 3 paths from M and that M
already has a u-v vertex-separator S satisfying |S| < 2k + 3. We will add 3 to the count of |[M| at
the end to account for these removed paths. We can assume, without loss of generality, that S is
minimal (w.r.t. containment). S separates M into two subgraphs M, and M, such that u € V(M,),
v € V(M,), and there is no edge between M,, and M,. We partition M into the following groups,
where each group excludes the paths satisfying the properties of the groups defined earlier: (1) The
set of paths in M that contain a nonempty vertex in S; (2) the set of paths /\/lq’j consisting of each
path P in M such that all colors on P appear on vertices in M, (these colors could still appear on
vertices in M, as well); (3) the set of paths M¥ consisting of each path P in M such that all colors
on P appear on vertices in M,; and (4) the set M<F of remaining paths in M, satisfying that each
path contains a nonempty external vertex to w in M and contains less than k colors from each of
M, and M,. Note that by Observation 4.7, each path in M belongs to one of the 4 groups above.

Since the paths in M are pairwise color-disjoint, no nonempty vertex in .S can appear on two
distinct paths from group (1). Therefore, the number of paths in group (1) is at most |S| < 2k + 3.
Observe, that the vertices in S contained in any path in groups (2)-(4) are empty vertices.

To upper bound the number of paths in group (2), for each path P, there is a last vertex xp
(i.e., farthest from w) in P that is in S. Fix a vertex « € S, and let us upper bound the number
of paths P in group (2) for which x = xp. Let P, be the subpath of P from z to v. Note that
since v is empty and all the vertices in S that are contained in paths in group (2) are empty, and
since M is irreducible, P, must contain at least one color. Since all colors appearing on P appear
on vertices in M, all colors appearing on P, appear in M,. By Lemma 4.12, M,, is contained in a
single face f of M, + x. Since f is a vertex-separator that separates V(M,,) from V(P,) in G, by
Observation 4.1, every color that appears on P, appears on f. By Lemma 4.10, there are at most
two z-v paths that contain only colors that appear on f. This shows that there are at most two
paths in group (2) for which x is the last vertex in S. Since |S| < 2k + 3, this upper bounds the
number of paths in group (2) by 2(2k + 3) = 4k 4+ 6. By symmetry, the number of paths in group
(3) is upper bounded by 4k + 6.

Finally, we upper bound the number of paths in group (4). Let S = {so,...,s,—1}, where
r < 2k + 5, and extend S by adding the two vertices s; = u and s, = v to form the set A =
{s1,s2,...,s-}. For every two (distinct) vertices s;,s; € A, j,j’" € [r],j < j', we define a set of
paths Pj; in G — w whose endpoints are s; and sj as follows. For each path P in group (4),
partition (the edges in) P into subpaths Pi,..., P, satisfying the property that the endpoints of
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each P;, i € [q], are in A, and no internal vertex to P; is in A. Since each P is a u-v path, clearly,
P can be partitioned as such. For each P;, i € [¢], such that P, contains a vertex that contains
an external color to w in G — w, let P/ (possibly equal to P;) be a subpath in G — w between the
endpoints of P; satisfying that x(P/) € x(F;) and x(P/) is minimal with respect to containment
(i.e., there does not exist a path P/ in G—w between the endpoints of P; satisfying x(P/) € x(P})).
Since P contains a vertex that contains an external color to w in G — w, there exists an i € [g] such
that P/ contains a vertex that contains an external color to w in G — w; otherwise, by concatenating
(in the right sequence) the P;’s that do not contain an external color to w (in G —w) with the P!’s,
instead of P;, for the P;’s that contain an external color to w (in G — w) we would obtain a u-v
path P’ in G — w satisfying x(P") € x(P) (since x(P') € x(P) and P contains an external color
to w and P’ does not), thus contradicting the minimality of M. Pick any ¢ € [q] satisfying that P/
contains a vertex that contains an external color to w in G — w, associate P with P/, and assign
P/ to the set of paths P;;s such that s; and s; are the endpoints of P/. Since each P/ contains an
external color that appears on P and the paths in M are pairwise-color disjoint, it follows that the
map that maps each P to its P/ is a bijection.

Therefore, to upper bound the number of paths in group (4), it suffices to upper bound the
number of paths assigned to the sets Pj;, where j,5 € [r],j < j'. Fix a set Pj;. The paths in
P;j have s;, sj as endpoints, and are pairwise color-disjoint. Moreover, each path in P;; contains
a vertex that contains an external color to w in G — w. It follows from the previous statements
that P;;s satisfies properties (i) and (ii) of Definition 4.4 with respect to G' and w. Moreover, from
the definition of each path in Pj;/, P;; satisfies properties (iii) of Definition 4.4 as well. Finally,
observe that each path P/ € P;;» was constructed based on a subpath P; of a path P in group 4, and
satisfying that P; has endpoints s, s;» and no internal vertex on F; is in A. Since P is a u-v path
in M and S is a vertex-separator of M, V(F;) is either contained in V/(M,)U S or in V(M,)U S.
Since P is in group (4), P contains at most k — 1 colors from each of M,, and M,. Since the vertices
in S are empty, we deduce that P; contains at most k — 1 colors. Since x(P/) C x(F;), P/ contains
at most k — 1 colors as well, and hence, every path in P;;; contains at most £ — 1 colors. It follows
that Pj; is a minimal set of (k — 1)-valid s;-s; paths in G with respect to w. By the inductive
hypothesis, we have |P;;/| < g(k — 1). Since the number of sets P} is at most (2’“;5), the number
of paths in group (4) is O(k?) - g(k — 1).

It follows from the above that |[M| < g(k), where g(k) satisfies the recurrence relation g(k) <
34 (2k +3) +2(4k +6) + O(k?) - g(k — 1) = O(k?) - g(k — 1), where 3 acounts for the 3 paths we
removed from M at the beginning of the proof to get a small u-v vertex separator. Solving the
aforementioned recurrence relation we get g(k) = O(c*k?*), where ¢ > 1 is a constant. Adding 1 to
g(k) to account for the single path in M containing only internal colors w.r.t. w in M yields the
same asymptotic upper bound. O

Theorem 4.14. Let G be a plane color-connected graph, let u,v,w € V(G), and let P be a set of
minimal k-valid u-v paths w.r.t. w in G —w. Then |P| < h(k), where h(k) = O(FkK***+%) for
some constant ¢ > 1.

Proof. The proof is by induction on k. If K = 1, then by minimality of P, we have P = M.
Lemma 4.13 gives an upper bound of O(cFk2%) = O(cF* k2¥*+F) on |P).

Assume by the inductive hypothesis that the statement of the lemma is true for 1 <i < k. Let
M be a maximal set of pairwise color-disjoint paths in P. By Lemma 4.13, |M| < g(k) = O(cFk?*).
The number of colors contained in vertices of M is at most » < k - g(k). We group the paths in P
into r groups P4y, ..., Py, such that all the paths in P;, i € [r|, share the same color ¢;, where i € [r],
that is distinct from each color ¢; shared by the paths P;, for j # i. We upper bound the number
of paths in each P;, i € [r], to obtain an upper bound on |P]|.
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Let G; be the graph obtained by removing color ¢; from each vertex in G that ¢ appears on,
and let P! be the set of paths obtained from P; by removing color ¢; from each vertex in P; that ¢
appears on. Clearly, every path in P/ is a (k — 1)-valid u-v path. Moreover, it is easy to verify that
P! satisfies properties (i)-(iii) in Definition 4.4, and hence, P/ is minimal w.r.t. w in G; — w. By
the inductive hypothesis, we have |P/| < h(k — 1). It follows that the total number of paths in P is
at most h(k), where h(k) satisfies the recurrence relation h(k) < r-h(k —1) < k-g(k) - h(k —1).
Solving the aforementioned recurrence relations yields h(k) = O((k - g(k))¥) = O(F k2F*+F). O

The result of Theorem 4.14 will be employed in the next section in the form presented in the
following corollary:

Corollary 4.15. Let G be a plane color-connected graph, and let w € V(G). Let G' be a subgraph
of G —w, and let u,v € V(G'). Every set P of minimal k-valid u-v paths in G' w.r.t. w satisfies
1P| < h(k), where h(k) = O(cF k¥ *k) | for some constant ¢ > 1.

Proof. Contract every connected component of (G—w)—G’ into a single vertex containing the union
of the color-sets of the vertices in the component, and add k + 1 new distinct colors to the resulting
vertex. Denote the resulting graph by G”. Observe that the resulting graph is color-connected,
and that every k-valid u-v path in G’ w.r.t. w is a k-valid u-v path in G” w.r.t. w, and vice versa.
Therefore, every set P of minimal k-valid u-v paths in G’ w.r.t. w is also a set of minimal k-valid
u-v paths in G” w.r.t. w. For any set P of minimal k-valid u-v paths w.r.t. w in G’, by applying
Theorem 4.14 to P in G” — w, the corollary follows. O

5 The Algorithm

In this section, we present an FPT algorithm for CONNECTED OBSTACLE REMOVAL, parameterized
by both k£ and the treewidth of the input graph. The main obstacle that faces a standard dynamic
programming approach based on tree decomposition is that there can be too many (i.e., more than
FPT-many) subsets of colors that appear in a bag, and hence, that the algorithm may need to
store/remember. To overcome this obstacle, we show how to extend the notion of a minimal set of
k-valid u-v paths w.r.t. a vertex w—from the previous section—to a “representative set” of paths
w.r.t. a specific bag and a specific enumerated configuration for the bag. This allows us to upper
bound the size of the table, in the dynamic programming algorithm, stored at a bag by a function
of both k and the treewidth of the input graph.

Let (G,C,x,s,t,k) be an instance of CONNECTED OBSTACLE REMOVAL. The algorithm is a
dynamic programming algorithm based on a tree decomposition of G. Let (V,T) be a nice tree
decomposition of G. By Assumption 2.2, we can assume that s and ¢ are nonadjacent empty vertices.
We add s and ¢ to every bag in 7, and from now on, we assume that {s,t} C X;, for every bag
X; € T. For a bag X;, we say that v € X; is useful if |x(v)| < k. Let U; be the set of all useful
vertices in X; and let U; = X; \ U;. We denote by V; the set of vertices in the bags of the subtree
of T rooted at Xj.

Let X; be a bag. For any two vertices u,v € X;, let G°, = G[(V; \ X;) U {u,v}]. We extend
the notion of a minimal set of k-valid u-v paths with respect to a vertex, developed in the previous
section, to the set of vertices in a bag of 7.

Definition 5.1. A set of k-valid u-v paths Py, in G%, is minimal w.r.t. X; if it satisfies the following
properties:

(i) There does not exist two paths P, Py € Py, such that x(P1) N x(X;) = x(P2) N x(Xi);
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(i1) there does not exist two paths Py, Py € Py, such that x(P1) C x(P); and

(iii) for any P € Py, there does not exist a u-v path P’ in G%, such that x(P') € x(P).

The following lemma uses the upper bound on the cardinality of a minimal set of k-valid u-v
paths w.r.t. a vertex, derived in Corollary 4.15 in the previous section, to obtain an upper bound
on the cardinality of a minimal set of k-valid u-v paths with respect to a bag of T:

Lemma 5.2. Let X; be bag, u,v € X;, and Py, a set of k-valid u-v paths in G, that is minimal
w.r.t. X;. Then the number of paths in Py is at most h(k)Xil, where h(k) = O(F K2¥*+F), for
some constant ¢ > 1.

Proof. Let X; \ {u,v} = {w1,...,w,}, where r = | X;| — 2. For each w; € X;, j € [r], let P; be a
minimal set of k-valid u-v paths w.r.t. w; in Gi,. Without loss of generality, we can pick P; such
that there is no k-valid u-v path P in G%,, such that P; U {P} is minimal. From Corollary 4.15, we
have |P;| < h(k) = O(F k2 +k)  for some constant ¢ > 1. For each P € Py, and each j € [r],
define Cj = x(P)Nx(wj). Define the signature of P (w.r.t. the colors of wy,...,w,) to be the tuple
(C1,...,Cy). Observe that no two (distinct) paths Py, Py € Py, have the same signature; otherwise,
since u and v appear on both Py, Py, x(P1) N x(X;) = x(P2) N x(X;), which contradicts condition
(i) of the minimality of Py,. For each P € Py, and each j € [r], there is a path P’ € P; such that
x(P") N x(wj) = Cj. If this were not true, then P would have been added to P; for the following
reasons. Clearly, P does not contradict conditions (i) and (iii) of the minimality of P;. It cannot
contradict (ii) either, because otherwise, and since P does not contradict (i), there would be a path
P" € P; such that x(P”) C x(P), contradicting the minimality of P,. It follows that the number
of signatures of paths in Py, is at most [[’_; [P;| < h(k)¥:l. Since no two distinct paths in Py,

have the same signature, it follows that |Py,| < h(k)X:l. O
Definition 5.3. Let X; be a bag in T. A pattern 7 for X; is a sequence

(v1 = 8,01,v2,09,...,0p0-1,0, = t), where o; € {0,1} and v; € U;. For a bag X;, and a pattern
(v = s,01,v2,092,...,00—1,v, = t) for X;, we say that a sequence of paths S = (Py,...,P._1)

conforms to (X;,m) if:

e for each j € [r — 1], 0; = 1 implies that P; is an induced path from v; to v;41 whose internal
vertices are contained in V; \ X; and P; is empty otherwise; and

o X(8)| = [Ujepy X(P) < k.

Definition 5.4. Let X; be a bag, 7 a pattern for X;, and 51, S2 two sequences of paths that conform
to (Xi,ﬂ). We write S <; Sy if |X(51) U (X(SQ) N X(Xz))’ < |X(52)’

We note that at a certain point during the dynamic programming algorithm, we will have to
deal for a short while with sequences of walks instead of sequences of paths (until we refine them),
but the definition of a sequence of paths conforming to a bag and a pattern, and the relation =<,
extend seamlessly to sequences of walks.

Lemma 5.5. Let X; be a bag and 7 a pattern for X;. The relation =; is a transitive relation on
the set of all sequences of paths that conform to (X;, ).

Proof. Let 81,852,853 be three sequences that conform to (X;,m). Suppose that & =; Sy and
Sy =; 83. We need to show that S§1 =<; S3. To simplify the notation in the proof, let A =
Xx(S1), B = x(S2),C = x(53),X = X;. Since &1 =; Sz, we have
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|JAuUBNX| < |B]
[Al+|BNX|-|ANBNX| < |B], (1)
and since Sy <; S3 we have:
|IBUCNX| < |C]
|IB|+|CNX|—|BNnCNnX| < |C| (2)

From Inequalities (1) and (2) we get:

[A|+|CNX|+|BNX|—-|[ANBNX|—-|BNCNnX| < |C]

Al +1CNX|+|BNX|-(|[AnNBNX|+[BNCNX|-|ANBNCNX|+|AnBNnCNX|) < |C
[Al+CnX|+|BNX|—(JAnBNXUBNCNX|+|ANBNCNX|) < |C
[Al+|CnX|+|BNnX|—(AuC)n(BNX)|+|AnBNnCNnX|) < |C

Al +|CNX|+|BNX|-(IBNX|+|AnBNCNX|) < |C]

[A|+]1CNnX|—|AnBNnCNX|) < |C]

[Al+|CnX|—|AnCnNnX|) < |C|

The last inequality proves that S <; Ss.

O

Using the relation <; on the set of sequences that conform to (Xj;, 7), we are now ready to define
the key notion that makes the dynamic programming approach work:

Definition 5.6. Let X; be a bag and m = (v1,01,v2...,0,_1,v,) a pattern for X;. A set R, of
sequences that conform to (X, 7) is a representative set for (X;, ) if:

(i) For every sequence S; € Ry, and for every sequence S # S; that conforms to (X;,w), if
81 jz SQ then 52 ¢ RW;

ii) for every sequence S € R, and for every path P € § between v; and v;y1, j € [r — 1], there
J i+
does not exist a v;-vj41 path P’ in Gf)jvj such that x(P") C x(P); and

+1
(iii) for every sequence S ¢ R, that conforms to (X;, 7) and satisfies that no two paths in S share
a vertex that is not in X, there is a sequence W € R, such that W <; S.

Observation 5.7. Let X; and X; be two bags such that X; C X, let m be a pattern for both X;
and X;, and let S,S’ be two sequences that conform to both (X;,m) and (Xj,m). If S <; S’ then
S=;8.

Proof. Since X; C X, we have |x(S) U x(S) N x(X;)| < |x(S) Ux(S) N x(X;)]. O

Lemma 5.8. Let X; be a bag, m a pattern for X;, and 81,87, 82,85, S,S’ sequences that conform to
(X5, m) and that satisfy the following: 87 =; Si, S =i Sa2, x(S1) U x(S2) = x(S), x(S7) U x(S5) =
X(8'), and x(S1) N x(S2) C x(X;). Then S’ X; S.
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Proof. Let A = x(81),B = x(82),C = x(8), A" = x(87), B' = x(85),C" = x(§'), and X = x(X;).
Since 8] =; 81 we have:

|[AluANX] < |4]
A+ ANX| - A NANX| < 4] (3)
Since S <; Sz we have:
|BPuBNX| < |B]
|B'|+|BNnX|—-|B'nBNnX| < |B|. (4)

Adding Inequality (3) to (4) and subtracting |A N B| from each side of the resulting inequality,
we obtain:

A+ |B'+]|AnX|+|BNX|-|ANANX|—-|BNnBNnX|-|AnB|<|AUB]. (5)

Replacing in the last Inequality (5) |A’| + |B’| by |A’U B'| + |A’ N B’|, and |[AN X| + |BN X]|
with [(AUB) N X|+|AN BN X]|, observing that ANBNX = AN B (because AN B C X), and
simplifying, we get:

JAUB |+ [(AUB)NX|+|A'NB|—|AANANnX|—|BNnBNX|<|AUB|
[(AUBYU(AUBNX|+|(AUB)N(AUB)NX|+|ANB|—-|ANANX|-|BNnBNnX|<|AuB|.

Replacing —|A'N AN X| — |B'’N BN X| in the last inequality with —(|JA'NAUB N B)NX|+
|JANANB' NBNX|)=—(|AANAUB' NB)NX|+|A'NANB N BJ) (because AN B C X), and
observing that [(A’NAUB'NB)NX| < [(AUB)N(AUB)NX|,and [A'NANB'NB| < |A'NnB|,
we conclude that:

(A UBYU(AUB)NX| < |AUBI. (6)
Inequality (6) establishes that S’ <; S. O

Lemma 5.9. Let X; be bag, ™ a pattern for X;, and R, be a representative set for (X;,m). Then
the number of sequences in Ry is at most h(k)Xil* where h(k) = O(F k2¥*tF), for some constant
c>1.

Proof. Let m = (v1 = s,01,v2,092,...,0,-1,v = t) and let v; and vj;1 be two consecutive vertices
in 7 such that o; = 1. For each j € [r—1] such that o; = 1, let P; be a minimal set of k-valid vj-vj11
paths w.r.t. X;. Without loss of generality, we can pick P; such that there is no k-valid u-v path P
in G}, ,, ., such that P;U{P} is minimal w.r.t. X;. From Lemma 5.2 it follows that |P;| < h(k)\ Xl
where h(k) = O(c*’ k2 %) for some constant ¢ > 1. For a sequence S = (Py, ..., P,_) in Ry we
define the signature of S (w.r.t. X;) to be the tuple (x(P1) N x(Xi), ..., x(Pr—1) N x(X;)). Observe
that if S; and Sz have the same signature w.r.t. X;, then x(S1) U (x(S2) N x(X;)) = x(S1) and
X(S2) U (x(S1) N x(Xi)) = x(S2); hence, either S; =<; So or So =<; S1. It follows from property
(i) of representative sets that no two sequences in R, have the same signature w.r.t. X;. Now let
S = (P1,...,P,—1) be a sequence in R, with a signature (C1,...,Cr_1). Note that if C; # 0,
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then P; is not the empty path, and hence o; = 1. We show that for each j € [r — 1] such that
C; # 0, there is a path P € P; such that x(P) N x(X;) = C;. Suppose, for a contradiction, that
this is not the case. Then for some j € [r — 1] such that C; # 0, there is no path P € P; such
that x(P) N x(X;) = Cj. Clearly, P; ¢ P;, and therefore, by our choice of P;, the set P; U {P;}
is not a minimal set w.r.t. X;. By assumption, P; U {P;} does not contradict property (i) in the
definition of minimal set of paths w.r.t. Xj. Moreover, since S € R, it follows from property (ii)
of representative sets that P;, and hence P; U {P;}, satisfies property (iii) of minimal set of paths
w.r.t. X;. Therefore, P; U{P;} has to contradict property (ii) in the definition of minimal set of
paths w.r.t. X;, and there are two paths Q1,Q2 € P; U {P;} such that x(Q1) € x(Q2). However,
if x(Q1) = x(Q2), then Q1 and @2 contradict property (i) of a minimal set of paths w.r.t. X;, and
if x(@Q1) € x(Q2), then Q2 contradicts property (iii), and we already established that P; U {P;}
satisfies properties (i) and (iii). Therefore, P; U {P;} is a set of minimal paths w.r.t. X;, which is
a contradiction. We conclude that, for each j € [r — 1] such that C; # 0, there is a path P € P;
such that x(P) N x(X;) = Cj. It follows that the number of signatures of paths in Py, is at most
H;;% Pj| < h(k)il” . Since no two distinct sequences in R, have the same signature, it follows

that |R.| < h(k)Xil’. O

For each bag X;, we maintain a table I'; that contains, for each pattern for X;, a representative
set of sequences R, for (X;,m). For two vertices vertices u,v € X; and two u-v paths P, P’
in G%,, we say that P’ refines P if x(P') C x(P). For two sequences S = (P,...,P._1) and
S’ = (P],...,P/_;) that conform to (X;, ), we say that S’ refines S if each path Pj’ refines Pj, for

g
jer—1].

Lemma 5.10. Let X; be a bag, 7 = (v1 = 8,01,v2,02,...,0,—1,0, = t) a pattern for X;, and
W = (Wh,...,W,_1) a sequence of walks, where each W; is a walk between vertices vj and vji1 in
Gf] w4, Satisfying x(Wj) < k. Then in time O*(2F) we can compute a sequence S = (Py, ..., Pr_1)
of induced paths, where each Pj is an induced path between vertices vj and vj41 in Gl such that

VjVj41

X(P;) € x(Wjy), for j € [r— 1], and such that S satisfies property (ii) of representative sets.

Proof. For each walk Wj, j € [r — 1], we do the following. For each subset C’ C x (W) considered
in a nondecreasing order of cardinality, we form the subgraph G’ from GZ i1 by removing every

vertex x in Gf} o that does not satisfy x(z) € C’. We then check if there is a vj-v;41 induced
path in G, and set P;j to this path if it exists. It is clear that the path P; satisfies x(P;) C x(W;)
and that the sequence &' = (Pi,..., P,_1) conforms to m w.r.t. X; and satisfies property (ii) of
representative sets. Since each W satisfies x(WW;) < k, we can enumerate all subsets of x(W;) in
time O*(2%). Since checking if there is an induced vj-v;j4+1 path in G’ takes polynomial time, it

follows that computing P; from W; takes O*(2*), and so does the computation of S. O

For a bag X;, pattern 7 for X;, and a set of sequences R that conform to (X;, 7), we define the
procedure Refine() that takes the set R and outputs a set R’ of sequences that conform to (X;, ),
and does not violate properties (i) and (ii). For each sequence S in R, we compute a sequence
S’ that refines S and satisfies property (ii), and replace S with 8’ in R. Afterwards, we initialize
R’ = 0, and order the sequences in R arbitrarily. We iterate through the sequences in R in order,
and add a sequence S, to R’ if there is no sequence S already in R’ such that S <; S,, and there
is no sequence S; € R, ¢ > p (i.e., S; comes after S, in the order), such that S; < S,,.

Lemma 5.11. Let X; be a bag, m = (v1 = s,01,v2,092,...,0,—1,v, = t) a pattern for X;, and W =
(Wh,...,Wy_1) a sequence of walks, where each W is a walk‘ between vertices v; and vj41 n G’v V741
satisfying x(W;) < k. The procedure Refine() on input W produces a set of sequences R that
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conforms to (X;, ) satisfying properties (i) and (ii), and such that for each sequence S € W, there
is a sequence S' € R’ satisfying S' =; S. Moreover, the procedure runs in time O*(28|W| + [W)?).

Proof. By Lemma 5.10, refining a sequence in W takes O*(2¥) time, and hence, refining all sequences
in W takes O*(2F|W)|) time. After refining W, we initialize R’ to the empty set, and iterate through
the sequences in W, adding a sequence S, € W to R’ if there is no sequence S already in R’ such
that S <; Sp; clearly this takes O*(|W|?) time, and the lemma follows. O

If a bag X; is a leaf in T, then X; = V; = {s,t}, and there are only two patterns (s,0,t) and
(s,1,t) for X;. Clearly, the only sequence that conforms to (s,0,t) is the sequence (()) containing
exactly one empty path. Moreover, there is no edge st € E(G). Therefore, there is no sequence
that conforms to (s, 1,t), and the following claim holds:

Claim 2. If a bag X; is a leaf in T, then T; = {((s,0,t),{(())}), ((s,1,t),0)} contains, for each
pattern for X;, a representative set for (X;, 7).

We describe next how to update the table stored at a bag X;, based on the tables stored at its
children in 7. We distinguish the following cases based on the type of bag X;.

Case 1. X; is an introduce node with child X;. Let X; = X; U {v}.

Clearly, for every pattern 7 for X; that does not contain v, we can set I';[n] = I';[x]. T[] is a
representative set for (X;, m) for the following reasons: (i) follows because every color in x (X;)\x(Xj;)
does not appear in Vj, since X; is a vertex separator in G separating v and V; and colors are
connected. Hence, if two sequences in I'j[r] that conform to (X;, 7) contradict (i), they contradict
(i) wr.t. (Xj,m) as well, but I'j[x] is a representative set for (X;,m). For properties (ii) and (iii),
it is easy to observe that v does not appear on any path between two vertices in 7 having internal
vertices in V; \ Xj;, and hence, these properties are inherited from the child node X;.

Now let 7 = (v = s,01,v2,02,...,00—1,v, = t) be a pattern such that v, = v, ¢ € [2..r — 1],
and let 7’ = (v1,01,...04-1,0,Vg41, 0g+1, - - -, 0r—1,0y). Note that since X is a separator between v
and Vj, the only possibility for a path from v to a different vertex in X; to have all internal vertices
in V; \ X; is if it is a direct edge. Therefore, if 04—1 = 1 (resp. o4 = 1) then v4_1v (resp. vqv) is an
edge in G. Otherwise, there is no sequence conforms to (Xj, ).

We obtain I';[7] from T';[n’] as follows. For every &' = (P{,P;,...,P/_,) € T'j[n'], we replace
the empty path corresponding to 0 between v,—1 and vgq; in 7’ by two paths P,_1, P, such that
Py,_1 = () (resp. Py =()) if 041 =0 (resp. 04 = 0) and Pj_1 = (v4—1,v) (resp. Py_1 = (v,7q))
otherwise and we obtain S = (P,..., Py o, Py—1, Py, Py, ..., P/_5). Denote by R, the set of all
formed sequences S. Finally, we set I';[r] = Refine(R;). We claim that I';[r] is a representative
set for (X, ).

Claim 3. If X; is an introduce node with child X;, and I'j contains for each pattern = for X; a
representative set for (X;, '), then T';[w] defined above is a representative set for (X;, ).

Proof. 1t is clear that from the application of Refine(), I';[w] does not contradict properties (i)-(ii)
of the definition of representative sets. Assume now that there exists a sequence S ¢ T';[r| that
conforms to (X;, ) such that S violates property (iii). We define the sequence &’ that conforms to
7', and is the same as S on all paths that © and 7’ share. Since no two paths in S share a vertex
that is not in X; (since S violates (iii)), and all paths in S" are also in S, it follows that no two paths
in &’ share a vertex that is not in X;. Since I';[7’] is a representative set for (X;,n’), it follows
that there exists S € I'j[n'] such that ] <; S’. Let S; be the sequence obtained from &} and
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conforming to (X;, 7). Then S; € R, and hence by Lemma 5.11, there is a sequence Sy € I';[7]
such that Sy <; S1. Since either both &1 and S contain v or none of them does, we have S <; S.
By transitivity of <; (Lemma 5.5), it follows that Sy =<; S. This contradicts the assumption that S
violates property (iii). O

Case 2. X, is a forget node with child X;. Let X; = X \ {v}.

Let m = (s = v1,01,...,00—1,v, = t) be a pattern for the vertices in X;. For ¢ € [r — 1], such
that o4 = 1, we define 79 = (s = v},01,...,0,,v..; = t) to be the pattern obtained from 7 by
inserting v between v, and v,41 and setting cr; = 0(’] 41 = 1. More precisely, we set ’UI/) = v, and
o, =o0pforl <p<gq, v, =vando,,; =1, and finally v, = v and o, = 01 for ¢+2 < p < 7.
We define R, as follows:

Rﬂ:Fj[’]T]U{S:(Pl,...,qul,PqOPq+1,Pq+2,...,P»p)|(Ph...,PT)GFj[’ITq],qG[7‘—1]/\0(]:1}.

Finally, we set I';[1] = Refine(R,) and we claim that I';[r] is a representative set for (X;, ).

Claim 4. If X; is a forget node with child X;, and T'; contains for each pattern @' for X; a
representative set for (X;, '), then I';[w] defined above is a representative set for (X;, ).

Proof. 1t is straightforward to see that I';[7] satisfies properties (i) and (ii) due to the way procedure
Refine() works. Assume for a contradiction that there exists a sequence S that violates property
(iii). We distinguish two cases.

First, suppose that no path in S contains the vertex v. Then this path conforms to the pattern 7
in X;. Since no two paths in S share a vertex that is not in X;, and since I';[7] is a representative set,
there exists S; € I'j[n] such that S; <; S. Then S§; € Ry, and hence by Lemma 5.11, I';[71] contains
a sequence Sp such that S <; §1. Since &1 X § and X; C Xj, it follows from Observation 5.7 that
81 =; §. By transitivity of =<;, it follows that S <; S, which is a contradiction to the assumption
that S violates property (iii).

Second, suppose that there is a path P, in § that contains v on a path between v, and v411. We
form a sequence &’ from S by keeping every path P # P, in S, and replacing P, in the sequence
by the two subpaths of P, Py = (vg,...,v) and P,y = (v,...,v441). The sequence &’ conforms to
(X, m7), and since no two paths in S share a vertex that is not in X;, no two paths in &’ share a
vertex that is not in X;. Since I';[w9] is a representative set for (X, 7¢), it follows that there exists
a sequence S7 € I';[m7] such that S| <; §’. Let S; be the sequence conforming to (X;, m) obtained
from S by applying the operation o to the two paths in 8] that share v. Then S; € R,. Therefore,
by Lemma 5.11, T';[r] contains a sequence Sy such that S <; Sp. Since §] <; &, x(S’) = x(S),
X(S1) = x(81), and X; C X, it follows that S; <; S. By transitivity of <, it follows that Sy <; S,
which is a contradiction to the assumption that S violates property (iii). O

Case 3. X is a join node with children X;, X /.

Let 7 = (s = v1,01,...,00_1,v = t) be a pattern for X;. Initialize R, = (). For every two
patterns m = (s = v, 71,...,7—1,0, = t) and m = (s = v, 41,...,r—1,0 = t) such that
04 = T4 + g, and for every two sequences S; = (Pl,..., P[~') € Tj[m1] and Sy = (P4,..., Py 1) €

Lji[ms], we add the sequence S = (Py,...,Pr_1) to Ry, where P, = P{ if Pj is the empty path,
otherwise, P, = Py, for ¢ € [r — 1]. We set I';[r] = Refine(R), and we claim that I';[7] is a
representative set for (X, 7).
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Claim 5. If X; is a join node with children X;, X;i, and I'j (resp. I'j) contains for each pattern
7' for X; = Xy = X; a representative set for (X;, ') (resp.(n', X)), then I';[r| defined above is a
representative set for (X;, ).

Proof. Clearly I';[r] satisfies properties (i) and (ii) due to the application of the procedure Refine().
To argue that I';[r] satisfies properties (iii), suppose not, and let S = (P1,..., P._1) be a sequence
that violates property (iii). Notice that every path P, ¢ € [r — 1] is either an edge between two
vertices in X, or is a path between two vertices in X; such that its internal vertices are either all in
Vi\ X; or in Vjr\ Xj; this is true because X is a vertex separator separating V;\ X; from Vy\ X; in G.
Define the two sequences S; = (P}, ... ,P{_l) and Sy = (P}, ... ,PQ”_I) as follows. For ¢ € [r — 1],
if P, is empty then set both P! and Py to the empty path; if P, is an edge then set P} = P, and
PJ to the empty path. Otherwise, P, is either a path in G[V;] or in G[V}/]; in the former case set
Pl = P, and PJ to the empty path, and in the latter case set Py = P, and P{ to the empty path.
Since no two paths in § share a vertex that is not in X;, and X; = X; = X/, no two paths in &;
(resp. Sa) share a vertex that is not in X; (resp. Xj/). Let m = (s = vi,71,...,7r—1,v, = t) and
o = (8 = v1, pi1, - - -, fbr—1, Uy = t) be the two patterns that S; and Se conform to, respectively, and
observe that, for every ¢ € [r — 1], we have o4 = 74 + pq. Since I';[m] and I'j/[m5] are representative
sets, it follows that there exist S{ = (Y{,...,Y,_;) in T'j[m] and Sy = (Z1,..., Z]_;) in I'j/[m] such
that S| <; S1 and S; =X So. Let 8" = (Py,..., P/_y), where P, = Y, if Z; is the empty path,
otherwise, P, = Z, for ¢ € [r —1]. The sequence S’ conforms to 7 and is in R,. By Lemma 5.11,
I';[7] contains a sequence S” such that §” <; S’. From Observation 5.7, since X; = X; = X/, from
S1 =X 81 and Sy Xjr Sy it follows that S7 =; S1 and S) =; Sz. Since x(S1) U x(S2) = x(S) and
X(S1) U x(8%) = x(8'), and since x(S1) N x(S2) € x(X;), by Lemma 5.8, it follows that S’ <; S.
Since §” <; &', by transitivity of <;, it follows that §” <; S, which concludes the proof. O

We can now conclude with the following theorem:

Theorem 5.12. There is an algorithm that on input (G,C,x,s,t, k) of CONNECTED OBSTACLE
REMOVAL, either outputs a k-valid s-t path in G or decides that no such path exists, in time
O*(f(k)S<"), where w is the treewidth of G and f(k) = O(F’ k*°+k) for some constant ¢ > 1.
Therefore, CONNECTED OBSTACLE REMOVAL parameterized by both k and the treewidth of the
put graph is in FPT.

Proof. First, in time O(]V(G)[*), we can compute a branch decomposition of G, and hence a tree
decomposition, of width at most 3w/2, where w is the treewidth of G [16, 22, 23]. From this tree
decomposition, in polynomial time we can compute a nice tree decomposition (V,7T) of G whose
width is at most 3w/2 and satisfying |V| = O(|V(G)]) [19]. The algorithm starts by removing the
colors of s and t from G, and decrements k by |x(s)Ux(¢)| (see Assumption 2.2). Afterwards, if k < 0,
the algorithm concludes that there is no k-valid s-t path in G. If st € E(G) and k > 0, the algorithm
outputs the path (s,t). Now we know that s and ¢ are not adjacent, and that x(s) = x(¢) = 0. The
algorithm then adds s and t to every bag in T, and executes the dynamic programming algorithm
based on (V,T), described in this section, to compute a table I'; that contains, for each bag X; in
T and each pattern 7 for X;, a representative set R, for (X, 7).

From Claims 2, 3, 4, 5, it follows, by induction on the height of the tree-decomposition (V,7T)
(the base case corresponds to the leaves), that the root node X, contains a representative set I',.[r]
for the sequence m = (s,1,t). If I'.[n] is empty, the algorithm concludes that there is no k-valid
s-t path in G. Otherwise, noting that there is only one sequence S in the representative set I';[r]
since X, = {s,t} and s and ¢ are empty, the algorithm outputs the k-valid s-t path P formed by S.
The correctness follows from the following argument, which shows that if there is a k-valid s-t path
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in GG, then the algorithm outputs such a path. Suppose that P’ is a k-valid induced s-t path such
that there does not exist an s-t path P” in G satisfying x(P”) C x(P’), and let &' = (P’). Since
G%, = @G, it follows that S’ conforms to (X, 7). Since S’ contains exactly one path that is induced,
no two paths in 8’ share a vertex. Therefore, by property (iii) of representative sets, there exists
a sequence S in I';[7] satisfying S <, §’. Noting that a sequence in T'.[7] must consist of a single
k-valid s-t path, it follows that the algorithm correctly outputs such a path.

Next, we analyze the running time of the algorithm. We observe that among the three types
of bags in 7T, the worst running time is for a join bag. Therefore, it suffices to upper bound the
running time for a join bag, and since |V| = O(n), the upper bound on the overall running time
would follow.

Consider a join bag X; with children X, X;/. Let w’ be the width of 7 plus 1, which serves as an
upper bound on the bag size in T, and note that w’ < 3w/2 + 3, where the (additional) plus 2 is to
account for the vertices s and ¢ that were added to each bag. The algorithm starts by enumerating
each pattern 7 for X;. The number of such patterns is at most 2 -w’-w'! = O*(2"-w'!), where w’-w'!
is an upper bound on the number of ordered selections of a subset of vertices from the bag, and 2" is
an upper bound on the number of combinations for the o;’s in the selected pattern. Fix a pattern 7
for X;. To compute I';[x], the algorithm enumerates all ways of partitioning 7 into pairs of patterns
71, mo for the children bags; there are 2+ ways of partitioning 7 into such pairs, because for each
o; = 1 in 7, the path between v; and v;41 is either reflected in m; or in my. For a fixed pair 71, ma,
the algorithm iterates through all pairs of sequences in the two tables I';[m{] and T'j/[ms]. Since
cach table contains a representative set, by Lemma 5.9, the size of each table is O(hy(k)“”), where
hi(k) = O(c’f2 k2F+F)  for some constant ¢; > 1, and hence iterating over all pairs of sequences in
the two tables can be done in O(h1(k)%") time. From the above, it follows that the set R, can be
computed in time 2" - O(hy (k)%"*) = O(hy(k)>"™), where ho(k) = (’)(612“2 k2*+F) for some constant
¢y > 1, which is also an upper bound on the size of R;. By Lemma 5.11, applying Refine()
to Ry takes time O*(28hy (k)29 + ho(k)*™) = O*(hs(k)*"), where h(k) = O(cE"k2**+F) for
some constant c3 > 1. It follows from all the above that the running time taken by the algorithm to
compute I'; is O* (hg (k)% 24" .w/1) = O*(ha(k)*"), where hy(k) = 0(652 k21F) for some constant
¢4 > 1, and hence the running time of the algorithm is O*(f(k)%"), where f(k) = O(c¥ k2 +F),
for some constant ¢ > 1. O

6 Extensions and Applications

In this section, we extend the FPT results for CONNECTED OBSTACLE REMOVAL w.r.t. the combined
parameters k and w—the treewidth of the input graph, to show that the Connected Obstacle
Removal problem parameterized by both k and the length ¢ of the sought path is FPT. We also
show some applications of these FPT results. We formally define the problem BOUNDED-LENGTH
CONNECTED OBSTACLE REMOVAL:

BOUNDED-LENGTH CONNECTED OBSTACLE REMOVAL

Given: A planar graph G; a set of colors C; x : V — 2% and two designated vertices s,t € V(G)
Parameter: k. /¢

Question: Does there exist a k-valid s-t-path of length at most ¢ in G?

We start with the following lemma that enables us to upper bound the treewidth of the input
graph by a function of the parameter ¢:

Lemma 6.1. Let (G,C,x,s,t,k, ) be an instance of BOUNDED-LENGTH CONNECTED OBSTACLE
REMOVAL, and let v be a vertex in G such that dg(s,v) > £+ 1. Let G' be the graph obtained
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from G by contracting any edge uv that is incident to v, and let x'(z) = x(u) U x(v), where x is
the new vertex resulting from contracting uv, and x'(w) = x(w) for any w € V(G) \ {u,v}. Then
(G',C, X, s,t,k,0) is a yes-instance of BOUNDED-LENGTH CONNECTED OBSTACLE REMOVALif and
only if (G,C,x,s,t, k,0) is.

Proof. Since G is color-connected and x(z) = x(u)Ux(v), it is easy to see that G’ is color-connected
as well. Because dg(s,v) > ¢ + 1, any solution to (G,C,x, s,t,k,{) does not contain any of u,v,
and hence, is a solution to (G',C, x/, s,t, k,£). Conversely, because dg(s,v) > ¢+ 1 any solution to
(G',C, X, s,t,k,¢) does not contain z, and hence is a solution to (G, C, x, s,t, k, £). O

By Lemma 6.1, we may assume, without loss of generality, that in an instance (G, C, x, s, t, k, £) of
BOUNDED-LENGTH CONNECTED OBSTACLE REMOVAL, every vertex v € V(G) satisfies dg(s,v) <
{4+ 1. Therefore, we may assume that G has radius at most £ + 1, and hence G has treewidth at
most 3- (£ +1)+1=30+4[22].

At this point we draw the following observation. Although the treewidth of G is bounded by a
function of £, we cannot use the FPT algorithm for OBSTACLE REMOVAL, parameterized by k and
the treewidth of G, to solve BOUNDED-LENGTH CONNECTED OBSTACLE REMOVAL because the
k-valid path returned by the algorithm for OBSTACLE REMOVAL may have length exceeding the
desired upper bound /. In fact, extending the FPT results for OBSTACLE REMOVAL to BOUNDED-
LENGTH CONNECTED OBSTACLE REMOVAL turns out to be a nontrivial task, that necessitates
a nontrivial extension of the structural results in Section 4, as well as the dynamic programming
algorithm in Section 5. In particular, the color contraction operation, on which the structural
results developed in Section 4 hinge, is no longer applicable since contracting an edge may decrease
the distance between s and ¢ in the resulting instance, and hence, may not result in an equivalent
instance of the problem. However, we will show in the next section that we can extend the notion of
a minimal set of k-valid paths between two vertices to incorporate the length of these paths, while
still being able to upper bound the size of such a set by a function of both k and the length of these
paths.

6.1 Extended Structural Results
We start with the following definition:

Definition 6.2. Let u,v,w € V(G), and let A € [¢]. Let P be a set of k-valid u-v paths in G — w,
each of length A\. The set P is said to be A-minimal with respect to w if there does not exist two
paths Pj, P, € P such that x(P1) N x(w) = x(P2) N x(w).

Let u,v,w € V(G), X € [{], and let P be a set of A-minimal k-valid u-v paths in G — w. Let M
be a set of A-minimal k-valid color-disjoint u-v paths in G — w. Let H be the subgraph of G — w
induced by the edges of the paths in P, and let M be that induced by the edges of the paths in M.

Lemma 6.3. M has a u-v vertex-separator of cardinality at most 2(\+ 1).

Proof. We proceed by contradiction, and assume that M does not have a u-v vertex-separator of
cardinality at most 2(A + 1). By Menger’s theorem [5], there exists a set D = {Py,..., P}, where
r > 2A43, of vertex-disjoint u-v paths in M. Let uq,...,u, be the neighbors of v in counterclockwise
order such that P; contains w;, ¢ € [r], and let Q; be a path in M containing u;.

Since all paths in M have the same length A, Definition 6.2 implies that Observation 4.5 holds.
Therefore, at most one path in M contains only internal colors with respect to w in M. By
Observation 4.7, any vertex on a path in M such that the vertex contains an external color w.r.t. w
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in M must be incident to the external face to w in M. Choose 7' € [r] such that |r' — [Z]] is
minimum and @, contains an external color w.r.t. w in M. Since ),» contains an external color
w.r.t. w in M, @, contains a vertex incident to the external face to w in M. Since all paths in
D are u-v vertex-disjoint paths, @Q,» contains vertices other than u and v from at least |r/2| — 1
distinct paths (including itself) in D. Since the paths in D are all vertex disjoint, it follows that
|Q.| > r/2 —1, and hence A > r/2 — 1, which implies that » < 2(A + 1). This contradicts our
assumption that r > 2\ + 3. O

Lemma 6.4. |M| < g()\), where g(A) = O(c*\*Y), for some constant ¢ > 1.

Proof. As in the proof of Lemma 6.3, Definition 6.2 implies that Observation 4.5 holds, and hence,
at most one path in M contains only internal colors w.r.t. w in G —w. Therefore, we upper bound
the number of paths in M that each contains at least one external color to w in G — w, and add
1 to g(A) at the end. Henceforth, we shall assume that every path in M contains a color that is
external to w in M.

The proof is by induction on A, over every color-connected plane graph G, every triplet of vertices
u,v,w in G, and every A-minimal set M w.r.t. w in G — w of k-valid pairwise color-disjoint u-v
paths. If A =1, then |[M| <1 < g(1), if we choose g(1) to be at least 1.

Suppose, by the inductive hypothesis, that for any 1 < ¢ < A, we have (M| < g¢(i). By
Lemma 6.3, M has a u-v vertex-separator S satisfying |S| < 2X + 2. S separates M into two
subgraphs M, and M, such that v € V/(M,), v € V(M,), and there is no edge between M, and M,,.
We partition M into two groups: (1) The set of paths in M that each contains a nonempty vertex in
S; and (2) the set of remaining paths My, which contains each path in M whose intersection with
S consists of only empty vertices. Since the paths in M are pairwise color-disjoint, no nonempty
vertex in S can appear on two distinct paths from group (1). Therefore, the number of paths in
group (1) is at most |S| < 2\ + 2.

To upper bound the number of paths in group (2), suppose that S = {s2,...,8,-1}, where
r < 2\ + 4, and extend S by adding the two vertices s; = w and s, = v to form the set A =
{s1,s2,...,s-}. For every two (distinct) vertices s;,s; € A, j,j' € [r],j < j/, we define a set of
paths Pj; in G — w whose endpoints are s; and sj as follows. For each path P in group (2),
partition P into subpaths P, ..., P, satisfying the property that the endpoints of each P;, i € [g],
are in A, and no internal vertex to F; is in A. Since P contains a vertex that contains an external
color to w in G — w, there exists an i € [¢] such that P; contains a vertex that contains an external
color to w in G' — w; pick any such i € [¢], and assign P; to the set of paths Pj; such that s;
and s; are the endpoints of P;. Since each P; contains an external color that appears on P and
the paths in M are pairwise-color disjoint, it follows that the map that maps each P to its P; is a
bijection. Moreover, since each path P must intersect S\ {u, v}, the length of each path in P;;,
for 4,5 € [r],j < j', is strictly smaller than \.

To upper bound the number of paths in group (2), fix a set P;;. For any fixed length 7' € [A—1],
the subset of paths in Pj;» of length 7, P;;.,, have s;, sj as endpoints, and are pairwise color-disjoint.
Moreover, each path in 73]’:;., contains a vertex that contains an external color to w in G — w. It
follows from the previous statements that 73;;./ satisfies Definition 6.2 with respect to G and w,
and hence 77]’:;,, i’ € [A — 1], is an 7-minimal set of k-valid s;j-s; paths in G with respect to w.
By the inductive hypothesis, we have |73;;,] < g(i'). Since the number of sets Pj; is at most

2’\; 4), i’ < XA —1, and noting that ¢ is an increasing function, the number of paths in group (2) is
O(2) - (A—1)- g\ —1) = O(A) - g(A — 1).

It follows from the above that | M| < g()\), where g(\) satisfies the recurrence relation g(A) <

(2A+2)+O0(N3) - g(A—1) = O(A\3) - g(A —1). Solving the aforementioned recurrence relation gives
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g(\) = O(c*\3), where ¢ > 1 is a constant. Adding 1 to g(\) to account for the single path in M
containing only internal colors w.r.t. w in M yields the same asymptotic upper bound. O

Theorem 6.5. Let G be a plane color-connected graph, let u,v,w € V(G), let X € [¢], and let P
be a set of A-minimal k-valid u-v paths w.r.t. w in G —w. Then |P| < h(k,\), where h(k,\) =
O(M - kF - N3F) | for some constant ¢ > 1.

Proof. The proof is by induction on k. If k& = 0, then by minimality of P, there can be at most
one path in P, namely the path consisting of empty vertices. If £ = 1, then by minimality of P, we
have P = M, and by Lemma 6.4, |P| = O(c*\*) = O(cM - kF - \3MF).

Assume by the inductive hypothesis that the statement of the lemma is true for 1 < i < k. Let
M be a maximal set of pairwise color-disjoint paths in P. By Lemma 4.13, |M| < g(\) = O(c*\3).
The number of colors contained in vertices of M is at most r < k- g(A). We group the paths in P
into r groups P41, ..., Py, such that all the paths in P;, i € [r|, share the same color ¢;, where i € [r],
that is distinct from each color ¢; shared by the paths P;, for j # i. We upper bound the number
of paths in each P;, i € [r], to obtain an upper bound on |P]|.

Let G; be the graph obtained by removing color ¢; from each vertex in GG that ¢ appears on, and
let P! be the set of paths obtained from P; by removing color ¢; from each vertex in P; that ¢ appears
on. Clearly, every path in P} is a (k—1)-valid u-v path of length A\. Moreover, it is easy to verify that
P! satisfies Definition 6.2, and hence, P/ is A-minimal w.r.t. w in G;—w. By the inductive hypothesis,
we have |P!| < h(k — 1, ). It follows that the total number of paths in P is at most h(k, A), where
h(k, ) satisfies the recurrence relation h(k,\) <r-h(k—1,X) <k-g(A) - h(k—1,)). Solving the
aforementioned recurrence relations yields h(k, \) = O((k - g(A\)¥) = O(cM - kF - A3, O

The result of Theorem 6.5 will be employed in the next section in the form presented in the
following corollary:

Corollary 6.6. Let G be a plane color-connected graph, let w € V(G), and let X € [¢]. Let G' be a
subgraph of G —w, and let u,v € V(G"). Every set P of A-minimal k-valid u-v paths in G w.r.t. w
satisfies |P| < h(k, \), where h(k) = O(cM - k¥ - \32) | for some constant ¢ > 1.

Proof. Contract every connected component of (G—w)—G’ into a single vertex containing the union
of the color-sets of the vertices in the component, and add k + 1 new distinct colors to the resulting
vertex. Denote the resulting graph by G”. Observe that the resulting graph is color-connected, and
that every k-valid u-v path of length A in G’ w.r.t. w is a k-valid u-v path of length X in G” w.r.t. w,
and vice versa. Therefore, every set P of A-minimal k-valid u-v paths in G’ w.r.t. w is also a set of
A-minimal k-valid u-v paths in G” w.r.t. w. For any set P of A-minimal k-valid u-v paths w.r.t. w
in G, by applying Theorem 6.5 to P in G” — w, the corollary follows. O

6.2 The Extended Algorithm

Let (G, C, x, s,t, k, £) be an instance of BOUNDED-LENGTH CONNECTED OBSTACLE REMOVAL. The
algorithm is a dynamic programming algorithm based on a tree decomposition of G. Let (V,7T) be
a nice tree decomposition of G. By Assumption 2.2, we can assume that s and ¢ are nonadjacent
empty vertices. We add s and t to every bag in 7, and from now on, we assume that {s,t} C X;,
for every bag X; € T. For a bag X;, we say that v € X; is useful if |x(v)| < k. Let U; be the set of
all useful vertices in X; and let U; = X; \ U;. We denote by V; the set of vertices in the bags of the
subtree of T rooted at Xj.

Let X; be a bag. For any two vertices u,v € X;, let G, = G[(V; \ X;) U {u,v}]. We extend the
notion of a A-minimal set of k-valid u-v paths with respect to a vertex, developed in the previous
section, to the set of vertices in a bag of 7.
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Definition 6.7. Let A\ € [{]. A set of k-valid u-v paths Py, in G, is A-minimal w.r.t. X; if
each path in Py, has length exactly A and there does not exist two paths Pi, Py € Py, such that

X(Pr) N x(Xq) = x(P2) N x(X;).

Lemma 6.8. Let X; be bag, u,v € X;, A € [{] and Py, a A-minimal set of k-valid u-v paths w.r.t. X;
in G%,. Then the number of paths in Py, is at most h(k, \)IX:l where h(k,\) = O(cM - kF - X33,
for some constant ¢ > 1.

Proof. Let X; \ {u,v} = {w1,...,w,}, where r = |X;| — 2. For each w; € X;, j € [r], let P; be a
A-minimal set of k-valid u-v paths w.r.t. w; in G . Without loss of generality, we can pick P; such
that there is no k-valid u-v path P in G%, such that P; U {P} is A-minimal. From Corollary 6.6,
we have |Pj| < h(k,\) = O(c* - k¥ - A3F) | for some constant ¢ > 1. For each P € Py,, and each
J € [r], define C; = x(P) N x(w;). Define the signature of P (w.r.t. the colors of wy,...,w,) to be
the tuple (Cy,...,C,). Observe that no two (distinct) paths P;, P» € Py, have the same signature;
otherwise, since u and v appear on both P, Py, x(P1) N x(X;) = x(P2) N x(X;), which contradicts
the definition of the A-minimality of Py,. For each P € Py, and each j € [r], there is a path P’ € P;
such that x(P') N x(w;) = C;. Otherwise, P; U {P} satisfy Definition 6.2, which contradicts our
assumption that there is no k-valid u-v path P in G',, such that P; U {P} is A-minimal. It follows
that the number of signatures of paths in Py, is at most [[;_, |P;| < h(k)¥l. Since no two distinct

paths in P, have the same signature, it follows that [P,,| < h(k)X:l. O

We define the length of a sequence of paths (walks) S, denoted by |S|, to be the sum of the
lengths of the paths in S.

Definition 6.9. Let X; be a bag and 7 = (v1,01,v2...,0,-1,v,) a pattern for X;. A set R, of
sequences of length at most ¢ that conform to (X;, ) is a representative set for (X;, ) if:

(i) For every sequence S; € Ry, and for every sequence S; # S; that conforms to (X;, ), if
S1 =X Ss and S| < |Sa| then Sy ¢ R; and

(ii) for every sequence S ¢ R, |S| < ¢, that conforms to (X;, ) and satisfies that no two paths
in S share a vertex that is not in X, there is a sequence W € R, such that W =<; § and
(Wl <1S].

We mention that Lemma 5.5 and Observation 5.7 extend as they are to the current setting.

Lemma 6.10. Let X; be bag, ™ a pattern for X;, and Ry a representative set for (X;,m). Then
the number of sequences in Ry is at most h(k, O)Xil* | where h(k,0) = O(c - k* - 3% for some
constant ¢ > 1.

Proof. Let m = (v1 = s,01,v2,02,...,0,—1,0, = t), and let A = (A1,..., \,—1) be such that, for each
jelr—1]: (1) \; =0if o; = 0 and \; € [¢] otherwise, and (2) Z;;i Aj < {. For each X € [{], the
number of tuples A = (A1,..., \,_1) satisfying Z;;} Aj = A is the number of weak compositions of A
into r — 1 parts, which is (>‘+T52). It follows that the number of tuples A = (\q,..., A\,_1) satisfying

.
E;;% Aj < £ is upper bounded by (etigl) < (‘)ﬁ;re) < 21Xil+t " Therefore, if we upper bound the
number of sequences in R, corresponding to some fixed tuple A by hy(k, é)‘Xle = O(cfF - Kk . g3k
for some constant ¢; > 1, then we obtain Ry < 2514 py (k, 0)Xi* < h(k, 0)Xi* | where h(k,¢) =
(’)(cek-kk-éyk), for some constant ¢ > 1. Therefore, for the rest of the proof, we fix A = (A,..., A\r—1)
and we let R2 be the subset of R, such that for each sequence S = (Py,..., P,_1) in R2 it holds
that the length of P; is \; for each j € [r — 1] such that o; = 1.
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For each j € [r — 1] such that o; = 1, let P; be a \j-minimal set of k-valid vj-vj;1 paths
w.r.t. X;. Without loss of generality, we can pick P; such that there is no k-valid u-v path P of
length A; in Gf)jvjﬂ such that P; U {P} is A\j-minimal w.r.t. X;. From Lemma 6.8 it follows that
1P| < h(k, \))I Xl where hy(k,\) = O(c}F - k¥ - A3M) for some constant ¢; > 1.

For a sequence § = (P1,...,P-_1) in R, we define the signature of S (w.r.t. X;) to be the
tuple (x(P1) N x(Xi),- .., x(Pr—1) N x(X;)). Observe that if S; and Sz have the same signature
w.r.t. X, then x(S1) U (x(S2) N x(X;)) = x(S1) and x(S2) U (x(S1) N x(X;)) = x(S2); hence, either
81 = Sz or S X; S1. Since all sequences in Rﬁ} have the same length, it follows from property
(i) of representative sets that no two sequences in R, have the same signature w.r.t. X;. Now let
S = (P1,...,P_1) be a sequence in R, with a signature (C1,...,Cy_1). Note that if C; # 0, then
Pj is not the empty path, and hence o; = 1 and the length of P; is A;. For each j € [r—1] such that
Cj # 0, there is a path P € P; such that x(P) N x(X;) = Cj; otherwise, since x(P;) N x(X;) = Cj
and the length of P; is Aj, P; U {P;} would also be a Aj-minimal set of paths w.r.t. X;, which
contradicts our choice of P;. It follows that the number of signatures of sequences in R% is at most
Hg;% P;| < H;;} h(k, \j) < hi(k,0)%i” " Since no two distinct sequences in R2 have the same
signature, it follows that |R2| < hy(k, )Xil" and Ry < 2G4 py (k, 01X < p(k, 0)1%, O

For each bag X;, we maintain a table I'; that contains, for each pattern for X;, a representative
set of sequences R, for (X;, ). For two vertices u,v € X; and two u-v paths P, P' in G, we say

that P’ refines P if x(P') C x(P). For two sequences § = (Py,...,P,—1) and 8’ = (P{,...,P._,)
that conform to (X, ), we say that S’ refines S if each path P} refines Pj, for j € [r — 1].

Lemma 6.11. Let X; be a bag, 7 = (v = s,01,02,02,...,0,—1,v, = t) a pattern for X;, and
W = (Wh,...,W,_1) a sequence such that each W; is a walk between vertices vj and vjy1 in
GYv,y Satisfying x(Wj) < k. Then in time O(r - (|V(G)| + [V(E)])) we can compute a sequence
3)j”j+1

S=(P1,...,P_1), where for each j € [r —1], Pj is an induced path between v; and vjy1 in G
such that x(Pj) C x(W;) and the length of Pj is at most the length of Wj.

Proof. For each walk W}, j € [r—1], we do the following. We form the subgraph G’ from Gzi)j'vj+1 by
removing every vertex x in Gqf)jvj ., that does not satisfy x(z) C x(W;). Clearly, W is a subgraph
of G', and hence there exists a vj-v;41 path of length at most the length of W in G’. We find
a shortest v;-v;y1 path in G’ in time O(|V(G)| + |E(G)|) and set P; to this path. Clearly, the
computation of S takes time O(r - (|[V(G)| + |E(G))|)). O

For a bag X;, pattern 7 for X;, and a set of sequences (of walks) R that conform to (X;, ),
we define the procedure Refine() that takes the set R and outputs a set R’ of sequences of length
at most ¢ that conform to (X;, ), and does not violate property (i) of Definition 6.9. First, for
each sequence S in R, we compute a sequence S’ that refines S and has length at most the length
of S, and replace S with &’ in R. Afterwards, we initialize R’ = ), and order the sequences in R
arbitrarily. We iterate through the sequences in R in order, and add a sequence S, to R’ if |S,| < ¢,
there is no sequence S already in R’ such that S <; S, and |S| < |S,|, and there is no sequence
Sq € R, q>p (ie., S; comes after S, in the order), such that S; < S, and |S,| < |S,|.

Lemma 6.12. Let X; be a bag, ® a pattern for X;, and W be a set of sequences of walks that
conforms to (X;,m). The procedure Refine(), on input W, produces a set of sequences of induced
paths R’ that conform to (X;,m) and satisfy property (i) of Definition 6.9, and such that for each
sequence S € W with |S| < £, there is a sequence §' € R’ satisfying S <; S and |S'| < |S|.
Moreover, the procedure runs in time O*([W)|?).
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Proof. By Lemma 6.11, refining a sequence in W takes O(|V(G)|+|E(G)|) time, and hence, refining
all sequences in W takes O*(|W)]) time. After refining W, we initialize R’ to the empty set, and
iterate through the sequences in W, adding a sequence S, € W to R’ if: |S,| < ¢, there is no sequence
S already in R’ such that S <; S, and |S| < |S,|. Clearly, this takes O*(|W)|?) time. Moreover,
for a sequence S € W with |S| < /¢, the refined sequence S’ we obtained from the application of
Lemma 6.11 to S satisfies |S’| < £. The lemma follows. O

If a bag X; is a leaf in T, then X; = V; = {s,t}, and there are only two patterns (s,0,¢) and
(s,1,t) for X;. Clearly, the only sequence that conforms to (s,0,t) is the sequence (()) containing
exactly one empty path. Moreover, there is no edge st € E(G). Therefore, there is no sequence
that conforms to (s, 1,t), and the following claim holds:

Claim 6. If a bag X; is a leaf in T, then T; = {((s,0,t),{(())}), ((s,1,t),0)} contains, for each
pattern for X;, a representative set for (X;, ).

We describe next how to update the table stored at a bag X;, based on the tables stored at its
children in 7. We distinguish the following cases based on the type of bag X;.

Case 1. X; is an introduce node with child X;. Let X; = X; U {v}.

Clearly, for every pattern 7 for X; that does not contain v, we can set I';[n] = I'j[r]. [j[n] is a
representative set for (X, m) for the following reasons: (i) follows because every color in x (X;)\x(Xj)
does not appear in Vj, since X; is a vertex separator in G separating v and V; and colors are
connected. Hence, if two sequences in I'j[r] that conform to (X;, 7) contradict (i), they contradict
(i) wrt. (Xj,m) as well, thus contradicting that I';[7] is a representative set for (Xj;,m). For
property (ii), it is easy to observe that v does not appear on any path between two vertices in 7
having internal vertices in V; \ Xj, and hence, this property is inherited from the child node Xj.

Now let 7 = (v1 = s,01,v2,02,...,00—1,0, = t) be a pattern such that v, = v, ¢ € [2..r — 1],
and let 7’ = (v1,01,...0g-1,0,Vg41, 0441, - - -, 0r—1, V). Note that since X; is a separator between v
and V}, the only possibility for a path from v to a different vertex in X; to have all internal vertices
in V; \ X is if it is a direct edge. Therefore, if 041 =1 (resp. o, = 1) then v,_jv (resp. vqv) is an
edge in G. Otherwise, there is no sequence that conforms to (X;, ).

We obtain I';[7] from T'j[n’] as follows. For every &' = (P}, Py,...,P/_,) € I';[n'], we replace
the empty path corresponding to 0 between v,—1 and vyt in 7’ by two paths P,_1, P, such that
Py_1 = () (resp. Py =()) if og—1 = 0 (resp. 04 = 0) and P,_; = (vg—1,v) (resp. Py_1 = (v,vy))
otherwise and we obtain S = (P,..., P, Py—1,P, Py, ..., P/_5). Denote by R, the set of all
formed sequences S. Finally, we set I';[r] = Refine(R,). We claim that I';[x] is a representative
set for (X, 7).

Claim 7. If X; is an introduce node with child X;, and T'j contains for each pattern = for X; a
representative set for (X;, '), then I';[w] defined above is a representative set for (X;, ).

Proof. From the application of Refine(), it is clear that I';[7] does not violate property (i) of the
definition of representative sets. Assume now that there exists a sequence S ¢ I';[x] of length at
most ¢ that conforms to (X;, 7) and violates property (ii) of Definition 6.9. We define the sequence
S’ that conforms to 7/, and is the same as S on all paths that 7 and #’ share. Since no two paths in
S share a vertex that is not in X; (since S violates (ii)), and all paths in 8 are also in S, it follows
that no two paths in &’ share a vertex that is not in X;. Moreover, |S'| < |S| < £. Since I';[n’]
is a representative set for (X;,7’), it follows that there exists S € I';j[n’] such that S <; S’ and
|S7| < |S’|. Let Si be the sequence obtained from S] and conforming to (X;, 7). Then S; € R,
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and it is easy to verify that |S;| < ¢. Hence by Lemma 6.12, there is a sequence Sy € T';[w] such
that Sy <; 81 and [Sa| < |Si|. Since either both S; and S contain v or none of them does, we have
S1 =i S and |S1| < |S|. By transitivity of <; (Lemma 5.5) and of <, it follows that So <; S and
|S2| < |S|. This contradicts the assumption that S violates property (ii). O

Case 2. X, is a forget node with child X;. Let X; = X; \ {v}.

Let 7 = (s = v1,01,...,00-1,0, = t) be a pattern for X;. For g € [r — 1] such that o, = 1, we
define 77 = (s = v{,01,...,0,,v,, = t) to be the pattern obtained from 7 by inserting v between
vy and vy11 and setting oy = oy, = 1. More precisely, we set v, = v, and o, = 0, for 1 <p < g,
Vg1 = v and op,; = 1, and finally v, = vp—1 and 0}, = 0,1 for ¢ +2 < p < r. We define R as
follows:

RT{:Fj[T(‘]U{S:(Pl,...,Pq_l,PqOPq+17Pq+2,...,PT) | (Ph...,Pr) EFj[’/Tq],qe [T*l]AO'qil}.

Finally, we set I';[7] = Refine(R;) and we claim that I';[7] is a representative set for (X;, ).

Claim 8. If X; is a forget node with child X;, and T'j contains for each pattern ' for X; a
representative set for (X;, '), then T';[w] defined above is a representative set for (X;, ).

Proof. 1t is straightforward to see that I';[r] satisfies property (i) due to the way procedure Refine()
works. Assume for a contradiction that there exists a sequence S that violates property (ii). We
distinguish two cases.

First, suppose that no path in S contains v. Then S conforms to (X, 7). Since no two paths
in S share a vertex that is not in Xj, and since I'j[7] is a representative set, there exists S; € I';[n]
such that §; <; § and |S1] < |S| < £. Then & € Ry, and hence by Lemma 6.12, I';[7] contains
a sequence Sy such that Sp <; S; and |Sp| < |Si|. Since &1 <; § and X; € Xj, it follows from
Observation 5.7 that S; <; . By transitivity of <, it follows that So <; S. Moreover, |Sa| < |S]|,
which is a contradiction to the assumption that S violates property (ii).

Second, suppose that there is a path P, in S between v, and v441 that contains v. We form a
sequence S’ from S by keeping every path P # P, in S, and replacing P, in the sequence by the two
subpaths of Py, Py = (vg,...,v) and P,y = (v,...,v441). The sequence S’ conforms to (Xj, 7?),
and since no two paths in S share a vertex that is not in X;, no two paths in &’ share a vertex that
is not in X;. Moreover, it is straightforward that |S’| = |S|. Since I'j[?] is a representative set
for (X;,n?), it follows that there exists a sequence Sf € I';[n9] such that S <; §" and |S7| < |S|.
Let S be the sequence conforming to (X;, 7) obtained from S by applying the operation o to the
two paths in S] that share v. Then S; € R, and |Si| = |S]| < ¢. Therefore, by Lemma 5.11,
I';[w] contains a sequence Sy such that Sy <; S1. Since S <; &', x(S') = x(S), x(S]) = x(S1),
and X; C X, it follows that & %; S. By transitivity of =<;, it follows that So <; S. Moreover
|S2| < [S|, which is a contradiction to the assumption that S violates property (ii). O

Case 3. X; is a join node with children X;, X,/

Let 7 = (s = v1,01,...,00_1,v = t) be a pattern for X;. Initialize R, = (. For every two
patterns m; = (s = v1,71,...,7—1,0, = t) and m = (s = v, 41,...,r—1,0 = t) such that
04 = T4 + g, and for every two sequences S; = (Pl,..., P[~!) € Tj[m1] and Sy = (P4,..., Py 1) €

Lji[ma], we add the sequence S = (Py,...,Pr_1) to Ry, where P, = P{ if Pj is the empty path,
otherwise, P, = Py, for ¢ € [r — 1]. We set I';[r] = Refine(R), and we claim that I';[7] is a
representative set for (X, 7).
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Claim 9. If X; is a join node with children X;, X;1, and I'j (resp. I'j) contains for each pattern
' for X; = X = X; a representative set for (X, ') (resp. (7', X)), then T[n] defined above is
a representative set for (X;,m).

Proof. Clearly I';[n] satisfies property (i) due to the application of the procedure Refine(). To
argue that I';[7] satisfies properties (ii), suppose not, and let S = (Py, ..., P,_1) be a sequence that
violates property (ii). Notice that every path Py, ¢ € [r—1] is either an edge between two vertices in
X, or is a path between two vertices in X; such that its internal vertices are either all in V; \ X; or
in Vjr\ X;; this is true because X; is a vertex separator separating V; \ X; from Vjy \ X; in G. Define
the two sequences S; = (P{,..., P{ ") and Sy = (P3,..., Py~ ') as follows. For ¢ € [r — 1], if P, is
empty then set both P{ and P to the empty path; if P, is an edge then set P} = P, and Pj to the
empty path. Otherwise, P, is either a path in G[V}] or in G[Vj/]; in the former case set P/ = P, and
PJ to the empty path, and in the latter case set Py = P, and P/ to the empty path. Since no two
paths in S share a vertex that is not in Xj;, and X; = X; = X/, no two paths in S; (resp. Sz) share
a vertex that is not in X (resp. Xj). Moreover, it is easy to see that |Si| + |Sa| = |S| < £. Let

m = (s=v1,7T1,. -, Tr—1,0p = t) and w2 = (8 = vy, 41, .-, fr—1, vy = t) be the two patterns that
S1 and Sy conform to, respectively, and observe that, for every g € [r — 1], we have o, = 7, + 4.
Since T'j[m] and T'j/[my] are representative sets, it follows that there exist S} = (Y{,...,Y/ ;) in

Pj[ﬂj] and Sé = (Zi, ceey Z;"fl) in Fj/[ﬂ'g] such that Si jj Sl, ’8” § |51| and Sé jj/ 52, ‘Sé‘ S ’82’
Let &' = (P,...,P/_y), where P, =Y if Z; is the empty path, otherwise, P, = Z, for ¢ € [r —1].
The sequence 8’ conforms to 7, is in R, and |S'| = |S]|+|S5| < |S|. By Lemma 6.12, T';[7] contains
a sequence 8" such that §” <; &’ and |S”| < |S’|. From Observation 5.7, since X; = X; = X,
from & <; S; and S <jr Sy it follows that S| <; Si and S5 =; Sa. Since x(S1) Ux(Sz2) = x(S) and
X(S81) U x(S)) = x(8'), and since x(S1) N x(S2) € x(X;), by Lemma 5.8, it follows that &’ <; S.
Since §” =; &', by transitivity of <;, it follows that 8” <; S. Moreover |S”| < |S|, which concludes
the proof. O

We can now conclude with the following theorem:

Theorem 6.13. There is an algorithm that on input (G, C, x, s,t, k,¢) of BOUNDED-LENGTH CON-
NECTED OBSTACLE REMOVAL, either outputs a k-valid s-t path in G or decides that no such path
exists, in time O*(f(k, £)37), where f(k,€) = O(c™ - k¥ - 035 for some constant ¢ > 1. Therefore,
BOUNDED-LENGTH CONNECTED OBSTACLE REMOVAL parameterized by both k and the length of
the path is in FPT.

Proof. 1f dg(s,t) > ¢, then, by definition, there is no s-t path of length at most ¢. Hence, we
assume that dg(s,t) < ¢. By Lemma 6.1, if there exists a vertex v such that dg(s,v) > £+ 1, we
can contract any edge incident to v and obtain an equivalent instance. The contraction of an single
edge can be done in time polynomial in the size of the instance and after applying Lemma 6.1 |F)|
times, we would get a trivial instance. Moreover, from the proof of Lemma 6.1 it follows that we
can obtain a solution in the original instance from a solution in contracted instance in polynomial
time. Therefore, we can assume for the rest of the proof that we applied Lemma 6.1 exhaustively,
and hence G has radius at most ¢ + 1 and treewidth w that is at most 3¢ + 4 [22]. Moreover, a
tree decomposition of G of width w can be computed in (polynomial) time O(¢-n) [18]|. From such
a tree decomposition, in polynomial time we can compute a nice tree decomposition (V,7T) of G
whose width is at most w < 3¢+ 4 and satisfying |V| = O(|V(G)|) [19].

The algorithm starts by removing the colors of s and ¢ from G, and decrements k by |x(s)Ux(t)|
(see Assumption 2.2). Afterwards, if k& < 0, the algorithm concludes that there is no k-valid s-t
path in G. If st € E(G) and k > 0, the algorithm outputs the path (s,t). Now we know that s
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and t are not adjacent, and that x(s) = x(t) = 0. The algorithm then adds s and ¢ to every bag in
T, and executes the dynamic programming algorithm based on (V,T), described in this section, to
compute a table I'; that contains, for each bag X; in T and each pattern 7 for X;, a representative
set Ry for (X;,m).

From Claims 6, 7, 8, 9, it follows, by induction on the height of the tree-decomposition (V,T)
(the base case corresponds to the leaves), that the root node X, contains a representative set I',.[r]
for the sequence m = (s,1,t). If T',[n] is empty, the algorithm concludes that there is no k-valid
s-t path of length at most £ in G. Otherwise, noting that there is only one sequence S in the
representative set I';[r] since X, = {s,t} and s and t are empty, the algorithm outputs the k-valid
s-t path P formed by S. The correctness follows from the following argument, which shows that
if there is a k-valid s-t path of length at most ¢ in G, then the algorithm outputs such a path.
Suppose that P’ is a k-valid induced s-t path of length at most ¢ and let S’ = (P’). Since G%, = G,
it follows that S’ conforms to (X, 7). Moreover |S’| < ¢ and S’ contains exactly one path that is
induced, hence no two paths in &’ share a vertex. Therefore, by property (ii) of representative sets,
there exists a sequence S in I',[7] satisfying S <, &’ and |S| < |S’|. Noting that a sequence in I';[7]
must consist of a single k-valid s-t path of length at most ¢, it follows that the algorithm correctly
outputs such a path.

Next, we analyze the running time of the algorithm. We observe that among the three types
of bags in 7T, the worst running time is for a join bag. Therefore, it suffices to upper bound the
running time for a join bag, and since |V| = O(n), the upper bound on the overall running time
would follow.

Consider a join bag X; with children X;, Xj. Let w’ be the width of 7 plus 1, which serves as an
upper bound on the bag size in 7. Therefore, we have w’ < 3¢+ 7, where the (additional) plus 2 is to
account for the vertices s and ¢ that were added to each bag. The algorithm starts by enumerating
each pattern 7 for X;. The number of such patterns is at most 2% -w’-w'l = (9*(2‘*’/ -w'l), where w'-w'!
is an upper bound on the number of ordered selections of a subset of vertices from the bag, and 2" is
an upper bound on the number of combinations for the ¢;’s in the selected pattern. Fix a pattern w
for X;. To compute I';[x], the algorithm enumerates all ways of partitioning 7 into pairs of patterns
my, mo for the children bags; there are ow' ways of partitioning 7 into such pairs, because for each
o; = 1 in 7, the path between v; and v;41 is either reflected in w1 or in mo. For a fixed pair 71, mo,
the algorithm iterates through all pairs of sequences in the two tables I'j[mi] and T'j/[ms]. Since
each table contains a representative set, by Lemma 6.10, the size of each table is hy(k, K)"JIQ, where
hi(k,0) = O(cfF - k¥ . £3%%) for some constant ¢; > 1, and hence iterating over all pairs of sequences
in the two tables can be done in O(hy(k,€)%"”) time. From the above, it follows that the set R
can be computed in time 2 - O(hy(k, 0)2") = O(ha(k, £)2"), where ho(k,l) = O(c§F - k¥ . (3tF),
for some constant cy > 1, which is also an upper bound on the size of R,. By Lemma 6.12,
applying Refine() to R, takes time O* (ha(k, £)*"). It follows from all the above that the running
time taken by the algorithm to compute T is O*(hy(k, 0)% - 29 . /1) = O*(hs(k, £)*"), where
hs(k,0) = O(cfF - k¥ - £3%%) | for some constant c3 > 1, and hence the running time of the algorithm
is O*(f(k,0)3), where f(k, ) = O(c - k¥ - £3%%), for some constant ¢ > 1. O

6.3 Applications

In this subsection, we describe some applications of Theorem 6.13. The first result is a direct
consequence of Theorem 6.13. We still mention it as a theorem due its practical applications, as
one naturally seeks a path that is not very long, and in particular, whose length is not much larger
than the number of obstacles intersected by the path:
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Theorem 6.14. For any computable function h, the restriction of CONNECTED OBSTACLE RE-
MOVAL to instances in which the length of the sought path is at most h(k) is FPT parameterized by
k only.

We note that the above restriction of CONNECTED OBSTACLE REMOVAL is NP-hard, as a
consequence of (the proof of) Corollary 3.3.

The second application we describe is related to an open question posed in [8]. For an instance
I=(G,C,x,s,t,k)of CONNECTED OBSTACLE REMOVAL, and a color ¢ € C, define the intersection
number of ¢, denoted ¢(c), to be the number of vertices in G on which ¢ appears. Define the
intersection number of G, 1(G), as max{t(c) | ¢ € C'}. Consider the following problem:
BOUNDED-INTERSECTION CONNECTED OBSTACLE REMOVAL
Given: A planar graph G such that +(G) < i; a set of colors C; x : V. — 2% and two designated
vertices s,t € V(G)

Parameter: k,¢
Question: Does there exist a k-valid s-t-path in G7

Again, the above problem is NP-hard, as a consequence of (the proof of) Corollary 3.3.
Theorem 6.15. BOUNDED-INTERSECTION CONNECTED OBSTACLE REMOVAL s FPT.

Proof. Since the number of vertices in G on which any color ¢ € C appears is at most ¢(G), the
length of any k-valid s-t path is O(k - 7). The result now follows from Theorem 6.13. O

The following corollary is a direct consequence of Theorem 6.15:

Corollary 6.16. For any computable function h, BOUNDED-INTERSECTION CONNECTED OBSTA-
CLE REMOVAL restricted to instances (G,C,x, s,t, k) satisfying 1(G) < h(k) is FPT parameterized
by k only.

Corollary 6.15 has applications pertaining to geometric instances of the connected obstacle re-
moval problem whose auxiliary graph is an instance of BOUNDED-INTERSECTION CONNECTED
OBSTACLE REMOVAL. In particular, an interesting case that was studied in the literature corre-
sponds to the case in which the obstacles are convex polygons, each intersecting at most a constant
number of other polygons. The complexity of this problem was left as an open question in [§], and
remains unresolved. The result in Corollary 6.16 subsumes this case, and even the more general case
in which the obstacles are arbitrary connected convex regions satisfying that the number of regions
intersected by any region is a constant, as it is easy to see that the auxiliary graph of such instances
will have a constant intersection number!. In fact, we can even allow the intersection number to be
any function of the parameter:

Theorem 6.17. Let h be a computable function. The restriction of GEOMERTIC CONNECTED
OBSTACLE REMOVAL to any set of connected convex obstacles in the plane satisfying that each
obstacle intersects at most h(k) other obstacles, is FPT parameterized by k.

Whereas the complexity of the problem in the above theorem is open, the theorem settles its
parameterized complexity by showing it to be in FPT.

!Note that convexity is essential here, as otherwise, the intersection number of the auxiliary graph may be un-
bounded.
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