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ABSTRACT. A long-standing open problem in Continuum Theory closely related with
the fixed point problem reads as follows. Does there exist a planar continuum which
admits a simple dense canal in every of its planar embeddings? In this document we
propose a continuum which could answer the question in the affirmative.
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2. INTRODUCTION

All the spaces considered in this document are going to be metric spaces. A con-
tinuum is a compact connected metric space. A continuum has a fixed point, if every
continuous function of the continuum to itself (later in the document such function is
called a self-map) has a fixed point. Continua with the property that every self-map has
a fixed point are called to have the fixed point property. As an example, it follows directly
from the intermediate-value theorem that the unit interval [0, 1] c R has the fixed point
property. A homeomorphism of a space onto a subspace of the plane is called a planar
embedding of the space. A continuum that admits a planar embedding is called a pla-
nar continuum. We say that a planar continuum is non-separating if the complement of
the continuum in the plane is connected. One of the oldest outstanding open questions
in Continuum Theory is the following:

(The Scottish Book, Problem 107, Sternbach, see [15]): Does every non-
separating planar continuum have the fixed point property?

Brouwer’s fixed point theorem states that a compact convex set has the fixed point
property. The question quoted above has been one of the central topics of research in
Continuum Theory ever since it was stated, since the positive answer on it would give a
natural generalization of the Brouwer fixed point theorem in dimension two (for a sur-
vey on the fixed point property problem see [4, 11]). There have been a series of involved
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examples of continua without the fixed point property with variety of additional topo-
logical properties given in the literature [3, 8, 10, 16, 17, 18, 19, 20, 24, 25]. However, no
proof that the mentioned examples are planar was given and thus the fixed point prop-
erty question remains unanswered.

A continuum is called indecomposable, if it cannot be written as a union of two of its
proper subcontinua. A fopological disk is a homeomorphic image of a closed unit pla-
nar ball. A technique to construct interesting indecomposable planar continua is to
take a topological disk and dig in the disk an infinite canal with boundaries of the canal
asymptotically approaching each other as the digged canal gets longer. If the closure of
the boundaries of the canal within the disk is an indecomposable continuum, the canal
is called a simple dense canal (in the literature also sometimes called a Lakes-of-Wada
channel). A working definition of a simple dense canal is going to be given later. It was
observed independently by Bell, Sieklucki and Iliadis [2, 12, 26] from 1967 until 1970
that an example of a continuum without the fixed point property (if such exists) needs
to have an indecomposable continuum in its boundary. Furthermore, the results of the
mentioned papers imply that an example of a non-separating planar continuum with-
out the fixed point property (if such exists) would need to have a simple dense canal in
every planar embedding of that continuum. Therefore it is natural to ask the following
question which was posed in the paper [6] by Brechner and Mayer and restated in the
Continuum Theory Problems paper [14] written by Lewis:

(Problem 143 from [14], Brechner and Mayer): Does there exist a non-
separating planar continuum such that every planar embedding of it
has a simple dense canal?

To our knowledge no answer on the question by Brechner and Mayer has been given in
the literature yet.

In this document we give a construction of a possible example of a continuum with
a simple dense canal in every of its embeddings, which would provide a positive an-
swer to the quoted question given by Brechner and Mayer. In the paragraphs to follow
we describe the outline of the construction of the given example and we formalize this
construction for the rest of the document.

An arcis ahomeomorphic image of the closed unit interval. A rayis ahomeomorphic
image of [0,1) c R?. A ray contained in an planar embedding of an indecomposable
continuum is said to have a free side, if for every subarc of the ray there exists an € > 0 so
that exactly one side of the subarc in the e-neighborhood of it contains no other points
of the continuum. A treeis an acyclic graph.

Let X, be continua and let f;, : X;,+; — X,; be continuous functions for every non-
negative integer n. The inverse limit space is defined by

@{Xn,fn};ozo ={(x0,x1,...) : Xn = frn+1 (Xn+1), Xn € X, for every nonnegative integer n}

and we call spaces X, factor spaces and functions f;, bonding maps. For brevity we de-
note X =lim {X,, f,}. It is not difficult to see that the space X under given conditions is
a continuum. We will use inverse limit construction as the main tool in the description
of our example and we will refer to the example from now onwards by X. Our con-
structed continuum X is going to be a tree-like continuum, i.e. inverse limit space on
trees as factor spaces. The continuum X is going to contain four distinct mutually dis-
joint rays R” for v € {0, 1,2,3} and each of the rays is going to be dense in X. All the rays
RY are going to have a free side in every planar embedding of X. The construction of the
example will furthermore assure that the non-free sides of two pairs of rays R%, R! and
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R?, R® respectively are going to face each other in every planar embedding of X. There-
fore, our aim is to construct a simple dense canal between two free sides of rays RV. A
simple triod is a union of three arcs intersecting in a common endpoint and the three
arcs are mutually disjoint otherwise. The continuum X is going to contain five distinct
mutually disjoint simple triods; four of them are going to be attached to exactly one of
the four rays R¥ and one of the triods is going to be disjoint from all the rays R¥. The
most important ingredient for the construction of a simple dense canal is going to be
wrapping of all “long arcs” from X around the five mentioned simple triods. Intuitively,
when some “long arc” from X will wrap on a simple triod we will be able to estimate
the length of a subarc of this “long arc” that will stay close to the triod regardless of the
planar embedding of X. Thus the subarcs of “long arcs” not staying close to any of the
mentioned triods will not have sufficient length to prevent the existence of the simple
dense canal in any planar embedding of X. Therefore, since we in such a way control
all “long arcs” from X we will (hopefully) be able to build a simple dense canal between
two free sides of rays R inductively on the lengths of the rays. At the end of the file we
comment in Remark 11.1 what still needs to be done to complete the paper.

3. PRELIMINARIES

In this section we define a language to describe bonding maps on the factor spaces
for the inverse limit representation of our example.
Throughout this document let ¢’c¢”” denote an arc oriented from ¢’ to ¢””. We denote

by int(c”—c7’) =\ {c,c"}.

Definition 3.1. Define a walk on a tree D as a finite sequence W = (wy, wy,..., Wy)
of points of D. When W = (w) we omit brackets for brevity. Let W denote the se-

quence W listed in the opposite order, i.e. oW = (w,, wy-1,..., wp). For two walks
W' = (wy, wy,...,w,) and W' = (wj, w/,..., WZ/)' where n and n' are nonnegative in-
tegers, define W e W' = (wj, wy,..., wy, wy, wy,..., WZ/)- For walks W,..., W;, define

;:1 W;=W,&---eW,;. If i = 0 we understand that 693.:1 W; = @. For any positive in-
teger k, let Wkdenote WoWea---0 W (the concatenation of k walks W). The walk W*

is the abbreviation of the walk W if all identical consecutive points from W are replaced
by one such point.

Definition 3.2. Suppose W is a walk on a tree D. Let W* = (wy, wy,..., wy) and c'c’
be an oriented arc. Denote by ¢y = ¢’ 1€l Cn1,Cn = ¢ strictly i mcreasmg sequence of
points from ¢'c". Define the map a{W,c c” D):c c'c" — D by setting a (W, ¢ c” D)(cj) =
w; and letting a (W, ¢ ¢'c", D) 575 be an arbitrary homeomorphism onto i;_;w; such

that a (W, E’?’,D) (cj-1) = wj-1 and a(W, c”?’,D) (cj)=wjforeach je{l,...,n}.

4., CONSTRUCTION OF FACTOR SPACES AND BONDING MAPS

In this section we first give geometric description of the factor spaces used in the
construction of inverse limit and then in the following subsections define and explain
the action of bonding maps on the factor spaces.

Suppose that T is a simple triod with endpoints %y, #; and #,. Let Y be another simple
triod disjoint from T. Denote the endpoints of Y by yo, y1 and y,. Let ypap be an arc in-
tersecting TUY only at y,. Let Zya be an arc containing ay in its interior and intersecting
Y U joao U T only at # and ag. Denote Y U Jpag U fgau T by A.
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FIGURE 1. A,

FIGURE 2. Ay and A,

Let s be a point in the interior of @y and let sy, 51, s2,... be a strictly increasing se-
quence of points in the interior of ag yg so thatlim;_.o, s; = s. Suppose s, b1, S2by, S3bs, ...
is a sequence of mutually disjoint arcs such that Agns;b; = {s;} for each positive integer
i.Set A; = Ag UL_J;.:1 sjbj.

Observation4.1. A; c A;4+ for each nonnegative integer i.

Let ay, ay,... be a strictly increasing sequence of points in the interior of ayfy. Addi-
tionally, we assume that lim,,_.», a, = fy. For each nonnegative integer n, let m,, be a
point in the interior of @,a,+1. Set B, = a{(an, to), @n My, Ag). Also, let G, denote the
set aa, U dgso-

In the product A; x {0,1,2,3} consider the relation ~ defined by (x, ) ~ (z,v) for x,z €
A; and p,v € {0,1,2,3} if and only if x = z and either u=v, or x = z € T. Let A; denote
the quotient space A; x{0,1,2,3}/ ~andlet g; : A; x{0,1,2,3} — Ai be the quotient map.
We use the following notation for brevity. If z € A; and p € {0,1,2,3} we denote g; ((2, 1))
by z#. If Z < A; we denote g; (Z x {u}) by Z*. If t € T we denote g; ((¢,1)) by ¢*. In the
same convention, we use T* for g; (T x {u}).

Observation 4.2. A; c A;,, for each nonnegative integer i.

We define an involution 7 : {0,1,2,3} — {0,1,2,3} by 7(0) = 1, 7(1) =0, 7(2) = 3 and
7(3)=2.



PRELIMINARY REPORT ON THE RESEARCH CONDUCTED UNDER MARSHALL PLAN SCHOLARSHIP 5

Let us comment on the important parts of the factor spaces A; and establish a lan-
guage so that we can address them. The space A; consists of four trees A} called v-
legs for v € {0,1,2,3}, where points t € T c AlY are identified, see Figure 2. For every

v €{0,1,2,3} a v-leg consists of an arc a'¢; and a tree ag y, ; -0 lvbV U YV. A subarc

a’ay, of a'ct ty is called the v-precursor of a ray. The arc vav is called the i-sticker of
thev -leg.

In the next two subsections we will separately define the rnaps Pnk: :A; — A;forn
odd and i = ";1 and @,k : :Ajy1 — A;jfornevenand i = 2 5 and any positive integer
k. From now onwards k will always denote the number of wrappings of stretched v-
precursors of rays around a triod from A; and is going to be refereed to as wrapping
number. The maps ¢, ; are going to be used as bonding maps in the definition of our
inverse limit space X. We will prove later that for a careful inductive choice of wrapping
numbers k, any planar embedding of X has a simple dense canal. Before we give a
formal definition of maps ¢, ; we first intuitively describe what we require from the
bonding maps.

With ¢, x for odd n we will assure that X is having four distinct mutually disjoint
rays R¥ which will correspond to the union of extensions of v-precursors of rays for
every v € {0,1,2,3} (we will define rays R" precisely later in the document). The rays R¥
are going to be dense in X, which is going to be achieved by stretching the precursors
of rays along every v-leg for v € {0,1,2,3}. Furthermore, we want that the maps ¢,
for both even and odd n assure the existence of a free side for every of four rays R” in
every planar embedding of X. We will achieve that with fixing the triods m U cﬂ
for every v € {0,1,2,3} with every map ¢, ; and extending v-precursors of rays along
the side of the arc m which contains a subarc of m . The map ¢,  for even n is
going to extend the i-sticker of the p-leg on the part of the 7 (u)-leg and wrap it k times
around triod Y7(#) and vice versa for the i-sticker of the T (,u) -leg for u € {0,2}. Extended
stickers are going to be introduced to assure that the non-free sides of R* and R*(W)
face each other in every planar embedding of X for u € {0,2}. Intuitively, the extended
stickers will tie together pairs of rays R* and R™(M) for 1 € {0,2}. Thus we will be able
to start the construction of a simple dense canal of a planar embedding of X between
free sides of two rays. Moreover, ¢, ;. for n odd will introduce wrapping of extensions
of v-precursors of rays k times around triods Y"” for every v € {0,1,2,3} and the map
¢n,x for n even wrapping of extensions of v-precursors of rays k times around triod
T*. A careful inductive choice of wrapping numbers around all the triods is going to
be of main importance in the construction of simple dense canal in an arbitrary planar
embedding of X, as explained in the introduction.

4.1. Construction of the map ¢,, ;. for odd n. Throughout this subsection k is a posi-
tive integer, n = 0 is an odd integer, i = 1, = mod (%;2,4) (i.e. 251 = 41+ p for the

nonnegative integer / so that p € {0,1,2, 3}) and v is an arbitrary element of {0,1,2,3}.
Let P = (7, ab) @ @i, (s, b4, s ) @ (11’14, 38)" @ (4, 91", ¥)" " @ @*. Let y, denote
a(PeP mnan+1:A1>-
We define a mapping ¢, ;. : A; — A; in the following way.
(0-1) Let, i (x")=x"ifxe YUSag uuj.:1 sibjuaanUT.
(0-2) Let @, r(x") =x"ifv# pand x € 5yg.

(0-3) Let @y oo = a (W, styg, Ai), where W = s/ @ A ) !
0
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(i)

FIGURE 3. (32 (Az) with a 1-gap. An extended v-precursor of a ray is
approaching the p-leg (1 =1 in case (i) and p = 0 in case (ii)).

(0-4) Let @ i(x¥) = q(Bn(x),V) if x € @, my,.
(0-5) Let, i (x") =vo(x) if x € mua,.
(0-6) Let @,k (x") = t; for each x € a,1 1.

Observation 4.3. ¢, i is continuous for odd .

Let Ty, , denote the graph of ¢y, i : A; — A;. In the following paragraphs we explain
in detail the construction of the map ¢,  for odd n and any positive integer k. We argue
that the graph T, , can be drawn in the plane arbitrarily close to A; for every odd n and
any positive integer k.

First, note that the points x” € A; \ (Ui:o anty U st yg ) can be drawn arbitrary close

to @, 1 (x¥) = x" by (O-1), (O-2) for every positive integer k and odd n. By (O-3) we draw
Lo, o to wrap k — 1 times around Y* and thus creating a (k — 1)-gap between the
0

points s# and yg around the triod Y* (see the dashed line on the Figure 3). The (k—1)-
gap is formed to allow the stretched all v-precursors of rays to wrap around Y*. Arcs
which enter this (k — 1)-gap can be drawn to wrap at most k — 1 times around Y* for
1 = 0,2 in the clockwise direction and at most k—1 times around Y* for u =1,3 in coun-
terclockwise direction. The v-precursors of rays are by (O-4) first extended from m
to the entire arc c?v—t\av for every v € {0, 1,2, 3}. After observations made this paragraph the

graph I’y after applying (O-1)-(O-4) looks as on Figure 3, case (i).

The arcs myay,, , are by (O-5) stretched by ¢, ; along the whole leg Aé‘ , starting from
ty» continuing to ag and passing around the j-stickers of u-leg for every j =1,...,1, see
Figure 3. Still by (0-5) we draw I'y,, | —-—~ to enter the (k —1)-gap and wrap inside it

’ n+1

k —1 times around Y*, unwrap inside it k —1 times and exit the (k —1)-gap under the

arc [y, .| o2 Note that in such a way a subarc of T'y, ;| ——~ indeed wraps around
0 n¥n+1

Y* exactly k times, since it wraps once around Y* before entering the (k —1)-gap, see

Figure 3. After unwrapping, a subarc of T stretches under the arc ag st to the
1

okl ey
point a* and then does all of the movement described in this paragraph in the reverse
order and finally stretches to the point t(’)“ , see Figure 3, case (ii).

Since ¢, ;. stretches v-precursors of rays for every v € {0,1,2,3} to a u-leg in the way

described above, we need to show that the arcs Ty, , | o can indeed be drawn si-
’ n%p+1

multaneously in the plane so that ¢, (a; +1) = 1 for every v € {0, 1, 2,3} as required by
(0-6).
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FIGURE 4. Part of the graph 'y, for u =0 in case (i) and for g =1in
case (ii).

Observation 4.4. By the (O-5) there exists a unique point u), € int(m% ay +1) such that
@i (uy,) = a* for every v e {0,1,2,3}.

We impose an ordering on the planar arcs T, Iml .Denoteby |V=T, , |m and

by V=T, | =~ for every v € {0,1,2,3} and let ¥ = {IV:ve{0,1,2,3} and Je (1,1}
! n+1

uya’
for every p € {0,1,2,3}. We write ]V<{%, if arc |V is drawn in the plane closer to y-leg
than to |* among two different arcs |, [*€ 22*. We study different cases depending on
the choice of 1 € {0,1,2,3}.

Let p = 0. Since the graph T, , should be drawn in the plane, it follows that |° needs
to be drawn the closest to the 0-leg and that 13<]2<]! and no other arc from 2° is
between arcs |” for v € {1,2,3} since (pn'k(axﬂ) = t; by (0-6), see Figure 4, case (i).
Furthermore the arc |! obviously needs to be drawn the furthest away from A? among
all the elements from 22°. Thus we only need to determine the ordering among the arcs
10<19,11,12,13<)3.

Observation4.5. Let | be a positive integer. Suppose that (0, z9), (0, z1), ..., (0, 2;) € [0, 1] x
[0,1] © R? is a sequence of points so that 0=z < z; <--- < z;=1and (1,2),...,(1,2)) €
[0,1] x [0,1] and let Zy, Z1,..., Z; be arcs in [0, 1] x [0, 1] such that the endpoints of Z; are

(0,2;) and (1,z}) for every j €{0,1,...,1}. If arcs Z; are mutually disjoint, then z{, < z| <

!
< Zl.

Applying Observation 4.5 for Z, being proper subarcs of | u 1Y forevery v € {0, 1, 2, 3}
with a planar homeomorphism on [0,1] x [0,1] we obtain that |®<1%<1!<12<13<|3,
which completely determines the ordering on arcs from 22°.

Let u = 1. Since the graph Iy, . should be drawn in the plane, it follows that I
needs to be drawn the closest to the 1-leg and furthermore we have the order |3>|2>|!
on these arcs. Moreover, no other arc from 2! is between arcs |3, |? and |, since
@n,k (@ns1) = 1) by (0-6), see Figure 4, case (ii). Furthermore, again by (0-6) the arc
19 needs to be drawn the furthest away from the 1-leg among all the elements of 22!,
Thus we only need to determine the ordering on |°>1°,11,12,13>|3. Applying Obser-
vation 4.5 again for Z, being subarcs of | u 1" for every v € {0,1,2,3} with a planar
homeomorphism on [0, 1] x [0, 1] we obtain that |°<19<1!<12<13<|3, see Figure 4, case
(ii).

If we interchange in A; the 0-leg with the 3-leg and the 1-leg with the 2-leg (i.e. reflect
A; over the vertical line of symmetry of A;) the graph T @ for nodd and for either u=3
or u = 2 respectively can be drawn analogously as discussed above for either p = 0 or
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1 = 1 respectively. We have studied all the elements of the definition of map ¢, i for
odd n and positive integer k. We conclude that the graph Ty, , can be drawn arbitrarily
close in the plane to A;.

We continue with some observations that are going to be important later in the doc-
ument.

Observation 4.6. ¢, i restricted to G}, is the identity on G). Additionally, G}, is a com-
ponent of ¢, ;"1 (G}).

Observation4.7. Let L be an arc contained either in int (ag a‘,’,) orinint (s}’ b}’) for some
j=1,...,i and let K be a component of ¢, ;! (L). Then K is either L or an arc con-
tained in 1nt( n+1) for some A € {0,1,2,3}. In both cases ¢, restricted to K is a
homeomorphlsm of K onto L. (Notice that the case K # L may occur only when v = p.)

Observation4.8. Let ¢* € G),\{sy}. Then the conclusion of the above observation is also
trueif L = c"sg and K is a component of (pn,k_l (L) such that ¢¥ € ¢, & (K).

4.2. Construction of the map ¢, ; for even n. Throughout this subsection v is an arbi-

trary element of {0,1,2,3}, k is a positive integer, n is an even nonnegative integer and

i= g In the case of even n, ¢, . A; 11 — A;. Before we define this mapping, we need

to introduce the following notation:
o Set,ye=alty ®(t, 1,1, *)k,mnanﬂ,ﬁ .
e Letby,,

. va€{1,3},let§ beapomtlnthe 1nter10rofsl+1b

\4
be a point in the interior of s | le

In the remaining part of this subsection u stands for an arbltrary element of {0,2}.
(Thus, T(p) € {1,3}.) We define a mapping ¢, ;. : Ai+1 — A; in the following way.
(E-1) Let ¢,k (x) = x¥ for each x € Ai+1\(§jfﬁu a, tous,-+1b,-+1). (Since x € Aj41 \
Si+1bi+1, it follows x € A; and @, ¢ (xV) = x¥ € A;.)
(E-2) Let @, x(x*)=q(Bn(x),v)if x € aymy.
(E-3) Let, i (x") =ye(x)if x€ myan;.
(E-4) Let @,k (x") = t; for each x € a,41 .
(E-5) Let k|5 =als'e v )t sy, A,
(E-6) Let(pnk| o =alQ, st DY, Ap), where Q = st 69691 ( ]+1’S b” 'U)EB

l+1 i+1

(%,toyag(u) T(”))QB@ ( W br(u)’ ;(u),s;iul)) (T)(,U)_
(ET) Let el g = Qo b Ly, A, where Q2 = ™ (1], 51", 35
(E-8) Let@uk| o mq = @ V1, m),A ), where Vi = 57" & (yf(“),y;(“),yg(“))k
(y;(w’ ylf(lu)i;g(m) _
(E-9) Let il ) =a(Vy, fﬂ)b;ﬁ),ﬁi),where V= yg(”) ®
Gy (T(";)ilsrlgitl) prH) ;(u))@( T g ao,sl)ea@ (s‘.‘,b’f,s’f,57+l)@y(‘)‘_
(E-10) Letwnkgfi‘fbfi‘f a(Vs, :ili)b;ﬂ),ﬁﬁ,where Vz=yhe (yf,yg,yg) )

Observation 4.9. ¢, \ is continuous also for even n.
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® (ii)
FIGURE 5. Case (i): graph I'y,, (and thus i = 3) for (E-1)-(E-5). Case
(ii): graph Ty, for p = 0 (dashed lines) and 7 (i) = 0 around the triod
T*.

In this subsection Iy, . refers to the graph of ¢, x : Ajs1 — A;. In the paragraphs to
follow we explain the construction of the map ¢, ; for even n and any positive inte-
ger k. We argue that the graph I'y, , can be drawn in the plane arbitrarily close to A;
independently of k and n.

By (B-1), if x € Aj1\ (Ej/BU antoU si+1bi+1), then ¢, (x*) =x" € A; and thus graph

[y, can be drawn arbitrarily close to A; in this case. By (E-2) arcs a},m}, are with ¢,, ;

stretched homeomorphically to a}, r* and thus the wrapping of arcs 'y, , | v around
’ n%p+1
T* by (E-3) can start close to the point ;. By (E-3) we draw arcs 'y, | - Wrapping
’ nn+1

counterclockwise k times around the triod T* (see the dashed line on Figure 5, case
(i) which represent simultaneous parallel wrapping of all four arcs I'y,, | ——~ around
! n%n+1

T*). Furthermore, by (E-5) we draw arcs T’ on, |5 wrapping around Y" which creates a

SV 14
(k—1)-gap in the clockwise direction around Y" for v € {0,2} and in the counterclockwise
direction around Y" for v € {1, 3} for any positive integer k. By the observations made in
this paragraph, the graph Ty, , after applying (E-1)-(E-5) looks as on Figure 5, case (i).

Observation4.10. If x € Aj 1\ sj+1b;+1, it holds that x¥ € A;.

By 4.10, what remains to be discussed is the action of (pn r on the (i + 1)-stickers of

v-legs sl+1b:/+1 for v € {0,1,2,3}. Note that for every x" € s}, |

or pni(x) € AZT.(V). Therefore, for discussing (E-6)-(E-10) it is sufficient to restrict on
the case u =0 and 7 (i) = 1 since the case for u = 2 and 7 (u) = 3 follows analogously.
WerefertoI'y, | 5—5 Dby asimple bridgeand toI'y, | 7 bya complicated bridge.

Hl i+1 l+1 i+1
The simple bridge starts in the point s? i+1» Stretches close to ag , and passes around the

j-stickers of 0-leg, for j = i,...,1 consecutively (see Figure 6, case (i)). Then the bridge
stretches to #; (see Figure 5, case (ii)) and stretches down the 1-leg close to the point a(l)
and then passes around j-stickers of the 0-leg, for j =1,..., i consecutively, see Figure 6,
case (ii)). We have already observed that there exists a (k — 1)-gap around Y. Up to
now we were describing the definition of the simple bridge by (E-6). Then, by (E-7) the
simple bridge starts to wrap in the counterclockwise direction around Y! above the arc
Ly, kl i and is drawn to wrap k times around Y' and ends approaching the point yo,

v by, Y., point ¢, i (x") € AY

which is p0551b1e since there is a (k — 1)-gap around YL see Figure 6, case (ii).
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0] (ii)

FIGURE 6. The graph T, , around triods Y° and Y. The dashed lines
are parts of 'y, , IAg.

Note that once the simple bridge is drawn in the plane as we described, we can
not symmetrically reflect the construction of the simple bridge on the bridge starting
from the point s} ,1» since such bridge would enter the dead end bounded by the simple

0 st

i115i01 © Ajy1. Thus, such bridge could not be

bridge and the arc 'y, , ISQ’ITI, where s
1+171+

drawn in the plane to wrap around Y as the definition (E-10) requires.

Now we explain the construction of the complicated bridge. By (E-8) the complicated
bridge starting from s} 41 first wraps in the counterclockwise direction around Y! above
thearcly, , |;17é. Since there is a (k — 1)-gap around Y the complicated bridge can be
drawn to wrap all together k times around Y' and ends wrapping close to the point yé
(as required by (E-8), see Figure 6, case (ii)). Then (still by (E-8)), the complicated bridge
unwraps around Y! in the clockwise direction k-times and exits the (k — 1)-gap on the
opposite side of the simple bridge as it started, again see Figure 6, case (ii). By (E-9) the
bridge passes around j-stickers of 1-leg, for j = i,...,1 consecutively, approaches first
a(l), then 7, and stretches down the 0-leg where it passes around all the j-stickers of 0-
leg, for j =1,...,i consecutively. Since there is a (k — 1)-gap around Y the complicated
bridge can be drawn to wrap k times around Y° as given in the definition (E-10) and
ends approaching the point yg, see Figure 6, case (i).

We have commented all the elements of the map ¢,, x for an even n and positive
integer k and we conclude that graph I'y, . can be drawn in the plane arbitrarily close
to Al‘.

We continue with some observations that are going to be important later in this doc-
ument.

Recall that G, c A; denotes the set aa,, U agSg.

Observation 4.11. The map ¢,  restricted to G}, is the identity on G},. Additionally, G},
is a component of ¢, ;71 (G).

Observation4.12. Let L be an arc contained either in int (01/2)’7;%) or inint (s,}’_b\}“ ) for some
j=1...,i, and let K be a component of ¢, ;! (L). Then K is either L or an arc con-
tained in int (s;l:l—bf.‘:l) where A is either v or 7 (v). In both cases ¢, ;. restricted to K is a
homeomorphism of K onto L.
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Observation 4.13. Let ¢” € Gy, \ {sy}. Then the conclusion of the above observation is
also true if L = ¢¥s§ and K is a component of @n i (L) such that ¢¥ € ¢y, x (K).
Observation 4.14. @, ;! (avag \ {a(‘)’}) =aay\{ay}.

Observation 4.15. 1f p € {0,2} then the following properties are true.
1) ‘Pn,k|su’_u‘ does not depend on the value of k.

i+1=i+1
B ) _
@) Pnk (l—jiﬂbiﬂ) - YT(M)'
W W) _ (1) 7(1)
B) @nk (Si+1§i+l ) =y UYo "Siv1 -
4) (pn,k| . does not depend on the value of k.
=i+1 =i+l
T(W) (W | _
) Pnk (I—ﬂi+l bi+1 ) =Yk

4.3. Preliminary definition of X. In this section we give a preliminary definition of our
example X in terms of an arbitrary sequence of positive integers X = (ky, k1,...). We
use this definition to prove basic properties of X. For instance, we show that X can be
embedded into the plane for all choices of X. Later, we will select by induction a specific
sequence X that will allow us to prove that X admits a simple canal for every embedding
into R?.

For each nonnegative integer n, set i = [n/2], X,, = A; and f,, = @n,k,- Define X to be
lim {X, fu} -

(*) Xo f X, /i X f X3 f Xy i X5 f Xs f

~ Poky ~ Prkp ~ P2k ~ P3k3 ~ Paky ~ P5ks ~ Pekg
Ao A A Ay Ay As Az

For all integers j and [ such that [ > j = 0 define fj;: X; — Xj as fj; = fjo fijt10--0
Jfi-1. Additionally, define f;; to be the identity on X;. Let 7; denote the projection of X
onto Xj.

Observation 4.16. X,, c X,,+1 for each nonnegative integer n.

We may assume that U7 , X, is contained in the plane such that the diameter of
U5~y X is = 1. Let d denote the standard Euclidean metric in the plane. Let p, denote
d restricted to X,. Let p denote the standard product metric on X defined by p (x/, x"') =
Y0 o 570 (%, X)) where x' = (xg, x,...) and x” = (x{, x,...) are arbitrary points in X.
Proposition 4.17. X, is a tree for each nonnegative integer n. Thus, X is a tree-like con-
tinuum.

In the rest of this section we argue that continuum X can be embedded in the plane.
For a planar set Z we from now onwards denote by cl(Z) the closure, by bd (Z) the

boundary and by int(Z) the interior of Z in the plane. If we write int(c”—cﬂ) for ¢/c”

being an arc, recall that we mean the open arc e\ {c’,c"}, since we do not specify in
which space the arc cc lies. Tt is going to be clear from the context which topology
we mean when we use the notation for interior. Now say that Z is a planar tree and
€ > 0. The thickened tree Z° is the closure of the e-neighbourhood of the tree Z. A map
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is a near homeomorphism, if it is a uniform limit of homeomorphisms. Recall that we
observed in Subsection 4.1 and 4.2 that for every nonnegative integer n the graph I'y,
of the map f, : X;;+1 — X, can be drawn in the plane arbitrarily close to X,,. That is
equivalent to saying that I'y, can be drawn in X}, (and thus also in 1“6 ) for an arbi-

trarily small € > 0. Therefore, for every € > 0 there exists ¢ > 0 such that 1‘? cT ; o

for every positive n. Let ¥, : F;’n - F;H be an embedding of F?n into F?H. Fix a se-
€n

quence €, — 0 so that " ne 1“;"‘1 as n — oo. Let us observe the inverse limit sequence

lim{ En en-t } . Since T'f, is drawn (point-wise) arbitrarily close to X, and €, — 0, the

COndlthl’lS of the Anderson Choquet embedding theorem (Theorem 1 from [1]) are sat-
o0

isfied and thus hm{l“;” e 1} o is homeomorphic to N5, cl (U ji>nT ) Furthermore,
n:

Mo cl (U jsn T ) Moo ( o Fi{’ which is a nested intersection of planar continua

and thus a planar continuum. Moreover, since there exists a near homeomorphism
-1 . .

from space (EZ (F;") to the space f;, (X;) for every positive n, it follows by Theorem

3 from [7], that im {Fj}‘, En - }Oo o is homeomorphic to lim {X,,, fn}zo_o and thus planar.
n= — -

5. AUXILIARY OBSERVATIONS

In this section we state some propositions and observations which are going to be
important later in the document when we prove that the rays R" are dense in X and
have a free side.

The following observation is a simple consequence of 4.6 and 4.11.

Observation 5.1. Suppose that n is a nonnegative integer and v € {0,1,2,3}. Then f;,
restricted to G}, is the identity on G},. Additionally, G}, is a component of f, ! (G},).

Using the above observation and the inclusion G}.’ c G]V. . Tepeatedly, we infer the
following observation.

Observation 5.2. Suppose v € {0,1,2,3}, and n and [ are integers such that 0 < n < [.
Then f;,; restricted to G), is the identity on G),. Additionally, G}, is a component of

far (G
For each nonnegative integer n and each v € {0,1,2,3}, let S}, c X,, be defined by
Sy=ayyyuY¥and Sy =Syu Y’ uUE BT if n> 0. Set My = a’15 U S},

Observation5.3. X;=T*ulU3_, M for all integers [ > 0.

Observation 5.4. Ml" cfi ( for all integers [ =0 and v €{0,1,2,3}.

l+1)
Observation5.5. T* c f;(T*) for all integers [ = 0.

Observation5.6. T* c f; (m al+1) for all even integers / = 0 and v € {0,1,2,3}.

Observation 5.7. M cfl(m a
{0,1,2,3}.

l+1) where [ > 0isodd, p= mod (([-1)/2,4) and v €

Proposition 5.8. Suppose n is a nonnegative integer, j = n+7 is an even integer and

v€10,1,2,3}. Then f; (m;_lay.) = Xn-
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Proof. Let o = mod ((I-2)/2,4), p1 = mod ((I—-4)/2,4), uo = mod ((I-6)/2,4)
and u3 = mod ((I—8)/2,4) for some [ = 8. Observe that {uo, t1, 12, us} = {0,1,2,3}.

It follows from 5.7 that Mj.‘fl < fi-1 (m]Y_l a]V.). Using 5.4 we infer
o v .

(o) Ml0 < fij (m;_lajv.) forl<j-1.

Since T* < fj_» (M}") by 5.6, it follows from 5.5 that

(1) T* < fy; (m][la;.) forl<j-2.

It follows from 5.7 that M713 < fj-3 (M;ffz). Using again 5.4 we infer

(1) Mf” < fij (m;_lajv.) fori<j-3.
We infer the following two properties in a similar way.

(p2) Ml“2 Cflj(m}’_la]v.) forl < j-5,and
(us) M;‘3 < fij (m}_la;) forl<j-7.

We now complete the proof of the proposition by combining (), (1), (1), (12), (u3),
and 5.3. O

Proposition 5.9. Let n be a nonnegative integer, v € {0, 1,2, 3} and let x € X be such that
mp(x) € Gy \{sy}. Foreach | = n let K; be the component of f,; ™ (nn (x) sg) containing
7;(x). Then,

(1) K is either 7, (x) sy, or an arc contained in int (a(} a?) for some A €{0,1,2,3}, or

an arc contained in int (s;l b;l) forsomeA€{0,1,2,3} and j < [%].
2) fi-1lx, is a homeomorphism onto K;_, foreachl> n.

Proof. Observe that the proposition is trivial for / = n. Assume that the proposition is
true for some [ = n. To complete the proof it is enough to show that the proposition will
be also true if / is replaced by [ + 1.

Since fiom41 (x) = 7y (x) € Kj, it follows that 4 (x) € fl‘l (K7). Denote by J the com-
ponent of fl‘l (K7) containing ;4 (x). We will prove that J = K. Since f;, ;41 (J) =
fuie fil) € fu (K € mp(x) 55, it follows that J < Kj;. On the other hand, 7; (x) €
f1(Kj41) € Kjpand 741 (x) € K41, then K1 < J. Consequently J = K.

Using the inductive assumption, we may consider the following three cases.

(@ Kj=my(x) sy,

(b) K;is an arc contained contained either in int(aéa?) orin int(s;‘b?) for some A €
{0,1,2,3}and j < [4].
To complete the proof, it is enough to show conditions (1) and (2) from the statement of

proposition with / replaced by / + 1. Namely, we need to show:
(1" Kj4; = Jiseitherm, (x) sg, or an arc contained in int (a(}' aﬁl) forsome A’ €{0,1,2,3},

or an arc contained in int (sfb;‘) forsome A €{0,1,2,3} and j < [”Tl].
2" filk,, is ahomeomorphism of K, = J onto K.
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Recall that f; = ¢;  where k = k; and ¢ i is described either in Subsection 4.1 if [ is
odd, or in Subsection 4.2 if [ is even.

Case (a): K; =m, (x) sg. In this case (1’) and (2’) follow from Observations 4.8 and 4.13
usedwithn=1,c"=mn,(x), L=7n,(x) sg and K=K;;1=].

Case (b): K] is an arc contained contained either in int (a{} a?) orinint (s;1 b?‘) In this
case (1’) and (2') follow from Observations 4.7 and 4.12 used with n=1,v=A, L = K;
and K=K, =]J. O
Corollary 5.10. Let n be a nonnegative integer, v € {0,1,2,3} and let x € X be such that
7y (x) € Gy\ {sg}. Then there exists an arc K c X such that x is an endpoint of K and n | x

is a homeomorphism onto 7, (x) sy .

Proof. Let Ky, Kn+1, Kppt2,... be asin Proposition 5.9. Set K = [, (Ky) for j =0,...,n-1.
Let K =1im {K;, filx,} ]2, Observe that K is an arc with the required properties. O

6. SETS F;,, AND THE OPERATION [:]

This section will provide us with a set-up to work with specific subsets of the contin-
uum X. Moreover, we will get some insight into the topological structure of X.
For all nonnegative integers n, let F,, denote the set of all points z € X,, with the
property that f;(z) = z for all integers [ = n.
The following observation is a simple consequence of (O-1) and (E-1).
Observation6.1. Letv € {0,1,2,3} and let n be a positive integer. Then
(1) avay, T*,Y", ays” and Gy are contained in Fp,

2) aYay, Gy, and UEZ /12] s}.’ b}.’ are contained in F;,.

For each z € F,, let [z],, denote the point (f(m (2), in(@),..., fu-1n(2), 2, z,...) € X.
Observation 6.2. If n and [ are integers such that / = n, and z € F,,, then z € F; and
[2]n = [2];.

Forany z € U‘]’.‘;O Fj, set [z] = [z], where n is any nonnegative integer such that z € Fy,.

By the above observation, this definition does not depend on the choice on 7.

Observation 6.3. For each z € F,, the definition of [z] may depend on the choice of
ko,..., kn—1, but it does not depend of any choice of k;, k;;+1,.... Moreover, [z] € X re-
gardless of how kj, k;+1,... are defined as long as the sequence X used in the definition
of X (see Subsection 4.3) has the beginning ky, ..., k,—1.

Observation 6.4. If z € F,, then m; ([z]) = z for all integers [ = n.
For each set Z c F,;, let [Z] denote the set {[z] € X | z€ Z}.

Observation 6.5. If Z c F, then m|;z is a homeomorphism onto Z c X,, c X; for all

| = n. Hence, [Z] € X homeomorphic to Z. In particular, [Z] is an arc if Z is an arc. Also,

[Z] is a simple triod if Z is is a simple triod.

Corollary 6.6. [T*] is a simple triod. Also, [Y"] is a simple triod for each v € {0, 1,2,3}.
The following proposition is a simple consequence of Observations 6.1, 6.3 and 6.5.

Proposition 6.7. Letv € {0,1,2,3} and let n be a nonnegative integer. Then the arc a” a;, €

F,, and the arc [a"a% c X does not depend on k; for any l = n.
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Proposition 6.8. Let n be an even nonnegative integer and leti = n/2. Then s; +1b;’+1
Fy 4+ foreachv e{0,1,2,3}. Moreover, if u € {0,2} then

u H I -
@ l+lbl+l l+1bt+1] bt+1bz+1
@) 7y ([bH—l i+1 ) = YT(#)’
T(u) (1) (1) 7(1) T(u) 7 (1) () 7()
3 Siv1 bz+1 =51 Siv1 Siv1 bH—l Ql+l bH—l ’
0 [ S50 || =00
T(u) , 7(u
®) nn( lil)blil) )z YH, and
(6) the arcs ilbil and fff;) b;(f{) do not depend on k; foranyl = n.
Proof. SH_I z+1 c Fp41 by Observation 6.1, so the arcs fﬂblfﬂ and :i‘ll) bﬁ’f) are
well defined. Claims (1) and (3) follow from the choice of b* b blT.J(r’f) ands; (“ ) presented

in the beginning of Subsection 4.2.

To prove Claim (2) notice that 7,41 ( le bfﬂ ] ) bfﬂ bflﬂ the Observation 6.4. Since
7= fnomper and fy; = @, i, Claim (2) follows now from Observation 4.15(2). Proofs of
Claims (4) and (5) are essentially the same except that we use Observation 4.15 parts (3)
and (5).

To complete the proof of the proposition notice that Claim (6) follows from Observa-

tion 6.3 and parts (1) and (4) of Observation 4.15. O

Zin1 :{ z+1 l+1] [ Sin¥2 z+1 }
The following corollary is a restatement of part (6) of Proposition 6.8.

Set

NI

=i+1=i+1

s0 bo]

i+1=i+1

Corollary 6.9. All elements of £;+1 do not depend on k; for any |l = n.

7. BASIC PROPERTIES OF RAYS RV AND SPURS S

In this section we will first show that X contains four dense rays, each of which must
have a free fully accessible side under every embedding into R?. At the end of the section
we will observe that there are four spurs attached on a non-free side of four dense rays.
The spurs are going to be important later in the document when we construct a simple
dense canal in every planar embedding of X.

c... and each |ava? | is an arc, it follows that

1
U[av v

120

Since

vV 4V v 4V v 4V
aaocaalcaaz

isarayin X.

Proposition 7.1. RY isdense in X foreachv € {0,1,2,3}.

Proof. To prove the proposition it is enough to show that it 7, (F (RY) = X, for each nonneg-
ative integer n. Take an even integer j = n+7. Since m] a c Fj by 6.1(2), it follows

from6.5thatnj([n7j:;j])—r;]—l\] Slncefn](T]) X, by 5.8, fujomj=mp

and [m] la.] c RY, we get that 1, (R") = X,. ([l
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Proposition 7.2. Suppose n is a positive integer, z € anan+1 and A,v €{0,1,2,3}. Then
fon-10fn (ZA) = fu-10fn (2").

Proof. We will consider the following two cases: z € a,m, and z € M, dy+1.

Case z € a,my,. By using either (O-4) if n is odd, or (E-2) if n is even, we get the same re-
sultthat f,,(z%) = w and f,,(2") = w” where w = B,,(2). Since B, = a {(an, to) , @n 11, Ao),
the point w belongs to m. Now, by using either (0-6) for n—1 if n—1 is odd, or (E-4)
for n—1if n—1 is even, we get the same result that f,,_; (w*) = ty = fn-1(2"). So, the
proposition is true in this case.

Case z € M anm. If nis odd then f, (z%) = y,(2) = fu (2") by (0-5). If n is even then
fn (zﬂ) = 7e(2) = fu(2") by (E-3). So, fy (zl) = f,(2") regardless whether n is odd or
even. Consequently, the proposition is true. (]

Corollary 7.3. For each v € {0,1,2,3}, lety" : aty\ {to} — R” be the function defined by
v (2) = [2Y]. Then v" is a continuous injection of aty \ {to} onto R*. Furthermore, if
A,v€{0,1,2,3} thenlimp ([z"],[2"]) = 0 as z € aty \ {fy} converges to t.

Proposition 7.4. Let n be a nonnegative integer and letv € {0,1,2,3}. SupposeCc X isa
connected set such that Cn [G),] # @ and n, (C) < G},. ThenC < [G},].

Proof. Let c € Gy besuchthat[c] € C. Let [ be an arbitrary integer greater than n. The set
7 (C) is connected since C is connected. Observe that G}, is a component of f,; ! (Gy)
by 5.1. Since 7, (C) < Gy, and n,, = f;,; o 7y, the connected set 7; (C) is contained in the
component of f,,;~1 (G},) containing 7, ([c]) = ¢. Thus, 7; (C) = G}, for all integers [ > n.
It follows that C < [G),]. O

Proposition 7.5. Let n be a nonnegative integer and let v € {0,1,2,3}. Suppose L is an

arc contained in X such that L0 |a¥a}\{ay}

consists of a single point e which is an

ag sy | must contain the other.

endpoint of L. Then e = [ay | and one of the arcs L and

Proof. Let €’ denote the other endpoint of L. Suppose that (L\{e}) N [G},] = @. In that
case, since 7, (e) belongs to the interior of G;, in X, there is an arc C such that e €
C < L such that 7, (C) € G},. Since e € [G}] it follows by 7.4 that C < [G};], which is
a contradiction. So, LN [G},] is nondegenerate. Since X is tree-like, LN [G},] is an arc

contained in

aysy ] It follows that e = [ay]. Denote by u the other end of the arc
LN[G}). fu=¢,then Lc [;tg—sg ] and the proposition would be true. So, we may
assumethatu#e'. Ifu= [s(‘)’ ], then [c?g?(‘]’ ] c L and again the proposition would be true.
So, we may assume that u € int([cz)"_s\g]). Since 7, (1) € int(m’) and int (;()V?g) is open
in X,,, there is a point z € int (ﬁ?) such that 7; (#z) c m c G}. Since u € [G),] nuz, it
follows from 7.4 that uz < [G},]. This last contradiction completes the proof of 7.5. [

Proposition 7.6. Suppose % is an open covering of the open interval (—1,1) and let v €
(—1,1). Then there are sequences uy, Uz, Us, ... and vy, V2, Vs,... such that

(1) VI=U>V2>UL>V3> U >V >U3> V5> Ug > ..,

2) lim;_oou; =limj_.oo v; = -1, and

(3) for each positive integer i there is B; € 9 such that (u;, v;) € B;.
Lemma 7.7. Leth: X — R? be an embedding and let v € {0,1,2,3}. Then, for each z €
RY\ [a"] there is a topological disk D c R2 such thatDNh(X)=h ([a"] z).
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ava}’\{alv}]. Let I;
denote the straight linear segment in R2 joining (—1,0) and (1,0). For each real number
rsuchthat0<r<1,let

Proof. Let z€ RY\[a"]. There is a positive integer [ such that z €

H(r)={(x,x) eR*|-1+r<x; <1-r}.

Let g be a homeomorphism of R? onto itself such that
s goh(la’]) =(-1,0), goh([ay]) = (0,0), go h([a)]) = (1,0), and
] goh([azv—(l\}/ )211.
Let & denote the composition go h. We may assume without loss of generality that there
exists c € int(gov?(‘]’) such that fz([c’zgz]) c H(1/3) and h([&g? \ {[ag]}]) lies below I.

For each number r such that —1 < r < 1 and each positive ¢, let B (¢, r) denote the set
of all points (x1, x2) € RZsuchthatr—e<x;<r+eand0<x <e.

Claim 7.8. For each r such that —1 < r < 1 there exists a positive number ¢ such that
BEe,N\I)Nh(X)=@.

Proof of 7.8. Take an arbitrary r such that -1 <r < 1. Let 7 be the minimum of r +1,
1-r and the distance between & ([c]) and ;. Clearly0 <n<1and (r,0) € H [n) There is
a positive number § such that for all x’, x” € X the following implication holds:

(1 o(x,x")<6 = d(h(x),h(x")<n/3

Let n > [ be such that for all x’, x” € X the following implication is true:

) an(x)=m,(x") = p(x,x")<é

LetU = c;"—cﬁ’u 5(?0\ {av, a}’, c}. Since n > [, U is contained in X;,. Observe that U is open
), it follows that

in X,,. Since A~ ((r,0)) € int( ava}’

@3) Tno bl ((r,0) eint(a’%?f) cU

Since (r,0) € B (e, 1), U isopenin X, and i, 0 k! is continuous on 7 (X), it follows from
(3) that there is a positive number € < 77/3 such that

4) mpoh (Be,)nh(X))cU

Observe that B (¢, 1) < H (2n/3) because (r,0) € H(n) and € <7/3.

We will now prove that € satisfies the claim. Suppose to the contrary that there is a
point x € X such that h(x) € Be,r))\ L. It follows from (4) that 7, (x) € U. Corollary
5.10 implies that there exists an arc K < X such that x is an endpoint of K and 7|k is
a homeomorphism onto 7, (x) sf. There is a point ¢ € K such that 7, (¢) = c. Let K be
the subarc of K with endpoints in x and ¢. Observe that 7| ¢ is a homeomorphism onto

TTa(x)c.
Since n,(x) e Uccl(U) = a a}’ u agc, the arc 7, (x)c is contained in ava;“ U agc.

It follows that 7, (x)c < F,,. Observe that 7, (x)c < Zzg\c if m,(x) € Zlg\c, and 7, (x)c =
Tp(X)ayu clzg“c if 7,(x) € a¥a) \ {ay}. Consequently, we have the following two cases.

(C-1) Eithernn(x)ec’zgzand fz([m])cfz([c’z@ ),or
(C-2) ﬂn(x)ecm\{ag} and fz( m]):fz( nmg])uﬁ( ZI‘OTC]).
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Let w be an arbitrary point in K. Observe that 7, (w) = 7, ([m, (w)]). Using (2) we
infer that p (w, [, (w)]) < 8. Now, using (1), we get the following result.

(5) d(h(w),h(r, (w)))<n/3 forall weK.
In particular, d(h(x), h([m,(x)])) < n/3. Since h(x) € B(e,r) < H(2n/3), h(lm, (x)])
must belong to H (n/3). In the case (C-2) the arc ([nn () ay ]) is contained in I; and its
endpoints 7 ([, (x)]) and & ([ag]) = (0,0) are both contained in H(n/3). So, it that case,
the arc ﬁ( nmg]) c H(n/3).

Observe that fz( ) c H(n/3) because 71([5?0]) c H(1/3) and n < 1. Therefore,
fz( m]) < H(n/3) in both cases (C-1) and (C-2). Now, (5) implies that
(6) h(K) < H(0)

Since 7, (¢) = ¢, we may infer from (5) that d (fz @), h ([c])) <n/3. Since A ([c]) lies below
I, and the distance between R ([c)) is at least 7, the point 7 (¢) also lies below I;. Since
h(x) € B(e,r)\ I lies above Iy, (6) implies that 2 (K)n I, # @. Hence, KN a’al| # ¢.

and let L be

a¥ay
the subarc of K with endpoints x and e. This choice of L and e contradicts Proposition

v
a,c

Let e be the first point in the arc K oriented from x to ¢ such that e €

7.5 since neither of L and ag)’ sg contains the other. So, Claim 7.8 is true. O

Let v be the first coordinate of /(z). So, h(z) = (v,0). Let & be the collection of
all open intervals in the form (r —€,r +¢€) where r and € are real numbers such that
—l<r<lande>0and (B(e,r)\I;)Nnh(X) = @. It follows from the claim that < is
a covering of the interval (—1,1). Now, use Proposition 7.6 to get sequences u, Uy, s, ...
and vy, v, v3, ... satisfying conditions (1)-(3) of the proposition, where condition (3) can
be rephrased in the following way: for each nonnegative integer i thereis r; € (—1,1) and
e; suchthat r;—e; < u; < v; < rj+e; and (B (e;, ;) \ I;))nh (X) = @. Denote by o; the min-
imum of 27 e}, €, ...,€;. Let P be the union of straight linear arcs joining the following
sequence of consecutive points in R?:

(v,0) = (v1,0),(v1,01),(v2,01), (V2,02),(v3,02), (V3,03), (V4,03),...

a’z

Observe that cl(P) is an arc intersecting fz( ) c I only at the common endpoints

R (la*]) and f2 (z). Thus, cl (P)U T ([c’zrz

we denote by D. By our construction, (D\I;) n i (X) = @. Finally, set D = g~! (D) and
observe that so defined D satisfies the conclusion of the lemma. O

) is a simple closed curve bounding a disk which

Recall that a point p in a subset K of the plane is accessible from the complement of
K provided there is an arc L < R? such that Kn L = {p}.

Proposition 7.9. Leth: X — R? be an embedding and v € {0,1,2,3}. Then for everyz € R¥
the point h(z) € h(RY) is accessible from the complement of h (X).

Proof. Let z€ RY\ [a"]. By Lemma 7.7 there exists a topological disk D c R? such that
Dnh(X) = h([a"] z). Denote the arc A = bd (D) \int(h([a"] z)) c R2, Let u € int(A).
Let Ly be the subarc of A with endpoints u and h([a"]). Clearly, Lon h(X) = {h([a"])}.
Similarly, if L; denotes the subarc of A with endpoints u and h(z) then Lon h(X) =

{h(z)}. It follows that both points h ([a"]) and h (z) are accessible from the complement
of h(X). O



PRELIMINARY REPORT ON THE RESEARCH CONDUCTED UNDER MARSHALL PLAN SCHOLARSHIP 19

e’ Ko
1
K y Iy e Jo
L
€2 K>
FIGURE 7. E

Recall that S = ‘;(5’\(1)/ U Y". Since Sy c Ap and Ag < A; for all nonnegative integers
i Sg c Zi for all v € {0,1,2,3} and all nonnegative integers i. Consequently, S(V) c X,, for
each nonnegative integer n. Using conditions (O-1) and (O-3) in case of odd #, and (E-
1) and (E-5) in case of n even, we observe that f;, maps Sj onto itself. By the spur S¥ we
understand the subcontinuum of X defined by

S§V={xeX|m,(x)eSy forall nonnegative integer n}.

Observation 7.10. The following properties are true.

(1) SYisa continuum containing the simple triod [Y"].
(2) SY\[Y"]isaray convergingto [Y"].

3) S'NR"=ay]

4 S'n[T*]=¢.

(5) The four spurs are mutually disjoint.

8. ARCS WINDING AROUND A SIMPLE TRIOD

In this section we establish a language to describe winding of arcs from X around
four simple triods [Y"] and [T*]. This language will be used in the crux of proving of the
existence of a simple dense canal in every planar embedding of X.

Throughout this section we use the following notation. If j is an integer then by j(=3),
ji+3) and j—3) we understand mod (j,3), mod (j+1,3) and mod (j-1,3), respec-
tively.

Let e be an arbitrary point in R2. Set ey = e+ (1,0), e; = e+ (cos(27/3),sin (27/3))
and e; = e+ (cos(4m/3),sin (47/3)). For each i € {0, 1,2}, let I; denote the straight linear
segment in the plane joining e with e;. Let H; denote the half line with the endpoint e
such that I; ¢ H;. Set J; = H;\I;, E= [yuI, U, and K = R?\ E. Observe that Jou J; U J»
separates K into three components whose closures in K can be enumerated Ky, K; and
Kysothat Kon Ky = J1, KN Ky = J» and K> N Ky = J, see Figure 7.

Observation8.1. d(e;,z) >1foreveryiec{0,1,2} and z€ K;

+3)"
Observation8.2. Foreveryi € {0,1,2}, the boundary of K;
JoUu iU\ ;.

Observation 8.3. Let i, j € {0,1,2} be such that i # j. Then d (w,z) > 1 for all w € I; and
ZE]]'.

w3 N Kisequalto J;_, UJj 4 =
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Observation 8.4. Leti,j€{0,1,2} be such thati # j. Then d(w,z) >1forall w e J; and
ZE ]j-

Lemma 8.5. Let k be a positive integer, let ¢'c" be an oriented arc, and letcy = ¢, cy,...,
C3x-1,C3k = ¢" be a strictly increasing sequence of points from c'c". Suppose that « :
c'c" — E is such that

(@) a(cj)=ej_, foreachj=0,...,3k, and
() af

&er s @ homeomorphism onto (¢j)a(cj+1) < E foreach j=0,...,3k-1.

Denote by uj the only point in¢jcj.1 such that a (u;) = e. Finally, suppose g : " —K
is a mapping such that d (g(z) , (z)) <1 foreachze cc. Then foreach j =0,...,3k—1
Mj g (uj) €int (Kj(:?)))’

(2); g(2) &K, forallze cjuj, and

(3)j g2 &Kj_, forallze ujcjiy.

Remark 8.6. Observe that a defined by conditions (a) and (b) in the above lemma has
the same properties as a (W, ¢/c”, E) defined in Definition 3.2 for W = (eg, e1, €2)* @ eo.

Proofof 8.5. Let j be an arbitrary integer such that 0 < j < 3k. Since a(c;) = ej_, and
mod (j=3) +1,3) = ji+3), it follows from Observation 8.1 used with i = j3), that g(c;) ¢
Kj,4- Since a(cjuj) = Ij_,), it follows from observations 8.2 and 8.3, both used with
i=jis),thatg(2) ¢ K i) forall ze c’j_@ So, the condition (2); is true.

Since & (cj+1) = €j,, and mod (ji+3) +1,3) = j3), it follows from Observation 8.1
used with i = ji43), that g (cj+1) € Kj_, . Since a (Cj41u;) = I, it follows from obser-
vations 8.2 and 8.3, both used with i = j3), that g(z) ¢ K;._, forall ze c’]:u\] So, the
condition (3); is true.

Since u; belongs to both ¢;u; and ¢4 u;, the condition (1) ; is a simple consequence
of (2); and (3) ;. Hence, the lemma is true. (Il

Let S! denote the unit circle in R?. For any two not antipodal points ¢, e” € S!, let
¢’e” denote the shorter of the two arcs contained in S! with their endpoints e’and ¢’
Let D denote the round disk in the plane with center e and radius 2. Observe that
K=R2\Eis homeomorphic to S! x (0,00). Moreover, there exists a homeomorphism
o mapping S! x (0,00) onto K such that @ (S! x (0,1]) = D\ E, w(ege1 x (0,00)) = Ko,
w (er1ez x (0,00)) = K1, w (e2€g x (0,00)) = K> and, for each i = {0, 1,2} and each sequence
s= (zj)cj’i1 of points in K;, s converges in R? if and only if the sequence (w™* (zj))?il
converges in S! x [0,00). Observe that @ ({e;} x (0,00)) = J; for each i = {0,1,2}.

Let 8 : R — S! be defined by (cos (27z),sin (27 z)) where z € R. Set K =R x (0,00), and
let r; and r, denote the projections of K onto R and (0,00), respectively. Let p: K—K
be the mapping defined by the formula p (2) =w (B o1y (2), 12 (Z)) where Z € K.

Observation8.7. p is a covering projection. p is periodic (with period 1) in the following
sense p (x1 + 1, x2) = p (x1, x2) for all x; e Rand x; € (0,00).

Observation 8.8. w restricted to S x {1} is a homeomorphism onto bd (D). p restricted
to R x {1} is a covering projection onto the simple closed curve bd (D).

Observation 8.9. Let n€ Z and let &, : K — K be defined by &, (2) = (r1(2) + n,12(2))
where Z € K. Then ¢, is a well-defined homeomorphism of K onto itself such that po
&, = p. Moreover, for all Zy, Z; € K such that p (Zp) = p(Z;) there exists exactlyone n€ Z
such that &, (Zp) = Z;.



PRELIMINARY REPORT ON THE RESEARCH CONDUCTED UNDER MARSHALL PLAN SCHOLARSHIP 21

Recall that, for each g which is a continuous mapping of a space Z into K, a contin-
uous mapping g : Z — K is called a lifting of g if po & = g. If Z is connected then any
two liftings of g are the same if they agree on one point; see [9, 1.34]. Also recall that if
Z is simply connected and locally path connected, g: Z — K is continuous, zp € Z and
%y € K are such that p (%) = g (z), then there is a lifting g : Z — K such that g (zy) = Zo;
see [9, 1.33]. If Z c K then by a lifting of Z we understand a lifting of the identity on Z.

The following observation is a simple consequence of Observation 8.9.

Observation 8.10. Suppose Z is path connected, g: Z — K is continuous, and gy and §;
are lifting of g. Then there exists exactly one n € Z such that ¢, 0 g, = §.

Observation 8.11. Let g be alifting of an arc L K. Then p restricted to g (L) is a home-
omorphism onto L. If n # 0 is an integer, then {,, 0 g (L)N g (L) =

For each j € Z set I?j = [j/3,(j+ 1)/3] x (0,00).

Observation 8.12. {K; | j € Z} has the following properties:
(1) K=Ujez K;;,
@ KynKp#o 1fandonly1f|] j"| =1, and

B3 p restrlcted to K is a homeomorphism of K onto Kj_g,.

Proposition 8.13. Let k, cc, C0y---»C3k, O, U, ..., Usk—1 and g be as in Lemma 8.5. Let
g: cc"— K bea lifting of g, and let | be an integer such that & (ug) € K;. Then l(=3, =0,
and the following conditions are satisfied

(1); §(uj)€int(Ky4 ;) foreach j=0,...,3k—1, and

@) §(aj—1u;) < (Kiajo1 UK j)\ (Kl+] 2UK4j1) foreach j=1,...,3k-1.
Additionally, § (Coto) < (Ki—y U K;) \ (Kj—2 UK 41) and g (uzr—1¢3x) < (Kl+3k—1 U Kiise) \
(Ki43k-2U Kpa3k41)-

Proof. Tt follows from 8.5(1)g that [(=3) = 0 and & (1) € int(K;). So, the condition (1)¢ of
the proposition is true. We will prove that the implication (1) j-; = (2); and (1) is true
foreach j =1,...,3k—1. For this purpose, suppose (1) j1 is true forsome j = 1,...,3k—1.
Since (j —1)_s = ji+3), by combining 8.5(3) ;-1 with 8.5(2); we infer that g (#;-11;) <
(Kj( U Kj ») \Kji.s). Since l(=3) = 0, p restricted to each of the sets Ki;j_o, Kj4j-1,
Ky jand K. j+1is ahomeomorphism of onto Kj_,, Kj_,, Kj_; and Kj_,,, respectively.
Consequently, p restricted to (Kjyj—1 UK ;)\ (Kl+]_2 UKy j+1) is a homeomorphism
of onto (Kj_, U Kj_; )\ Kj., - Hence, (2); is true because g (u;_,) € int (I?Hj_l) by the
assumed (1) j_;. That implies g (u;) € (Kj+j-1 UKp4j)\ (Kis jo2 UKy j41). Since g (u;) €
int(Kj_, ) by 8.5(1), we infer that g (u;) € int (Klﬂ) So, the proof of the implication
(1)j—1 = (2)j and (1) is complete, and conditions (2); and (1) are true by induction.
The proof of the remaining two additional conditions is similar to the above argument
and it will be omitted. U

Suppose g is a continuous mapping of an arc L into K, and g is a lifting of g. Set =
[min(r; o g (L))] and v = [max(r; o § (L))]. By Observation 8.10, the difference v — p de-
pends only on g and not on the choice of lifting . So, we may set ¢ (g) = max (v —y,0).
If Lc K, by ¢ (L) we understand ¢ (idy).

The following proposition is a simple consequence of Observation 8.4.

Proposition 8.14. Let g be a mapping of an arc L into K. Then L contains a collection €
of 3¢ (L) mutually disjoint arcs such that diam (g (C)) > 1 for each C € €. In particular,
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if Lc K, then L contains a collection of 3¢ (L) mutually disjoint arcs each of which has
diameter greater than 1.

Suppose again g is a continuous mapping of an arc L = ¢¢” into K, gisalifting of g,
and p = [min(r;0g(L))] <v = |max(r;og(L))|. We say that g wraps L counterclock-
wise around E if there is a collection Cy, Cy+1,..., Cy of mutually disjoint subarcs of L
such that ¢’ € Cy, ¢" € Cy, and (r10§) 7! (j) = Cj forall j = ,...,v. We say that g wraps
¢'¢” clockwise around E if it wraps ¢’ ¢’ counterclockwise. We say that g wraps L around
E if it wraps either counterclockwise or clockwise. It follows from Observation 8.10 that
the above properties depend only on g and not on the choice of lifting g. If L ¢ K and
the identity wraps L around E (counterclockwise or clockwise), we simply say that L
wraps itself around E (counterclockwise or clockwise).

Proposition 8.15. Suppose g is a continuous mappingofanarcL = cc" intoK wrapping
L counterclockwise aroundE. Let g, u, v and Cy, Cy11, ..., Cy be as in the above definition.

For each j = y,...,v, let c} and c}/ denote the endpoints of C; listed in such order that

c;. < c}’ where the inequality reflects the order on L oriented from ¢’ to ¢". Then

I " !/ i / Ul ! n__ 0
¢ =0y <<€y < << < <C <cy=C
Proof. Clearly, ¢’ = ¢, and ¢, = ¢". Foreach i = y,...,v - 1, consider the following state-
ment:
! " ! Ui / s s
(Si) Cu<cCy<-<c<c;<c; forall j=i+1,..,v.

Since the arc C,, contains ¢’ which is the least point in L oriented from ¢’ to ¢”, we infer
thatc¢' = c;t, C, = c’cﬁ and c;j < c;. forall j=pu+1,...,v. So, S, is true. On the other hand,
since ¢, € C,, it follows that ¢, = ¢" and S,_; implies the proposition. To complete the

proof it is enough to prove the implication S; = S;;; for all i = y,...,v—2. For that
purpose, suppose that S; is true, but S;; is false. Then there is an integer j =i +2,...,v

such that ¢} < ¢} < c} < c}’ <c},,. Observe that the arc c;.c;.’ contains both C; and Cj, but
it does not intersect C;,;. Consequently, rjo g (c; c}’ ) contains i and j, but it does not

contain i + 1. This contradiction completes the proof of the proposition. (]

Corollary 8.16. Suppose g is a continuous mapping of an arc L into K such that it
wraps L around E. Let g be a lifting of g and let j € Z. Then at most one component

of (rog) 1 ([j,j+1]) ismapped by ri 0 § onto [, j+1].

Corollary 8.17. Suppose g is a continuous mapping of an arc L = ¢'c" into K such that
it wraps L counterclockwise (or clockwise) around E. Let u'u” c c¢’c" be an arc such that
¢ (u’ u”) = 1. Then g restricted to u'u" wraps this arc counterclockwise (or clockwise,
respectively) around E.

The following corollary is a summary of Proposition 8.13.

Corollary 8.18. Letk>2, cc", and g be as in Proposition 8.13. Then g wraps ¢ coun-
terclockwise around E, and k-2 < ¢ (g) < k.

Proposition 8.19. Let L = ¢c" < K be an arc and let ¢ be a point in the interior of L
such that cc” wraps itself counterclockwise around E. Let g be a lifting of L, let I; =

P— P—

{max(rl o g(cc"m and letly = I; - (i (cc) - (Fc) ~2). Then

rlog(ﬂ)n[lo,oo) - .



PRELIMINARY REPORT ON THE RESEARCH CONDUCTED UNDER MARSHALL PLAN SCHOLARSHIP 23

Proof. Since [min(rl o g(g\c))-l —-1<ryog(c) and cc’ wraps itself counterclockwise

around E, it follows that [min (rl og (E’\c))-‘ -1=< [min (rl og (E?))-‘ . Now, we complete
the proof of the proposition by the following sequence of equalities and inequalities.

18] < [ 08(£%) 1= i (75| (7)1

< [min(nog(@m +€(57\c)+2: {max(rlog(@m —Z(@)+£(Fc)+2= Iy .

The next proposition is a dual version of 8.19. We omit its proof since it is essentially
the same as that of 8.19.

Proposition 8.20. Let L = ¢c" < K be an arc and let ¢ be a point in the interior of L
such that c'c wraps itself counterclockwise around E. Let g be a lifting of L, let I} =
"

[min(rl og(é?c))] and let Iy = 1] + (2 (c c) —((Eﬁ) —2). Then
rog(cd’)n (-0l = 0.

Lemma8.21. LetL = c'c" bean arc contained in D\E such that Lnbd (D) = {c/}. Suppose
¢, & lp and 1y are as in Proposition 8.19, except that here we require ¢ (5722) +4</ (Eﬁ)

Let v denote the point in the set LN Jo which is the closest to ey. Finally, let 1, be an integer
such that g (v) € {l,} x (0,00). Then 1, is either I, orl; —1.

Proof. Notice that rz0g(c') = 1since p~! (D) =Rx(0,1] and ¢’ € bd (D). Denote rjog (c')
by u. So, g(¢’) = (u,1). By Proposition 8.19, u < I = [; — (f (@) —ﬁ((?&) —2) <h-2.
Let V denote the component of Jy \ {v} whose closure contains ey. Clearly, VN L = @.
Set V= p‘1 W)n{l,} % (0,11). Obierve that p restricted to Vis a homeomorphism onto
V since w ({eg} x (0,00)) = Jo. So, V is an open arc contained in {l,} x (0,1] < {l,} x [0,1]
such that one of its ends is g (v) and the other is (/,,0). It follows that W= g ((?7)) uv

is an arc (closed in one side and open on the other) that separates p~! (D) into two
components. We denote them by C_ and C; such that (—oo, 1) x {1} € C_ and (u,00) x
{1} c C,. By Observation 8.11, the arc ¢{_; o § (L) does not intersect W. Since {108 (c’) =
(u—1,1), thearcé_; o g(L) is contained in C_. Since [; € r; o g (L), it follows that I} —1 €
rpoé_jog(L). Consequently, I} —1 € r; (C_). Thus, there exists a point z in the interior
of the arc ¢'v such that riog(z) > 1y —1. Since u < Iy < I; — 2, there is a point w in the
interior of ¢’z such that rio g (w) =l — 2. It follows from Proposition 8.19 that wv cc
and, consequently, wv wraps itself counterclockwise around E. Since ryo & (w) =1, — 2,
riog(z)>1l1—1,ze wv and ry o g (v) =, it follows from Corollary 8.16 that [, = [; — 1.
Hence, the lemma is true. (]

Proposition 8.22. Suppose L < D\ E is an arc with endpoints ¢’ and ¢" such that L0
bd (D) ={c',c"}. Let §: L — K be alifting of L. Then |ri0 g (') —ri0g(c")| < 1.

Proof. Let Cy and C, denote the two subarcs of bd (D) with endpoints ¢’ and ¢”. Observe
that exactly one of the simple closed curves LU C; and LU C,, say LU Cj, bounds a
disk in the plane that does not intersect E. Let & be the lifting of C; to K such that
&1 (c)=g(c). Then g1 (¢") = §(c¢”) by [22, Th. 54.3]. Now, the proposition follows from
Observations 8.7 and 8.8. [l
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Proposition 8.23. Let L « D\ E be an arc with endpoints ¢' and ¢" such that Lnbd (D) =
{c',c"}. Supposeu, v € L are such that ¢’ < u < v < ¢" and uv wraps itself around E. Then

e(@v) < e(cu)+e(ve)+4.

Proof. We may assume without loss of generality that &0 wraps itself counterclockwise
around E. (In the other case we could just reverse the orientation on L.) Let §: L — K
be a lifting. Setting /; = |[max(r; o g (&v)) | and using Proposition 8.19 with ¢’ = ¢/, c = u
and ¢’ = v we infer that

rlog(c’)<ll—€(ﬁz7)+€(§’_ﬁ)+2

Setting I} = [min (r; o g (#v))] and using Proposition 8.20 with ¢’ = u, c=vand ¢” = ¢
we infer that .
[+ (@) - ¢ (ve") ~2< riog(c")

By adding the above inequalities, and then moving 1, I and ¢ (&v) to the left side of the
resulting inequality, and all the remaining terms to the right side we infer that

-+ 20 (@) < € (ve) + £ [cu) +a+ o g (c") - riog ()
Since I} — I} = —¢ (uv), the left side of the last inequality equals ¢ (&7). Thus
(%) e(@v) < £(ve")+e(u)+4+ri0g(c") = ri0g()
Observe that ¢ (#v) and ¢ (17;7’) +0 (Z’_LI) +4 are integers. Since riog (¢”)—r10g(¢') <1 (by
Proposition 8.22) we may remove the difference r10 g (¢”") - r1 0§ (¢’) from the inequality

«w_»

(x) while replacing “<” by “<”. So, the proposition is true. O

Lemma 8.24. Suppose N is a positive integer. Let ¢'c be an arc contained in D\ E such
that ¢'cnbd (D) = {c'}. Suppose u is a point in the interior of L such that ¢ (E) <N,
¢(uc) = 2N + 6 and uc wraps itself counterclockwise around E. Finally, suppose Z <
D\ (LUE) is a set with the property that for each z € Z there is an arc L, < Z such that
z€L;, L,nbd (D) # @ and ¢ (L;) < N. Then Z does not separate D between L and E.

Proof. Let v denote the point in the set cen Jo which is the closest to eg. It follows from
Proposition 8.19 and Lemma 8.21 that u is in the interior of ¢v and ¢ (&) is either ¢ ()
or ¢ (uc) — 1. Consequently,

=) ¢(uv)=2N+5

Let V denote the component of Jy \ {v} whose closure contains ej. Clearly, VNL=9
and uv UV u{ep} is an arc. If Zn V = @ then the lemma is true. So, we may assume that
Z NV contains a point z. Then there is an arc L, € Z such thatze€ L;, L,nbd (D) # @
and ¢ (L;) < N. Let zgc" be a subarc of L, minimal with respect to the property: zp € V
and ¢” € bd (D). Let Dz denote the subarc of Ji with endpoints v and zy. Consider the
arc vc” = vzy U zoc”. Since vzg < Jy, it follows that ¢ (vc“) =/ (zoc”) < /¢ (L) < N. Now,
we consider the arc L = ¢/¢” = cuu v u vc” and apply Proposition 8.23 to get the result
that
(<) Z(@)sﬁ(@)+é(ﬁ)+452N+4
It follows that Z NV = @ since the the inequalities (=) and (=) contradict each other.
Hence, the lemma is true. (]
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9. PART 2 OF THE DEFINITION OF X

In this section we specify the winding numbers in the definition of X and therefore
fully define continuum X.

Proposition 9.1 (see [21, Proposition 2.1]). Suppose L is an arc and € > 0. Then there
is a positive integer N(L,€) such that, for each collection € of N(L,€) subarcs of L whose
interiors are mutually disjoint, at least one element of € has diameter less thane.

In the preliminary definition of X given in Subsection 4.3, we used a generic se-
quence of positive integers X = (ko, k1,...) without any other restrictions. This was
enough to prove the basic properties of X. However, we need to impose some condi-
tions on X to be able to prove that X admits a simple dense canal for every embedding
into R?. We will define the terms of = one by one starting from k. For each nonnegative
integer n, we will define k,, basing on properties of some arcs contained in X c ]'[;?:0 X;
in such a way that their complete definitions do not depend on k; for any ! = n. How-
ever, the arcs used to define k; may depend on ky, the arcs used to define k» may depend
on kp and ki, and so on. Having in mind the inductive character of the the construction,
we will define k;, in two cases depending whether 7 is odd or even.

Let v € {0,1,2,3} and let n be a nonnegative integer. Recall that m c F, the arc

a¥ ay,| does not depend on k; for any / = n; see Observation 6.7. Set

anmax{N([m

,2‘”) lve {0,1,2,3}}

where N (-,-) is the number defined in Proposition 9.1. We will use Ny, in the definition
of k,, in both cases of odd and even n. Set

k, =2max(Ny,, n), ifnisodd.

Now, suppose n is even and set i = n/2. Recall that f;, : X,;41 — X, where X}, = A;,
Xn+1 = Aiq and f, = @pk,. Also recall that 7 is an involution of {0,1,2,3} such that

———

7(0)=1, 7(1) =0, 7(2) =3 and 7(3) = 2. It follows from Proposition 6.8 that s’ bY

i+1%im1 ©

F,,+1. Recall that Q}’H is a point in the interior of le+1blY+l, and, if v € {1, 3} then §1Y+1 is

a point in the interior of s}’H I_alyﬂ. Also, recall that %, is a collection of arcs defined
before Corollary 6.9. By the corollary, each of the four arcs from Z;,; does not depend

on k; forany I = n. Let N¢ = max{N (L,27") | L€ ZL;.1}. Set

S

kn =2max(Np, Ny, n), if niseven.

This completes the construction of the sequence X = (ky, k1,...). Therefore, X is now
fully defined.

10. DEFINITION OF THE SIMPLE DENSE CANAL

We first recall parts of the Prime End Theory needed for the setup. We refer to the
paper by Brechner [5] for more detailed description. Let S? c R? denote a unit sphere.
We denote by B! c §? the unit disk.

Definition 10.1. Let U c S? be a simply connected open set with a nondegenerate
boundary. A crosscut Q of U is an open arc in U such that cl(Q) intersects bd (U) in
exactly two endpoints of ¢/ (Q). A C-map y : U — int(B') is a homeomorphism such
that:

(1) v (U) is a crosscut of int (B!).
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2) {y (bd(Q))| Qs acrosscut of U} is dense in bd (B?).

A sequence of crosscuts Q;,Qo,... of U is a chain of crosscuts if and only if all three of
the following conditions hold:

(1) cl(Qy),cl(Q2),... are pairwise disjoint.

(2") Qy separates Q,—; from Q41 in U.

(3") diam (Q;) — 0 and lim (Q;) is a point as i — oco.

Let U,, be a simply connected open set that contains Q.. We refer to U, by inner
domains. Thus Uy c U, c Uz < .... Let Q1,Q>,... and Ry, Ry, ... be chains of crosscuts
of U and Uy, Uy, ... and V1, V»,... their respective corresponding inner domains. Then
Q1,Q2,... and Ry, Ry, ... are equivalent chains of crosscuts of U if and only if for every
positive integer i there exist a positive integer j so that V; c U; and U; < V;. A prime end
& of >\ U is an equivalence class of chains of crosscuts of U.

Theorem 10.2. Let U c S? be a simply connected open set with a nondegenerate bound-
ary. Then there existsa C-map vy : U — int(Bl). If& is a prime end determined by a chain
of crosscuts Qy, Qo, ... with corresponding inner domains Uy, Uy, ... and p € bd (Bl) is the
point corresponding to &, then a sequence of points z1, 2z, ... in U has the property that
z; € U; for every positive integer i if and only if ¢ (z;) converges to p as i — oo.

Definition 10.3. Let U c R? be a simply connected open set with a nondegenerate
boundary and R < U be a ray. Let r € R be a point. A crosscut Q is called a trans-
verse crosscut to R at r, if there exists a topological disk D c U such that r € int (D) and
(RN D)\ {r} consists of two components, each of which is contained in exactly one sim-
ply connected component of D\ Q. A continuum K < R? has a simple dense canal, if
there exists a ray R < R? \ K such that the following three conditions hold:

(1) cI(R)\R=K.

(2) for every point r € R there exists a sequence of transverse crosscuts to R at r.

(3) diameter of transverse crosscuts from (2) converges to 0.

11. ANY EMBEDDING OF X INTO THE PLANE HAS A DENSE SIMPLE CANAL

Let hh be an arbitrary embedding of X into the plane. Since [T*] and the four spurs S”
are mutually disjoint tree-like continua, there are five mutually disjoint closed topologi-
cal disks D*, D°, D!, D? and D3 contained in the plane such that & ([T*]) cint(D*) and
h([S¥]) cint(D") for all v € {0,1,2,3}. Using Remark (i) after the proof of [13, Theorem
6,861,IV] we can find a homeomorphism g of the plane onto itself such that

o g maps each of the disks D*, DY, D!, D? and D3 onto a circular disk with radius
2,
 goh([T*]) is the standard unit triod with ordered set of endpoints go h([#;]),
goh([t;]) and go h([t,]) and its center is at the center of g (D*), and
o foreach v e {0,1,2,3}, go h([Y"]) is the standard unit triod with ordered set of
endpoints goh([yy]), goh([yy]) and go h([y)]) and its center at the center of
g(D").
Since h (X) has a dense simple canal if and only if g o i (X) has a dense simple canal, we
may assume that
(1) D*, D% D!, D? and D? are mutually disjoint closed circular disks, each with ra-
dius 2 and such that i ([T*]) cint(D*) and k ([S"]) c int(D") forall v € {0, 1, 2, 3}.
(2) h([T*])is the standard unit triod with ordered set of endpoints i ([z;]), h([])
and h ([ ]) and its center is at the center of D*, and
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(3) foreachve{0,1,2,3}, h([Y"]) is the standard unit triod with ordered set of end-
points i ([yy]), h([y}]) and k([ y,]) and its center at the center of D".

Let Do, be a big circular disk in the plane such that D*, D°, D!, D? and D? are con-

tained in its interior. Let a., be a point in the boundary of D,. Recall that, for each
v €{0,1,2,3}, h(a") is accessible from the complement of & (X); see Proposition 7.9. It
follows that, for each v € {0,1,2, 3}, there is aoa’ < Dy such that awa’ N h(X) = {a"},
and Geo@” N GeoaF = {doo} for e {0,1,2,3}\ {v}.

Remark 11.1. What remains to be done to complete the proofis an explicit construction
of a simple dense canal in an embedding 4 (X). In the construction we will use Section 8
as the main tool and heavily rely on the specific inductive choice of the sequence of
wrapping numbers Z. Since the construction is not complete yet, it is omitted in the
current version of the file.

11.
12.
13.
14.
15.
16.
17.

18.

19.

20.

21.

22.
23.

REFERENCES

. Anderson, R. D. Choquet, G. A plane continuum no two of whose nondegenerate subcontinua are homeo-

morphic: an application of inverse limits, Proc. Am. Math. Soc. 10, (1959), 347-353.

. Bell, H. On fixed point properties of plane continua, Trans. Amer. Math. Soc. 128 (1967), 539-548.
. Bellamy, D. P. A tree-like continuum without the fixed-point property, Houston J. Math. 6 (1981), no. 1,

1-13.

. Bing R. H. The elusive fixed point property, Amer. Math. Monthly 76 (1969), 119-132.
. Brechner, B. On stable homeomorphisms and imbeddings of the pseudo arc, 1llinois J. Math. 22, no. 4

(1978), 630-661.

. Brechner, B. Mayer, J. C. The prime end structure of indecomposable continua and the fixed point property,

General topology and modern analysis (Proc. Conf., Univ. California, Riverside, Calif., 1980), 151-168,
Academic Press, New York-London, 1981.

. Brown M. Some applications of an approximation theorem for inverse limits, Proc. Am. Math. Soc. 11

(1960), no. 3, 478-483.

. Fearnley, L. Wright, D. G. Geometric realization of Bellamy continuum Bull. London Math. Soc. 25 (1993),

no. 2, 177-183.

. Hatcher, A. Algebraic Topology, Cambridge University Press, 2002.
10.

Herndndez-Gutiérrez R. Hoehn, L. A fixed-point-free map of a tree-like continuum induced by bounded
valence maps on trees, arXiv:1608.08094.

Hagopian C. L. An update on the elusive fixed-point property, Open problems in topology II (Elliott Pearl,
ed.), Elsevier B. V. Amsterdam, 2007, pp. 263-277.

lliadis S. Positions of continua on the plane and fixed points, Vestnik Moskov. Univ. Ser. I Math. Mekh.
(1970), 66-70.

K. Kuratowski, Topology, volume II Academic Press and PWN - Polish Scientific Publishers, 1968.

Lewis, W. Continuum Theory Problems, Topol. Proc. 8 (1983), 361-394.

Mauldin, R. D. The Scottish Book, Birkhduser, Boston, 1981.

Minc P. A hereditarily indecomposable tree-like continuum without the fixed point property, Trans. Amer.
Math. Soc. 352 (2000), no. 2, 643-654.

Minc P. A periodic point free homeomorphism of a tree-like continuum, Trans. Amer. Math. Soc. 348 (1996),
no. 4, 1487-1519.

Minc P. A self-map of a tree-like continuum with no invariant indecomposable subcontinuum, Topology
Appl. 98 (1999), no. 1-3, 235-240, Il Iberoamerican Conference on Topology and its Applications (Morelia,
1997).

Minc P. A tree-like continuum admitting fixed point free maps with arbitrarily small trajectories, Topology
Appl. 46, (1992), no. 2, 99-106.

Minc P. A weakly chainable tree-like continuum without the fixed point property, Trans. Amer. Math. Soc.
351 (1999), no. 3, 1109-1121.

Minc, P. Sturm, E Homeomorphism killing rays, Houston J. Math. 41 (2015), 1341-1350.

Munkres J. R. Topology (Second Edition), Prentice Hall, Upper Saddle River, NJ, 2000.

Nadler, S. B. Jr., Continuum Theory: An Introduction, Monographs and Textbooks in Pure and Applied
Mathematics, 158. Marcel Dekker, Inc., New York, 1992.



28

24.

25.

26.

JERNEJ CINC (UNIVERSITAT WIEN)

Oversteegen L. G. Rogers, J. T. Jr., An inverse limit description of an atriodic tree-like continuum and an
induced map without a fixed point, Houston J. Math. 6, (1980), no. 4, 549-564.

Oversteegen L. G. Rogers, J. T. Jr., Fixed-point-free maps on tree-like continua, Topology Appl. 13, (1982),
no. 1, 85aA$95.

Sieklucki, K. On a class of plane acyclic continua with the fixed point property, Fund. Math. 63, no. 3, (1968)
257-278.

(. Cin¢) FACULTY OF MATHEMATICS, UNIVERSITY OF VIENNA, OSKAR-MORGENSTERN-PLATZ 1, A-1090

VIENNA, AUSTRIA

E-mail address: jernej.cincQunivie.ac.at



