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Abstract

In this paper we present an implementation for computing bivariate dimension
polynomials of finitely generated modules over a Weyl algebra in Maple. We
recall some basic results in order to explain the notion of dimension polyno-
mials and to introduce methods for their computation based on Grébner basis
techniques. We explain input options for the mentioned implementations and
provide several examples.
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1. Introduction

Bernstein [3] introduced an analog of the Hilbert polynomial for a finitely
generated filtered module over a Weyl algebra. Analytical applications of this
study can be found, e.g., in Bjork’s book [5]). In particular, Bernstein [4] was
enabled to prove Gelfand’s conjecture on meromorphic extensions of functions
I't(A\) = [PMaz)f(x)dr in one complex variable A defined on the half-plane
Re(A) > 0 for any polynomial P in n real variables P(x) = P(zy,...,2,) and
for any function f(z) = f(z1,...,2,) € C§°(R™).
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In [8] the existence of dimension polynomials in two variables associated
with the natural bifiltration of a finitely generated module over a Weyl algebra
A, (K) was proved and methods for their computation based on Grébner basis
techniques were given. In what follows we recall algorithms of computation of
Bernstein polynomials as well as bivariate dimension polynomials.

The paper is organized as follows. In Section 2 we review some basic concepts
of the theory of Weyl algebras and D-modules that are used in the paper. We
recall the theorem on Bernstein polynomials of a filtered D-modules. In Section
3 we introduce a bifiltration of a Weyl algebra A,,(K) and define two natural
term orderings in A, (K). Then we define a reduction with respect to two term
orderings in a free A, (K)-module giving rise to the definition of (z,d)-Grobner
basis. We recall a generalized Buchberger-type algorithm first presented in
[8] for their computation and explain how (z,d)-Grobner bases can be used
for the computation of bivariate dimension polynomials of finitely generated
modules over Weyl algebras. We conclude with some examples of computation
of bivariate dimension polynomials.

2. Preliminaries

Throughout the paper Z, N and Q denote the sets of all integers, all non-
negative integers and all rational numbers, respectively. Q[t] denotes the ring
of polynomials in one variable ¢ with rational coefficients and o(t") denotes a
polynomial in Q[t] of degree less than n. By a ring we always mean an associative
ring with unit element. Every ring homomorphism is considered to be unitary
(mapping unit element onto unit element), every subring of a ring contains the
unit element of the ring. By the module over a ring R we always mean a unitary
left R-module.

If for 0 < n € N we consider an element a € N then we assume that
a=(ay,...,a,) foray,...,a, € N.

We consider a Weyl algebra as an algebra of differential operators over a
polynomial ring. More precisely, let K be a field of zero characteristic, and
0 < n € N. For any set S by [S] we denote the commutative monoid generated
by S. We counsider indeterminates z1,...,&,,01,...,0,. Let R = K[z1,...,z,)
be a polynomial ring in indeterminates x1,...,x, and for i = 1,...,n consider
0; to be the operator on R corresponding to partial differentiation with respect
to z;. Then A, (K) is defined as the ring of differential operators over R. In
other words A,,(K) is obtained by appending [01, . .., 0,] to the polynomial ring
R and equipping R0, ..., 0] with the commutation rules

i. 628J = 8j8i, and
ii. Oir =10; + 6%_(7’)

for all 4,5 € {1,...,n}. A left module over a Weyl algebra is called a D-module
or A, (K)-module if we want to emphasize n.

Throughout this paper we will use multi-index notation, i.e., for a = (a4, ...,
an) € N™ by 2% we denote the term z]*' ---z% and by 9* we denote the term
7" -+ - 0% . Furthermore by |a| we denote the sum a; + - - - + ay,.



The set © := {2%9® | a,b € N"} forms a K-basis of A, (K) (see [5, Chap-
ter 1, Proposition 1.2]). Hence, for every element D € A,(K) and a,b € N
there exist unique coefficients k. € K such that D can be written as a sum
Za,beN" ko pr®d® with only finitely many ko, not vanishing. For D # 0 the
number ord(D) := max{|a| + |b| | ka» # 0} is called the order of the element
D. We define ord(0) := —oo.

For r € N define sets W,. by

W, :={D € A,(K) | ord(D) < r},

and for 0 > r € Z define W,. := {0}. Since for any D1, Dy € A,,(K)\{0} we have
ord(D1D3) = ord(D;) + ord(D2) the Weyl algebra A,,(K) can be considered as
a filtered ring with the nondecreasing filtration (W,.),cz.

Let M be a finitely generated left A, (K )-module with a system of generators
g1,---,9p and for r € Z define

P
M, = Z W.g;.
i=1

Then

i. for r € Z the set M, is a finitely generated K-vector space,
ii. for r,s € Z we have W,. My = M, ,, and
iii. U,en Mr = M.

Hence, M can be considered as a filtered A, (K)-module with the filtration
(M’I")TGZ'

The next result is proved in [3] (cf. [5, Chapter 1, Corollaries 3.3, 3.5, and
Theorem 4.1]).

Proposition 2.1. With the above notation, there exists a polynomial 1 (t) €
Q[t] with the following properties:

i. Y (r) = dimg (M,) for all sufficiently large r € Z (i.e., there exists g € Z
such that the last equality holds for all integers r > 1¢),
ii. n <deg(¥(t)) < 2n, and
iii. if ag,...,a1,a0 € Q such that ¥(t) = agt?+---+ait +ag, then the degree
d of the polynomial 1(t) and the integer dlag do not depend on the choice
of the system of generators gi,...,g, of M. These numbers are denoted by
d(M) and e(M), they are called the Bernstein dimension and multiplicity
of the module M, respectively. [

Definition 2.2. The polynomial ¥ (t) whose existence is established by Propo-
sition 2.1 is called the Bernstein polynomial of the A,,(K)-module M associated
with the given system of generators. If d(M) = n then M is called holonomic.
The family of all finitely generated holonomic left A, (K)-modules is called Bern-
stein class and is denoted by B,,.



Example 2.3. Let an Ai(K)-module M be generated by a single element f
satisfying the defining equation

2 f + 0T f =0 (2.1)
(

1
with a,b € N\ {0}. Then M is isomorphic to the factor module of a free A1(K)-
module A1(K)e with one free generator e by its A1 (K)-submodule N = A;(K)g
where g = (x%0° 4+ 0%*b)e. Let 7 be the natural Ay (K)-epimorphism of A1 (K )e
onto M, i.e., m: e = f, and o the natural Ay(K)-epimorphism of the free
filtered module Fo*° onto the Ay (K)-module N C M equipped with the filtration
(Wr9)rez, given by o : h— g. The Bernstein polynomial ¥y (t) associated with
the generator [ of the A1 (K )-module M can be obtained from the exact sequence
of finitely generated filtered modules

0— FOP° 2% A)(K)e &5 M — 0

where M and Ay (K)e are equipped, respectively, with the filtrations (W,€).cz
and (W,.f)rez defined in Section 2, and F+° is a free filtered A, (K )-module
with a single free generator h and filtration (W,_(a4p)h)rez.

Since for all v € N sufficiently large we have

dimic(W,) = [{a'®li+j <1}
= <T + 2) , and
2
. +2—(a+0
dlmK(Wr—(a—i-b)h) = <T 2(11 )>

for all v € Z sufficiently large we obtain
Yp(r) = dimg(Wre) — dimg (W,_(g40)h)

_ (-;2) - <r+2_2(a+b))_
<t42r2> B <t+22(a+b)>

(a+b)(a+b—3)

= (a+0b)t— 5 .

The following statement (see [5, Chapter 1, Propositions 5.2 and 5.3 as well
as Theorem 5.3]) gives some properties of holonomic D-modules.

Hence,

Y (t)

Proposition 2.4. i. If0 - My — My — Ms — 0 is an exact sequence of

left A, (K)-modules, then My € B, if and only if My € B,, and Ms € B,,.

ii. If M € B,,, then M has a finite length as a left A,,(K)-module. In fact, ev-

ery strictly increasing sequence of A, (K)-modules contains at most e(M)
terms.

iii. If M is any filtered A, (K)-module with an increasing filtration (M,),¢cz

and there exist positive integers a and b such that dimg (M,.) < ar™+b(r+

)"t for allr € N, then M € B,, and e(M) < nla. O



3. Numerical polynomials in two variables

Definition 3.1. Let f(t1,t2) € Q[t1,t2] be a polynomial in the two variables ty
and to with rational coefficients. f is called a numerical polynomial if f(t1,t2) €
Z for allty,ty € Z sufficiently large, i.e., there exist ro, sg € Z such that f(r,s) €
Z for all integers r > rq and s > sg.

Obviously, every polynomial f(t1,ts) € Z[t1,t2] is numerical. Now let 0 <
m € N, 1 <n € N. Then the polynomial

() (2)
ti(ty—1) - (ty—m+1) to(ta—1)--(ts —n+1)

m! n!

g(t1,t2)

with rational coefficients is numerical.

Consider a polynomial 0 # f(t1,t2) = > ,_(p, 4,)em apt't? € Q[ty, 1]
where only finitely many coefficients a;, € Q are not vanishing. By deg(f),
deg,, (f) and deg,, (f) we denote the total degree, degree with respect to ¢; and
degree with respect to to of f, respectively,

deg(f) = max{by +bz | ap # 0},
degy, (f) = maxby | ap 0},
deg,,(f) := max{bs | ay # 0}.

The following proposition proved in [13] gives a ”canonical” representation
of bivariate numerical polynomials we are going to use later.

Proposition 3.2. Let f(t1,t2) € Qt1,t2] be a numerical polynomial, and let
degy, (f) = p, dege, (f) = q. Then for 0 < i <p, 0<j <q there exist uniquelly
defined integer coefficients a;; such that

fltr,ta) = zp:zq:aij (tl;”) (tf,rj). (3.2)

i=0 j=0 J
O
Let m,n € N and A C N™*". Recall that the product order on the set
N™+7 is a partial order <p such that (c1,...,¢min) <p (d1,...,dmis) if and

only if ¢; < d; for allt =1,...,m + n. We define the set V4 by
Va:={be N | f,caa <p b}.
For r,s € N we define A(r,s) C A by
A(rys) i ={(a1,.. . amen) EA a1+ -+ am <7, ami1+ -+ amin < s}

The following proposition is a special case of [14, Chapter IT, Theorem 2.2.5]
and generalizes Kolchin’s well-known result on numerical polynomials associated
with subsets of N¥ (see [12, Chapter 0, Lemma 17]).



Proposition 3.3. Let A C N™t". Then there exists a numerical polynomial
wa(t1,t2) in two variables t1,ta such that

i wa(r,s) = |Va(r,s)| for all sufficiently large r,s € N,
ii. deg(wa) <m+n, degy, (wa) < m, and deg,(wa) < n,
ili. deg(wa) =m+ n if and only if the set A is empty in which case we have

t t
walts,ts) = < 1+m)<2+n>’
m n
and

iv. wa(ti,t2) =0 if and only if (0,...,0) € A. O

The following proposition is a special case of [14, Chapter II, Proposition
2.2.11] and provides a formula for the numerical polynomial w4 (¢, t2) whose
existence has been established in Proposition 3.3

Proposition 3.4. Let m,n,p € N,A = {ai,...,a,} a finite subset of N ™ and
fori=1,...,p let a; = (ai1,..., 0 min). Furthermore, for anyl € {0,...,p},
let T'(l,p) denote the set of all l-element subsets of the set N, = {1,...,p}, and
for any 6 € T'(l,p),5 € {1,...,m+n} let

asj = max{aij\i S 5}
m

bs = Z&gi, and
=1
m+n

cs = Z as;-
1=m-+1

Then the polynomial w4 (t1,ts) whose existence has been established by Proposi-
tion 3.3 is given by

walts ) = i(—l)l 3 (t1 +Z— b5> (tz +Z— 05)

1=0 5er(l,p)

4. (x, 8)-Grobner bases of submodules in free A,,(K)-modules

The use of Grébner bases for the algorithmic computation of Hilbert poly-
nomials associated with polynomial ideals as well as finitely generated modules
over polynomial rings is well understood (see, e.g., [2, Chapter 9] and [10, Sec-
tion 15.10]). In [11] and [14, Chapter 4] the notion of Grébner bases has been
extended to finitely generated modules over rings of differential operators allow-
ing for the computation of dimension polynomials associated with such modules.
In this section we recall the notion of reduction with respect to two orderings
and of (z,0)-Grébner bases as introduced in [8].



Let a,b € N” with a = (ay,...,a,),b= (by,...,b,). If 6 = 2°0°, then define
O, =% =2 ... 2% and O := 9® = 9 ... Tt is easy to see that the sets
{0, | 0 € ©} and {05 | 0 € O} are commutative multiplicative monoids.
Definition 4.1. Let a,b € N and § = 2°0* € ©. We define the x-order ord,(6)

or order with respect to {z1,...,2,} and the J-order ords(f) or order with
respect to {01,...,0,} of 0 by

ord, () := |a] and ordy(0) := |b].
For all r;s € N define the set O(r, s) by
O(r,s) :={0 € © | ord;(0) <r, ords(f) < s}.
The notions of z-order and d-order can be extended to A, (K) in the follow-

ing way.
Definition 4.2. Let 0 # D = >\ ko pr20® € A, (K) where only finitely
many kqp are not vanishing. Then the x-order ord,(D) and O-order ords(D)
of D are defined by

ord, (D) = max{|a| | kep # 0}, and

ordg(D) = max{|b| | kap # 0}.

For all r, s € N define W, by
W,s:={D € A,(K) | ord,(D) <r, and ords(D) < s},

and for all (r,s) € Z? \ N? let W,.; := 0. Then we have
i. Wys CWygq s forall r,s € Z,
ii. Wpe €W, syq1 forall r,s € Z, and
iii. J{Wrslr,s € Z} = A, (K).
Furthermore, Wy.sWy; C Wyyg 54 for any r,s,k,l € Z and W, ;Wi = Wiy s
if r;s,k,l € N. Hence, we can consider the Weyl algebra A,,(K) as a bifiltered
ring with the bifiltration (W), sez.
For a,b,c,d € N*,0,0' € © with § = z%9” and ¢ = z°0% we define two
orderings <, and <y of the set © by

0<,0 <= (ord;(0),ords(0),a1,...,an,b1,...,by)
<jex (ordy(0'),0rds(8),c1,y ... cn,d1,. .., dy),

where <jex denotes the lexicographic order on N?"*2 and similarly

0 <l = (ordy(0),ord,(0),by1,...,by,a1,...,a,)
<lex (Orda(el),ordx(el),dl, ceydp,Cpy . 7cn).

Let § = z20%, 0 = z¢0¢ € ©. We say that 0 divides @’ if 2 divides ¢
and 0 divides 0%, that is, a <p cand b <p d (remember that <p denotes the
product order on N™). In this case we also say that €’ is a multiple of § and
write 0 |0’. Then the monomial 6y = z°~*9%~" is denoted by &.



Definition 4.3. Let 0',0” € ©. The least common multiple lem(¢’,6") of ¢’
and 6" is defined by

lem(0',6") := lem(0.,, 6)) lem(65, 65).

T 7T

Let A,(K)E be a finitely generated free A, (K)-module with set of free
generators E = {e1,...,e,}. Then A, (K)E can be considered as a K-vector
space with the basis OF = {fe; | § € ©,1 < ¢ < ¢} whose elements will be
called terms. For any term fe; with € ©,1 < j < m we define the z-order
ordg(fe;) and O-order ordy(fe;) of this term by

ordg(fe;) := ord,(0), and ordy(fe;) := ordy 0,

respectively. If T C O, then let TE := {te; |t € T, 1 <1i < m}. In particular,
for any r,s € N we have

O(r,s)E = {fe; | ord,(0) <r, ordg(f) <s, 1 <i<m}.

Since the set of all terms OF is a basis of the K-vector space A, (K)E, every
nonzero element f € A, (K)FE has a unique representation of the form

f=> a (4.3)

AEOFE

where only finitely many ay are different from 0. We say that a term A\ appears
in f (or that f contains \) if ay # 0.
A term A\ = ¢'¢; is called a multiple of a term p = fe; if i = j and 0|6’. In

this case we also say that p divides A, write u|\ and define

ALY

PRk
We consider two orderings of the set ©F defined as follows: if fe; = x%0%;,
0'e; = x¢0%; € Oe, then

fe; <, 0'e; <= (ord,(),ords(0),i,a1,...,an,b1,...,by)
<lex (0rdy(0"),0rds(8), 4, c1,y- ., Cnydi, ..., dy), and
Oe; <gb'ej <= (ordy(),ord,(0),4,b1,...,bn,0a1,...,a,)

<leX (orda(ﬁl), Ordz(al)vjv d17 ey dnv Cly... 7Cn)7
where <jex denotes the lexicographic order.

Definition 4.4. Let 0 # f = ), cop axA € An(K)E with only finitely many
ay not vanishing. Then the z-leader lt,(f) and 0-leader lto(f) of f are defined
as the leading terms of f with respect to <, and <g, respectively,

It (f) :== HZX{)\ | ax # 0}, and Ito(f) := IE%X{)\ | ax # 0}.

By lc,(f) and lca(f) we denote the leading coefficient of f with respect to <,
and <p, respectively,

ICI(f) = altz(f), and ICa(f) = alta(f)-



Now we can formulate the definition of (z, d)-Grobner bases.

Definition 4.5. Let E = {e1,...,e,} be a finite set of free generators of a
free A, (K) module Ay(K)E and let N be an A, (K)-submodule of A,(K)E.
A finite set G C N \ {0} is called an (x,0)-Grébner basis of N if for any
0# f €N, there exists g € G such that

i b (9)| 1t(f), and

ii. orda(llizggg) < ordy(f).

Remark 4.6. Let N C A, (K)E be a submodule. From condition i. of Defini-
tion 4.5 of (x,d)-Grébner bases it follows that any (x,d)-Grébner basis of N is
also a Grobner basis of N with respect to <.

A finite set of nonzero elements G C A, (K)E is said to be an (z, 9)-Groébner
basis if G is an (z,9)-Grobner basis of the A, (K)-submodule }_ 5 An(K)g it
generates.

Definition 4.7. Let f,g € A,(K)E\ {0} and h € A, (K)E. If there exists
0 € © such that

i 1t (0g) = It (f),
ii. ordg(fg) < ordy(f), and
e e g
iii. h=f lcx(f)ﬁ—lcx(g),
then we say that the element f is (x,0)-reducible to h modulo g in one step and
write

f L h.

x,0

Definition 4.8. Let f € A, (K)E\{0},h € A,(K)E andlet G C A, (K)E\{0}.
If there exist elements ¢, g, ..., ¢®) € G and KV, ... P~ € E such that

(1) (»)

(2) (p—1)
FEL 0 S ey £,
x,0 x,0 z,0 z,0

then we say that f is (x,0)-reducible to h modulo G and write

In [8] the following theorem is presented.

Theorem 4.9. Let f € A,(k)E and let G = {g1,...,9-} € A, (K)E. Then
there exist elements g € A, (K)E and Q1,...,Q, € A (K) such that

f=9=> Qig
=1

and g is not (x,d)-reducible with respect to G.



Algorithm 4.10 reduction_algorithm
IN: fe A, (K)EN\{0}, G={g1,....9:} C An(K)E\ {0}
OUT: Anelement g € A, (K)E such that there exist Q1,...,Q, € A, (K) with
g=f—>_, Qg and g is not (z,d)-reducible with respect to G
Ql ::07"'7Qr ::07g::f
while there exists ¢ € {1,...,r} such that 1t,(g;)| It (f) and Ordﬁ(lltt:((gi)) gi) <
ords(f) do
leg 1t
Qi = Qi+ 1l

1 x \{ lt:n E
9:=9— lccx((g% um((;,;)) 9i

end while
return g

The process of reduction described in Definition 4.8 can be realized with
Algorithm 4.10.
We obtain the following theorem. For a proof we refer to [8].

Theorem 4.11. Let G C A, (K)E be an (x,0)-Grobner basis of an A, (K)-
submodule N of An,(K)E. Then

i. fe N\{0} if and only if f % 0, and
ii. if f €N and f is not (x,d)-reducible with respect to G, then f=0. O

Definition 4.12. Let E = {e1,...,eq} be a finite set of free generators of a
free A, (K)-module A, (K)E and let f,g € A, (K)E. Let

w  lem(lt, (). 1t.(g) o lem(it,(9). 1t (g)
e It (9)

Then the element
1
cz(f)

is called the x-S-polynomial of f and g.

1

a(x)f _
f lcw(g)

Se(£,9) =5 0" g

The following theorem is a generalized version of [1, Lemma 1.7.5.] and has
been proved in [§].

Theorem 4.13. Let0<r €N, f q1,...,9- € A,(K)E\ {0} and let 0;,...,6,
€0,c1,...,¢. € K such that

[= Z ci0ig;.
i=1

Forall j,k € {1,...,r} let uj, = lem(1ty(g;),1t2(gx)). Suppose that 011t,(g1) =
coo =0, 1t,(9r) = u, 16,(f) <o w and ordp(0;g;) < ords(f) for alli e {1,...,r}.
Then for 1 < j,k < r there exist elements cj, € K such that

10



i. f = Z;Zl 22:1 cjkeijr(gj,gkL where ij = ﬁ,

ii. for all j,k e {1,...,r} we have 8;;1t,(Sz(9;,9x)) <z u, and
ili. for all j,k € {1,...,r} we have ordo(0;%S5:(9j,9x)) < orda(f).

The following result provides the theoretical foundation for the algorithm
for constructing (x, 9)-Grébner bases. For a proof we refer to [8].

Theorem 4.14. With the above notation, let G = {g1,...,9-} be a Griobner
basis of an A, (K)-submodule N of E with respect to the order <g. Furthermore,
suppose that for any g;,g; € G we have

G

Then G is an (z,0)-Grébner basis of N.

The last theorem allows one to construct an (z,d)-Grobner basis of an
A, (K)-submodule of E starting from a finite Grobner basis of N with respect to
the term order <. The corresponding generalization of Buchberger’s algorithm
is as follows.

Algorithm 4.15 (z,0)-Grébner_basis_algorithm

IN: G C F\ {0} a finite Grébner basis of an A, (K)-submodule N of F with
respect to the order <g.
OUT: G C E\ {0} being an (x,d)-Grobner basis of N.
G:=G
while there exist g,¢’ € G such that S,(g,¢’) is not (z,d)-reducible to 0
modulo G do
G := G U {reduction_algorithm(S;(g,¢’),G)}
end while
return G

5. Bivariate dimension polynomials associated with A,, (K )-modules

Throughout this section we consider the ring A,,(K) as a bifiltered ring with
respect to the natural bifiltration (W), sez introduced above.

Definition 5.1. Let M be a module over a Weyl algebra A, (K) and consider
a family (M,s)r sez of K-vector subspaces of M such that
i. if r € Z 1is fized then M,s C M, o1 for all s € Z and M,; = 0 for all
sufficiently small s € Z; similarly, if s € Z 1is fized then M,s C M4 5 for
all r € Z and M,s = 0 for all sufficiently small r € Z,
ii. UT,SGZ M,s = M, and
iii. for anyr,s € Z, k,l € N we have Wy Mys C My i g o41-

Then (Mys)rsez s called o bifiltration of M.

11



Example 5.2. Let M be a finitely generated A, (K)-module with generators
fi,---s fm and for r,s € Z define the K-vector space M,s by

M,s = :é%:pbquz-
i=1

Then (M), sez is a bifiltration of the module M which is called a natural bifil-
tration of M associated with the system of generators f1,..., fm. Furthermore
for any r,s,k,l € N we have Wi M,s = M,y sy and the vector space M, is
finitely generated.

In [8] (z, 0)-Grobner bases have been used to prove the existence and obtain a
method of computation of bivariate dimension polynomials of finitely generated
A, (K)-modules.

Theorem 5.3. Let M be a finitely generated A, (K)-module with a system of
generators {f1,..., fm} and let (M,s), scz be the corresponding natural bifiltra-
tion of M given forr,s € Z by

p
M, := }E: Wiys fi
=1

Then there exists a numerical polynomial ¢ps(t1,ta) in two variables t1,ts such
that

i. ¢ar(r,s) = dimg M,.s for all sufficiently large (r,s) € Z*. (That means
that there exist ro,sg € Z such that the equality holds for all v > rg, s >
80)}

ii. deg;, (oar(t1,t2)) < n and degy, (drr(t1,t2)) < n, so that deg(dnr(ti,t2))
< 2n and for all 0 < 4,5 < n there exist a;; € Z such that the polynomial
dm(t1,t2) can be represented as

d(tr,ta) = Zn:zn:aij (tlzﬂ) (tQTLj). (5.4)

i=0 j=0 J

Definition 5.4. The numerical polynomial ¢ps(t1,t2), whose existence is estab-
lished by Theorem 5.8 is called the (x,0)-dimension polynomial of the module
M associated with the system of generators {f1,..., fm}-

For the computation of the (z,0)-dimension polynomial of the module M
associated with the system of generators {fi,..., fi} the following theorem is
provided in [8].

Theorem 5.5. Let M be a finitely generated A, (K )-module with system of gen-
erators { f1,..., fm}, An(K)E a free A, (K)-module with basis E = {e1, ..., eq},
and 7 : Ap(K)E — M the natural A, (K)-epimorphism of A,(K)E onto M,
i.e., w(e;) = fi for i = 1,...,m. Furthermore, let the A,(K)E-submodule
N be given by N = Ker(n) and let G be an (x,0)-Gréobner basis of N. For
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any r,s € N, let Mys = Y it Wysfi and U,y = UL, U UL, where the sets

U, Ul CO(r,s)E are given by
U, = {Meo(rs)E | Igeclta(9)|A}
U’ = {A€0O(r,s)E | Vyeaoco(lts(0g) = X = ords(fg) > s)}.

Then w(Uy,s) is a basis of the K-vector space M,s. In particular, the (x,d)-
dimension polynomial ¢ (t1,ta) of the module M associated with the system of
generators {f1,..., fm} for all v, s € N sufficiently large satisfies

¢M(Ta 8) = |Urs|~

Under the conditions of Theorem 5.5 let wy (t1,t2),wa(t1,t2) € Qt1, 2] be
two numerical polynomials fulfilling for all r,s € N sufficiently large the equa-
tions

wi(r,s) = U] and wa(r,s) = U

Obviously, wy (t1,t2) can be computed using Proposition 3.4. For ws(t1,t2) the
following approach is provided in [8].

In order to express |U/,| in terms of r and s, for 1 <4, j,k,--- < d let a; :=
ordgy(1t2(g:)), bi = orda(ltz(gi)), ¢ = orda(lta(g:)), ai; := ordy(lem(ltz(gs),
1t:(g5))), bij = ordp(lem(lts(gi),1tz(gs))), aije = ords(lem(ltz(g:),1tz(g5),
162 (gx))), bijk = ordp(lem(lt, (g;), ltx(gj)a 1t2(gx))), ---. Then

d
U:s = U{[@(T — @i, S — bi) \ @(7“ — Q3,8 — cz)} 1tw(gi)}'

By the combinatorial principle of inclusion and exclusion (see [6, Chapter 5,
Theorem 5.1.1]) we obtain

d

U5l = Z‘{[@(T_ai75_bi)\@(T_aias_ci)]ltx(gi)H

=1

- Z H[O(r—ai,s —b;)\ O(r —a;, s — ¢;)] 1t(g:)

1<i<j<d
O — aj,s —b;) \ O(r — a;,5 — ¢;)] 1tz (g;)}]
+ Z H[O(r —a;, s — b))\ O(r — ai, s — ¢;)] 1t2(gs)

1<i<j<k<d
(O0 —aj,s = b))\ O(r — aj, s — ¢;)]lta(g5)
(O — ar,s — b)) \ O(r — ax, s — cx)] 16 (g8) }

Furthermore, for any two different elements g;, g;, we have

[O(r—a;,s—b;)\O(r —a;,s—c;)]1tz(g:)

13



m[@(r —aj,s = b))\ O(r —aj,s — ¢;)] 1t2(g;)

’{9 lem(1t(gi), 1t2(g5)) | 0 € ©,0rd,(0) < r —a;j, ords() < s — b;j,

lem(lt,(gi), 162 (g5))
dg | 0 Ito(g;
e ( 16, (g:) 2()
= orda(ﬁ) + bij —b; + ¢ > S}‘
{6 ]| 6 € ©,0rd;(0) <1 —a;j,ords(0) < s — by,
ordg(G) > 85— min{ci + bij —a;, ¢ + bij — aj}}\

r+n—a;
n
|:(3—|—'fl—bij> B (S—I—n—min{ci—kbij —bi,Cj—Fbij —b]}>:|

n n

Similarly, for any three different elements g;, g;, g we have
’[@(r —a;,s—b;)\O(r —a;, s —¢;)] 1t (g:)
(O0 —aj,s —b;) \ O(r — aj, s — ¢;)] 1ta(g5)
O0 = ar, s — by) \ O(r — ax, s — cx)] 1t (gr)

(T +n—agk s+n— bk
B n n

_(S +n —min{¢; + bijr — bi,cj + bijr — by, e + bijr — bk}>:|

n

and so on.
Thus, for all sufficiently large (r,s) € N2, |U/.| = wa(r, s) where wa(t1,s) is
the following numerical polynomial:

d
. t1+n—a; to+n—2b; to +mn —c;
st = () [0
_ Z (tl +n— aij) |:<t2 +n— bl])
n n
1<i<j<d

_<t2 +n —min{¢; + bij — bi,cj + bij — bj}ﬂ

n

b1 +n — agjk o +n — bijk
+
PO G |G
1<i<j<k<d

_ (tg +n— min{ci + bijk — bi,cj + bijr — bj, e + bijr — bk}):|

n

14



We have implemented the described algorithms and formulas in the Maple™
package xd available at [9] for the case K = Q which provides an easy way
for computing (z,d)-dimension polynomials. Our implementation makes uti-
lizes the Maple™ packages Ore Algebra and Groebner for computations in free
D-modules, Grobner basis computations and computations of S-polynomials,
respectively. Both packages are part of Chyzak’s Mgfun project [7]. In the
following examples we will first compute (z, d)-dimension polynomials by hand
and verify our results using the implementation.

Example 5.6. With the notation of Theorem 5.3 let n =1 and let an A;(K)-
module M be generated by a single element f satisfying the defining equation

22 f 4+ 0%f +zdf = 0.

In other words, M is isomorphic to the factor module of a free Ay(K)-module
A1 (K)e with a free generator e by its A1 (K)-submodule N = A1 (K)g where

g = (2% + 0% + z0)e.

Clearly, {g} is an (x,0)-Grébner basis of N. Applying Proposition 3.4 (and
using the notation of Theorem 5.5), we obtain lt,(g) = x°e, lto(g) = 0%e, and

s = (D))

= 2t +2.

Furthermore, formula (5.5) shows that

ity = <t1+11—2> [(tQIrl)_(t2+11—2>}

= 2t —2.

Thus, the (x,d)-dimension polynomial of the module M associated with the gen-
erator f is given as

dur(ti, ta) = wi(t1, ta) +walts, t2) = 21 + 2ts.

We load the package in Maple™ by

> libname := libname, ” /path/to/xd.mla”:
> with(zd);

[DimensionPolynomial ]

The package exports the procedure DimensionPolynomial which accepts a list
or set S of elements of A,(Q) as input and returns the (x,d)-dimension poly-
nomial of the module generated by the elements of S associated with the given
generators. Since using a standard keyboard layout it is quite troublesome to

15



mput a d symbol, all instances of O are represented by d. In the case of cyclic
modules, i.e., generated by one element, specifying the gemerator is mot neces-
sary. If n =1 then x1 and x as well as di and d are considered to be identical,
respectively.

> DimensionPolynomial({z* + d* + zd}) ;

2t1 + 2o

> DimensionPolynomial({(z* + d° + zd) f}) ;

2t1 + 2to

> DimensionPolynomial([m% +d? + xd}) ;
2t1 + 2t
Hence, we obtain the same result using our implementation.

Example 5.7. Let M be an As(K)-module generated by two elements fi, fa
satisfying the defining equations

(l‘?af + 8?)]‘1 =0, and Q?%fl — Z‘lfg =0.

Then M is isomorphic to the factor module of a free As(K)-module E =
As(K)e1+As(K)eq with free generators ey, ea by its Ax(K)-submodule N, where
N is generated by g1 and go defined by

g1 = 230%; + 0jer, and

R 2
g2 = Xp€1 —I1€62.

A Grébner basis of N with respect to the order <g is given by G := {g1, g2, 93},
where
g3 1= 1107ey + 50t es + 3x107es + 130} €.

By Definition 4.12 the x-S-polynomial of g1 and go is given by

S.(91,92) = 2303 ey + 3220%ey + 250%¢1,
and is (x,d)-reducible modulo g3 to x30%e; — x107es — 50fes which is in turn
(x, 0)-reducible modulo g1 to 0. Furthermore we have S;(g1,93) = Sz(g2,93) =

0. So by Definition 4.5, G is an (x,0)-Grobner basis of N. Applying Proposition
3.4 and using the notation of Theorem 5.5 we obtain

3 3
wi(ty,ta) =4+ 3t +2t3 + §t§t2 + 5mg + 6t1to,
and formula (5.5) shows

5 5
wa(ty, ty) = tity — itf +tity — Sty — 4t + 10.
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Thus, the (x, 0)-dimension polynomial of the module M associated with the gen-
erators f1, fo is given by

5 3 5 1
brr(ty,ty) = §t§t2 + §t1t§ - it% + Ttity + 263 + gt — 4t +14,

Using our implementation we obtain
> DimensionPolynomial(zidies + djer, 23e1 — x1e2);

5 3 5 1
§t§t2 + §t1t§ - §t$ + Ttits 4 263 + gl — 4t +14

which confirms our computations.

Example 5.8. Let M be an A3(K)-module generated by one element f satis-
fying the defining equations

(xa+1)f =0, r1f =0, and (03 —1)f =0.

Then M is isomorphic to the factor module of a free As(K)-module E = As(K)e
with free generator e by its As(k)-submodule N generated by

g = (z2+4 e,
g2 = xe, and
g3 = (03 —1)e.

It can be easily verified that G := {g1,g2,93} is a Grébner basis of N with
respect to <g. The x-S-polynomials of g1 and go as well as go and g3 are given
by Sz (g1, 92) = Sz(g2,93) = w1€ which obviously (x,d)-reduces to 0 modulo go.
The x-S-polynomial of g1 and gs is given by S (g1, g3) = (x2+03)e. It is (x,d)-
reducible modulo g1 to (03 — 1)e which, in turn, obviously is (x,d)-reducible to
0 modulo gs. Hence, G is an (x,0)-Grébner basis of N. Applying Proposition
8.4 and using the notation of Theorem 5.5 we obtain

1 5 3 1, 3 1
w1(t1,t2) = §t1t2 + §t1t2 + §t2 +t1 + §t2 + 1,
and wa(t1,t2) = 0. Thus the (x,0)-dimension polynomial of the module M
associated with the generator f is given by o (t1,t2) = w(ty, t2). Again we use
our implementation to obtain
> DimensionPolynomial({x1,ds — 1,22 + 1});
1

3 1, , 3
1+t + 2t2 + 2t2 + 2t1t2 + 2t1t2

which confirms our computations.

Working with (z,d)-dimension polynomials is justified because they carry
additional invariants compared to Bernstein polynomials. The following theo-
rem is provided in [8].
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Theorem 5.9. Let M be a finitely generated A, (K)-module with finite system
of generators {g1,...,gp}. For 1 <i,j <nleta;; € Z such that

outints) =3 Yy (T (1)

i=0 j=0

is the (x,0)-dimension polynomial associated with the system of generators
{g1,---,9p} of M. Furthermore, let A = {(i,j) € N*|0 <i,j <n and a;j # 0},
and let p = (u1,pe) and v = (v1,v2) be the mazimal elements of the set A
relative to the lexicographic and reverse lexicographic orders on N2, respectively.
Then d = deg(dnr), ann, i, v, the coefficients amn, Quy py oy vy Of the polyno-
mial ¢pr(t1,te), and the coefficients of all terms of (1, ta)of total degree d
do not depend on the finite system of generators of the A, (K)-module M this
polynomial is associated with.

For (W,.),ez as introduced in Section 2 and for all » € N we have W,. C D,.,. C
Wa,. Let M be an A, (K)-module with system of generators {g1,...,9,}. By
¥ar(t) and ¢pr(t1,t2) we denote the Bernstein polynomial and (z, 9)-dimension
polynomial of M associated with {g1,...,gp}, respectively. Then for all r €
Z sufficiently large we have (1) < opr(r,7) < pr(2r) which implies n <
deg(¥pr(t)) = deg(dnr(ti,t2)) < 2n and M is a holonomic D-module if and
only if deg(dnr(t1,t2)) = n.

The following example of a finitely generated A, (K)-module was first pre-
sented in [8] and shows that an (x, 9)-dimension polynomial ¢ (t1,t2) can carry
more invariants than the Bernstein polynomial )y (t).

Example 5.10. Let M be as in Example 2.3, i.e., M is the Ai(K)-module
generated by f satisfying the defining equation

2 f + 0T fF =0 (5.6)

with a,b € N\ {0}. As we saw, M is isomorphic to the factor module of
a free A1(K)-module Ai(K)e with a free generator e by its A;(K)-submodule
N = Ay(K)g where g = (220" + 0**b)e. Obviously, {g} is an (x,d)-Grébner
basis of the module N. Sincelt,(g) = z20% andlty g = 0**Pe, we obtain (using
the notation of Theorem 5.3) that

)

= bt1+at2+a+b—ab.

wi (t1,t2)

Furthermore, formula (5.5) shows

()

= at; +a(l —a).

wa(t,t2)
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Hence, the (x,0)-dimension polynomial of the module M associated with the
generator f is given by

Oum(ti ta) = wi(ty, ta) +wa(ty, ta)
= (a+Db)t; +aty+2a+b—ab—a’

In Ezample 2.8 it was shown that the Bernstein polynomial vy (t) of M asso-

ciated with f is given by
t42 t+2—(a+b)
2 2

(a+bﬁ_(a+bx2+b—3)

Y (t)

The Bernstein polynomial carries two invariants, its degree 1 and the leading
coefficient a + b. The (x,0)-dimension polynomial carries three invariants, its
total degree 1, a + b, and a.

Example 5.10 suggests an application of the (z,d)-dimension polynomial to
the isomorphism problem for D-modules. The following example shows that
it is possible that two non-isomorphic finitely generated modules over a Weyl
algebra have the same set of invariants carried by Bernstein polynomials of the
modules, but have different sets of invariants carried by their (z,d)-dimension
polynomials.

Example 5.11. Consider two cyclic A;(K)-modules My and My generated by
my and my satisfying the defining equations

ztmy =0, z30m, =0,

and
220%my = 0, z30my = 0,
respectively. Then My and My are isomorphic to the factor modules of a free
A1 (K)-module A1 (K)e with free generator e by its A;(K)-submodules Ny and

Ny generated by {x*e,230e} and {x20%e, 230}, respectively. As in Ezample
2.3 we obtain that the Bernstein polynomial associated with My is given by

’l/JMl (t) =2t+1,
and the Bernstein polynomial associated with My is given by
wMz (t) =2t+ 1.

It can be easily verified that Gy := {xe} and Gy := {xde} are Gribner bases of
N7 and Na, respectively, with respect to to the order <g. Since Gy and G2 consist
of one element each, there are no x-S-polynomials to consider. Hence, G1 and
G4 are (x,0)-Grobner bases of N1 and Na, respectively. Applying Proposition
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3.4 and using the notation of Theorem 5.5 we obtain that the (x,d)-dimension
polynomial associated with My is given by

G, (t1,t2) = 2ta + 2,

and the (x,d)-dimension polynomial associated with Mo is given by

¢M2(t17t2) - tl +t2 + 1

> DimensionPolynomial({x*e, x*de});

2ty 4 2

> DimensionPolynomial({z*d?e, z3de});
t1+1t2+1

It follows from Theorem 5.9 that My and My are not isomorphic as modules
over the Weyl algebra A;(K).
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