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Overview

During my time at Michigan State University I made myself familiar with
existing literature and state of the art methods in local regularization. To-
gether with Prof. Lamm and under her supervision, I worked on a new
method for local regularization (see e.g. [3, 4, 5, 6, 10, 11, 12, 13, 14, 15, 16,
23]) which is expected to be useful for sparse recovery in Inverse Problems
(seee.g. [1,2,7,9,17,18, 20, 21, 22]). In the (ongoing) scientific cooperation
we have already been able to show convergence properties of the regularized
solutions corresponding to the proposed new method (see details below),
and are currently working on the implementation of the method to gain
deeper insights in the computational behaviour and to do further practical
analysis.

The next steps will be to finish the implementation of the practical exam-
ple and analyze the features of the resulting method, to continue the research
on the convergence properties of the new local regularization approach and
also on the speed of convergence.

Practical Information

While staying at Michigan State Universtiy I was taken great care of by
my host, Professor Patricia K Lamm, and I owe her great thanks for that
matter. Even though the apartment I rented from the University Housing
Departement on campus was basically furnished, it still lacked many es-
sential things for living (e.g. lamps, kitchen equipment, sheets and linen,
things for cleaning, office equipment and others more). These things will
eventually be needed during such a long stay abroad, but are all together
very expensive if they have to be bought just to be left behind in the end.

For my scientific work I was kindly provided office space at the Depart-
ment of Mathematics of Michigan State University, as well as access to the
library, the internet and a printer.



Local Regularization of Integral
Equations

Introduction

In the present paper we are concerned with finding approximate solutions
of a linear, ill-posed operator equation of the form

Au = f, (1)

where A : X — X is an integral operator on a Hilbert space X. We assume
to be given noisy data f, satisfying

I =1l <e.

It is well-known that some sort of regularization is needed to deal with these
kinds of problems (see e.g. [8, 19]) and one approach which has proven
successful, especially for Volterra Integral equations, is local regularization
(see e.g. [3, 4, 5, 6, 10, 11, 12, 13, 14, 15, 16, 23]). In the following we will
consider a new splitting of a Fredholm Integral operator A in a local and a
global part, in good agreement with the principles of local regularization, and
prove weak convergence of the resulting regularized solutions to a solution
of the original problem (1).

Preliminaries

Definition 1. Let 2 = [0, 1]” and define the Hilberst space X as
X ={uc L*R") : supp(u) C Q}.

Let A: X — X be of the form

Au(t):/ﬂk(t,s)u(s)ds, a.e. tef, (2)

where the kernel k € C*(Q x 2, R) satisfies
0<k<k(ts) <k ae (ts)€cQ?

Throughout this paper we assume that a solution @ of problem (1) exists
and that it belongs to the set

i€ X, :={ueL*R") : supp(u) C [g,1—€]"}

for arbitrary but fixed € > 0. For 0 < a < € we write 2, B, to denote the

sets
Qo =[a,1—a] and B, =[—a,a]".



Moreover we denote the set of all solution of (1) by
M={ueX:Au= f}. (3)
In the following we assume the operator A to be monotone, i.e.
(Au,u) >0 forall ue X.

Remark 2. Without loss of generality we will assume that k(¢,t) = 1 for
(almost) all ¢ € Q. Indeed, if this should not be satisfied, we can consider
instead the rescaled problem

Au(t) = /Q/;:(t, s)u(s)ds = f(t), ae teQ

where we define

k(t, 1)\/k(s,s)
i JQ@)
f(t) = LD

Having solved this problem we can recover the solution of the original prob-

lem as
u(t) = a(t)\/ k(t,t).

All these steps are well defined since k is assumed to be strictly bounded
away from zero.

Note that the so found rescaled operator A is again monotone, as can be
seen from the following calculation.

(Au,u) = (Ad, @) > 0.

Remark 3. It holds that A € £(X) with

| Aul = / K2(t, sy (s)ds < B2 / W (s)ds = R [Jul%,
Q Q

so that -
1Al zx) < k.

Remark 4. Note that every linear operator between Hilbert spaces is hemi-
continuous, since the mapping

t— (A(u+ tv),w) = (Au, w) + t(Av, w)

is clearly continuous for ¢ € [0, 1] for any choice of u,v,w € X.
Thus the linear, monotone operator A : X — X is also maximal mono-
tone (cf. [24]).



Lemma 5. The set M is weakly closed and conve.

Proof. It is well known that for maximal monotone operators Au = f
holds if and only if

(f — Av,u —v) >0, Vv e X. (4)
Let M > up, — u then

(f — Av,u —v) = lim (f — Av,up —v) > 0.

k—o0

Moreover if u1,us € M and 0 < 7 <1 then
(f—Av,Tui+(1—7)us—v) = 7(f — Av,u; —v) + (1 —7)(f — Av,us —v) > 0,
which shows that 7u; + (1 — 7)ug € M.

U

Definition 6. For o € (0,¢),u € X and D C B, we define Sy p : X — X,
through
ﬁfD u(t + s)ds for t € Q,

Sa,pu(t) == { (5)

0 otherwise.

Moreover, we introduce the following shorthand notation

Sau(t) == Sa,B, (1) u(t + s)ds

 |Bal Jg,

1
Tou(t) == Sa,B . (t) = |B+1’/B u(t + s)ds.
an an+1

Remark 7. The operator Tu in Defintion 6 can be equivalently expressed
as follows.
1

Tou(t) = ——— u(t + s)ds
‘Ban+1| Ban""l

1 n ny\n
:‘BTH'1|/B u(t + a"s)(a™)"ds

1
= N u(t + a"s)ds,
[o% Ba

where we used

1

a™” = an+1—nann: a) " =
B (@) = e e = (20)




Lemma 8. The adjoint S}, ,, : Xo — X of Sa,p is given as

S0t = 15 006~ ©®

where for any v € X, we define

v(t) teQq
0(t) :== { (7)
0 t € Q\Q,.

Proof. To compute the adjoint S} ,, we note that for any u € X,v € X,
we have

<uv S;,DU>X = <Sa,Du7v>Xa

_ / Sopu(t)u(t)dt

- D D’ / / (t + s)dsdt

o / / ) X (s) uls)dsds

=5 D| [ (s / o (t)dtds

= g e v
—<u,|m/D@(.—r)dr>,

where x, denotes the characteristic function of A C R" and we used the
identity
set+D << s—teD < tes—D,

which yields
Xt+D (s) = Xs—pD (t).

Corollary 9. If the set D C R" satz’sﬁes —D =D, then

Sa.p / (t+ s)d
~ D]

Proof. If —D = D we get using (6)

1
Sa.n / ds = / v(t + s)ds = Sqa,pv(t).
=Dl o), ) 2



O
Lemma 10. If the set D C R" satisfies —D = D, then it holds true that

1
Sa.pu(t) = IR u(t)

|D

and
[ Sa,pull < flul.

Proof. From the definition of S, p and the fact that —D = D it follows
that

S (t) u(t
aDU ’D‘/ +S

rD\ b1 ol
1

’D‘ R Xp (t )U(S)dS = WXD * u(t)

The estimate on the norm follows from the theorem of Riesz-Thorin for
convolution, which yields

[Sa,pul < |D‘ I Ml lfull = fle]]-

O

Remark 11. Since the domain ) is bounded, it holds true for p < 2 that
L3(2) C LP(Q2) and

lullp < llull2,  we L*(Q).

Lemma 12. For u € X, it holds that

0 [ )] - S ful ()t < 5 ol 3)
Proof. We know
/s ul (¢ // u(t + )| dsdt
// u(t + s)| dtds
// ()] dtds ()
-- ‘// o (8) Ju(t)| dtds

:/Q ule |d_]B// Yoo (D) fu(t)] dtds



Thus,

0= [0S b= o [ [, ) o
/ / Xao\ (100 (1) [u(t)] dids
/ / ~(@a—onaa (8 — 1) [u(t)] dids

IN
—

X N\ * |ul (s)ds

»

al

1
Bl Hx_mna * [ul Hl < W X a1 Tl

IN

= 15 |\l flull = = ell,
IB |

where we used that

10\ Q| = Lnj[o, 1191 % ([0,a] UL — a, 1]) x [0,1]" 77| < n - (20).
j=1

Note that we can define the convolution over all of R® D B, in the preceding

chain of inequalities, i.e.,
- /R f(s — Dgt)dt

Remark 13. Omitting the absolute values on w in (9) the equalities remain
valid and we obtain

[t = Setwyie = o [ ] - puioes

and thus

O

2na

| u(t)—sauu)dt\ < [ o] bl (e <

Lemma 14. It holds that

[T A — TaAT;HE(Xa) < an2™" |Ba| [|V2klle

Proof. Making a change of variable p = a™"s it follows from the defini-
tion of T,, that

Tou(t) = u(t +a"p)dp.

1Bal /B,

8



From the respective definitions of T,, A and Corollary 9 we thus get for
Uu € Xq,

Ty Au(t) = Au(t + a"p)dp

|B| Ba
= / / kE(t+ o"p,s)u(s)dsdp (10)
|Ba| o JQa

1
= B |/Q / E(t +a"p,s)dp u(s)ds

and, using —B, = By, we moreover have

T AT |B]// (t+ a"p,s)dp Thu(s)ds

(t+ a"p, s)dp (s + a"1)drds
~ |Ba !//a |B | /B,

o, 1 o )y A
= — — k(t+ o"p,s)u(s — a"1)ds dpdr
| Bal /B, |B | /B.
o, 5 )
k(t+ a"p, s+ a"1)u(s)ds dpdr.
" TBal o, Bl S, Joars i)

Due to 7 € B, and £, C Q — a"B, if follows from supp(t) C €, that we
can write

1
N N / / kE(t+ a"p,s+ a"1)u(s)ds dpdr
« Ba « «@ a

1
= |B|2/Q / / kE(t+ a"p, s+ a"1)dpdr u(s)ds.

Using these representations we get

To A(TGu)(t) =

(TaA — To AT u)()]
1
| Bal

1
/ / [k(t +a"p,s) — Bl /s kE(t+ a"p, s+ a”T)dT] dp u(s)ds

1
- |Ba? / / / E(t+a"p,s) —k(t+a"p, s+ a"1)drdp u(s)ds

/ (Vak(t+ a"p,&),a"r)drdp u(s)ds

" Bl

n 1
< IVabllwo g [ Il [ juts)las
< [[Vaklwa™(na) [ futs)|ds,

@



where we wrote

ok ok 4
Vah(tos) = (S (t.9) oo (t9)

and

Ok
192k, = ma { ’as.“’ )

It then holds true that

: t,sEQ,lSign}.

(T = TATulf iy = [ 1TaA = TaAT;0) (O di

: /Q lu(s)| ds

< | Vak| 20 n? [lulk,

2

< || Vak| 3 n? [0/

whence the assertion follows, since |B,| = (2a)™.

O

Definition 15. We define for a > 0 the projection r,, : X — X, through

o ou(t) it te,
rau(t) = { 0 otherwise (11)

Lemma 16. It holds that ||ra|lz(x x,) < 1 and that |[id — 7ol z(x,) — 0 as
a— 0.

Proof. The first inequality follows immediately since for u € X
[raull < [[ul].

The second part follows since
Il — roul|2 = / G(t)dt = / Xene, (DU2(1)dt.
N\ Qo Q

Here we can apply the Dominated Convergence Theorem, since the inte-
grands are clearly dominated by u?(t) € L'(2). We thus obtain

lim |Ju — rqull —/ lim x4 (t)u?(t)dt = 0.
a—0 Qa—0 @

Lemma 17. It holds that

|TaA — 1Al g(x,) < an27" |Bal [[Vik|lso

10



Proof. Using the representation of T, Au(t) in (10) we get for u € X,,

’(TaA - TaA)u(t)’ =

E(t+a"p,s)dp — k(t, s)] u(s)ds

Qo [’;a Ba
‘;a‘ ‘/Qa /a k(t + a"p, ) = k(t, s)dp u(s)ds
/a/ank(t’S)’Oﬂ”p)dp u(s)ds

1
IV 1kfloca™ / lolldp / fu(s)] ds
|Ba| Ba Qa
Vil (n) [ Ju()]ds.

a

IN

<
| Ba|

IA

IN

It then holds true that
I(TaA = raA)ullZxy < V122" 02 [full%,,

whence the assertion follows, since |B,| = (2a)™.

Local Regularization

With the preliminary analysis from the previous section we are now in po-
sition to define the localized approach to regularization which is of main
interest in this paper.

Definition 18. We define the following splitting of the operator T, A : X, — Xq,

T u(t) = 5= | a | o K-+ o, 8)dp ua)ds = (T A)gult) + (TuA)e(t),

(12)
where for u € X, we define
1
(Lo A)gu(t) = | ko s)dp utepis
|B | Jaa\@+Ba) /B
(TuA)eu(t) = Kt + a"p, 5)dp u(s)ds
+BOL «
\B|/ / (t+ a"p,t+ s)dp u(t + s)ds
Lemma 19. Let
K1 :n5n||v1kHoo+n||v2kHOO7 (13)
then for all k > k1 and u € X4 it holds that
[(TaA)eul x, < [Bal (1+ ke [ullx,- (14)

11



Proof. Using k(t,t) =1 for all t € Q,
(TuA)pu(®) ‘B‘/ / (t+ a"p,t+ ) — k(£ + 5)dp u(t + 5)ds

+ / / k(t,t+ s) — k(t,t)dp u(t + s)ds + / u(t + s)ds.
|Bal JB, /B Ba

We estimate the resulting terms individually as follows. For the first term
we obtain

/ / k(t+a"p,t+s) — k(t,t + s)dp u(t + s)ds

| Ba|

1

<73 |/ | 1Tkt 5,0l dp Jute + 9] ds
n 1

< 0" [Vikle / / lolhdp Ju(t+ 5)| ds

< o™ [Viklo Bol (na) 75 |/ ult + )| ds
ot ”vlkuoo |Ba’ Sa( ]u‘)( )a

where we wrote

ok ok T
V1k(t,5) = <8t1(t, S),...,at(t,S)> 5

and 5k
191 = ma{ \ati@, )

: t,sEQ,lSiSn}.

Similarly, we get for the second term

/ / k(£ + 5) — k(t, )dp u(t + 5)ds
1
< |Ba|/a/a (Vak(t,€), )| dp [u(t+5)| ds

| Ba|

< ¥kl [ sl (e +9)]ds
< na|[Viklleo [Bal Sa([ul)(?).
Thus, we obtain
(TaA)eu(t)] < (na" ™ || Viklloo +na [|Vakl|oo + 1) |Bal Sa(lul)(®),
whence it follows that

[(TaA)eullxo < (na™ | Viklloo + na [ Vakllee + 1) [Bal [[Sa( lul)x.
< (ka +1) |Bal [Jullx,-

12



Lemma 20. Let

kg =ne" [|Vik|oo + 3n[|V2kl|oo, (15)
then for all k > k9 and u € X, it holds that
(TaA)ew,u)x, = |Bal [lull® + {Gau, w)x,, (16)

where
~(2+ar) |Ba| [lullk, < (Gau,u)x, < Ko |Ba| |lullk,-
Proof. Using k(t,t) =1 for all t € Q (cf. Remark 2), we find that
(TaA)eu(t) = Gault) + [Bal u(t),

where

Gou(t) = / / k(t+a"p,t+s) — k(t,t + s)dp u(t + s)ds

1
+ 8 /a/ak(t,t—l—s)—k(t,t)dp u(t)ds,

| Ba|

and H, is defined as

Hyu(t |B|/a/a (t,t+ s)dp (u(t +s) —u(t))ds.

This readily establishes the decomposition (16) and it remains to estimate
(Gou,u). To this end consider the terms of (Gqu,u) individually. For the
contribution of the first term it holds that

| B, |/a/a/a (t+a"p,t+5) —k(t,t+ s)dp u(t + s)ds u(t)dt
~ [Ba |/a/a/a (Vik(&,t + ), a"p)dp u(t + s)ds u(t)dt

IVsklln” g [ oo [ [ e+ o)l ds o
91kl 00" (1) |Bal {Sia(ful), ul)

" [ Viklloo [Bal [lull?,

IN

<
<n

and, similarly, for the contribution of the last term we obtain
1

| Bal / / / k(t,t+s) — k(t,t)dp u(t)ds u(t)dt
« - “ o

_ |B}a|/ﬂa/a/a<V2k(t,§),s>dpds w2(t)dt

< [ Vakloo /B sl adis Ju

< na||Vaklso |Bal [|ull?.

13



Altogether this shows that
(Gou,u) < (Hou,u) + 1o |Bal |Jul?

To give an estimate for (H,u,u) we write

(Hou,u) < /Q / |k(t,t+s) — k(t,t)] - |u(t+s) —u(t)|ds |u(t)|dt

+/Q / u(t+s) —u(t)ds u(t)dt
< na||Vaklloo [Bal ((Sa lul, ful) + [lull*) + [Bal ((Saw,u) — [lul?) (17)
< 2na||Vaklloo [Bal [full*.
We thus obtain the upper bound
(Gou,u) < kaa | Byl ||ul?.
Inserting absolut values into (17) and using Lemma 10 it holds
|(Hou,u)| < 2na || Vak|oo [Bal llull® +2 [Bal [|ull?,
which establishes the lower bound through
[(Gau,u)| < (2+ akz) |Bal [lul®.
O

The following corollary is an immediate consequence of the previous
Lemma.

Corollary 21. [t holds true that
[{(TaA)eu, u)| < |Bal (1 + aka) [Jul®. (18)

Let us now define what will be the regularizing approximation of the
local part of T, A.

Definition 22. Let v > 1 and ¢ > &1 be fixed. We define
Ao = (Vv + car) |Ba| (19)
Lemma 23. With k1 as in (13) it holds that
[(TaA)e — anid|[z < (1 4+ v+ (k1 + ¢)a) [Bal. (20)
Proof. Using Lemma 19 with & = k1, we obtain
I(TaA)eu — agul® = [[(Tad)eul® — 2((TaA)eu, aau) + af, |ul]®
< ((1 + ma)2 +2(1+ k1) (v +ca)+ (v + coz)Q) |BO(\2 Hu||2
= (L4 v+ (k1 +)a)? |Bal® [lul?,

whence the assertion follows.

14



Lemma 24. With k1 as in (13) it holds that
((aaid — (T A)p)u,u) > (v — 1+ (¢ — k1)) | Ba ]| (21)

Proof. The estimate is an immediate consequence of (14) and (19).

O
Lemma 25. Let
k3 = ne" [Viklloo + (1 +27")n |[V2k| oo, (22)
then it holds that
(TaA)g + anid)u,u) > (v — 1 + (¢ — k3)a) |Bal ]| (23)
Proof. Using Lemma 14 and 24, we obtain
(((TQA)Q + aaid)u, w)
= ((ToA — To AT ) u, u) + (T AT ju, u) + ((aaid — (TaA)e)u, u)
> —an2™" |Ba| [ Vakoo ull? + (v = 1+ (¢ = 1)) |Bal [Jul®
= (v =1+ (c— k3)a) |Bal |lul*.
whence the assertion follows.
O
Lemma 26. For a > 0 small enough the operator
(TaA)g + aid) " : Xo — Xo
exists and it holds that
(), + a0ic) e < s (24
where
cla) = (v —14 (¢ — k3)a) |Bal - (25)

Proof. From Lemma 25 we see that ((TaA)g + aaid) X, — X, is
strongly monotone (for « small enough). Moreover, every linear operator
is clearly hemicontinuous so that it follows from [24, Proposition 32.7] that
((TwA)g+asid) is maximal monotone. From the strong monotonicity we also
obtain injectivity and coercivity with respect to 0 and using [24, Proposition
32.27] we see that

R((ToA)g + aaid) = X,.

15



We have thus shown that ((T,A4), + aaid)f1 exists and is single valued. To
complete the proof we use Lemma 25 to obtain

(v — 1+ (¢ — k3)a) | Ba| |(TwA)g + aqid) " ul]?
< (u, ((TQA)g + aaid)flu)
1

< Jull [((TaA)g + aaid) ul,

whence the estimate in the assertion follows.

Convergence

Definition 27. Let a > 0, then we choose the regularized solution u, € X,
such that

(TaA)gua +aguq =Ty f (26)
Lemma 28. It holds that
U — 1 = ((TaA)g + anid) " (TuA); — agid)a.

Proof. We use
(TaA)g + (TaA))u = Tu f (27)

O

We will now see that the regularized solutions from Definition 27 con-
verge weakly to the set M of solutions of Au = f. To this end we will need
the following Lemma.

Lemma 29. Assume that a family {us} satisfying (26) is bounded and
converges weakly to u € X, then for allv e X

(ToA(ug — 10V), g —TqU) — (f — Av,u —v) as a — 0.
Proof. By the virtue of (12) and (26) we obtain

(ToA(ug — TaV), Uq — TaV) ( (ToA)r + (ToA)g ) — ToArqv, ug — 1o0)
- <(( o ) - aa)ua + Taf - TozA""aUauoa - Tav>

5
> T,

=1

16



where

T1 = (T A)¢ — aa)ta, Ua — Ta¥)

Ty = (Tof — rof e — Tav)

T3 = (rof — raAv,uq — r40)
(raAv — Ty Av, ug — ToV)

Ts5 = (ThAv — To Aro v, ug — T V).

Looking at these expressions individually and keeping in mind the bounded-
ness of {uy}, we get from Lemma 23, Lemma 17 and Lemma 16, respectively,
that as a — 0

Ti| < (L+ v+ (k2 + ¢)a) |Bal [[tall [ua = rav] — 0,
Ty + Tu| < [(TaA = rad)(@ = v)||[ua = rav]]
<n27" [Bal| [|Vikoo |u — ]| [ua = rav] — 0,
T5] < [ TaAllzx) (d = ra)ol| [[ua = rav]] — 0.

To analyze the asymptotic behaviour of T3 we note that

[{(f — Av,ug — v) — (ro(f — Av),uq — rqu)| = [{(id — 7o) (f — Av), uq — V)|
1(id = ra)(f — Av) || [Jua — ||

—0 as a—0.

IN

Thus, the weak convergence, u, — u, yields

T3 = (f — Av,uq — V) + (rof — Ta AV, uq — To0) — (f — Av,uqy — v)

—(f—Av,u—v) as a—0.
(]

Proposition 30. Let o, — 0, then the sequence uy = uq, — M as defined
in (3).

Proof. From Lemmas 28, 25 and 23 we see that
_ -1 . _ _
[ua — @l < [[((Tad)g + aaid) [ [(TaA)e — acid||[|a] < C(a) [1al,

where C(a) is uniformly bounded. Therefore the family {uz} is bounded
and we can extract a subsequence, denoted again by {uy}, such that ug —
u € Xc. To show that the weak limit u is indeed a solution of (1) we make
use of the maximal monotonicity of A and it remains to show that

(f — Av,u —v) >0, Vv e X.

17



Writing T}, = T4, 7% = 7o, We have for arbitrary v € X using Lemma 14
that

0 < (TR ATY) (ug, — riv), u — V)
< (TR ATy — T A) (ug, — riv), uge — 10) + (T A(ug — rEv), up — rEV)
< ap |Bay | n27" | Vaklloo llun — rioll® + (ThA(ug — i), up — i)

Thus, it follows from Lemma 29 that

0< klim (T ATY) (ug, — riv), up — rpv) = (f — Av,u —v),
—00
which completes the proof. The same reasoning can be applied to any sub-
sequence of the original {uy} and thus the whole sequence weakly converges

to M.
O
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